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PREFACE 

This  book  contains  the  work  usually  taught  in  the  first  year 
of  our  secondary  courses.  Schools  having  brief  courses  may 
omit  such  topics  as  they  do  not  need.  For  example,  Chapters 
XVII  and  XVIII.  Schools  having  standard  courses  will  find 
all  of  the  required  subjects.  A  companion  book  called  the 
Second  Course  has  been  prepared  for  Second  Year  Work. 

It  is  the  aim  of  the  volume  to  unite  those  proposals  of  the 
present  widespread  movement  for  the  better  teaching  of  Alge- 
bra, which  have  found  general  approval,  with  the  Elementary 
Algebra  that  has  successfully  undergone  the  test  of  many 
years'  use  in  the  classroom.  The  essentials  of  the  subject, 
as  presented  in  the  main  text,  are  in  harmony  with  the  best 
thought  of  the  times,  and  are  based  upon  a  minimum  of  mathe- 
matical theory  and  a  fuller  recognition  of  the  utility  of  the 
subject. 

Supplementary  work  has  been  added  to  many  of  the  chap- 
ters. This  consists  of  additional  exercises  upon  which  the 
teacher  may  draw  and  of  additional  topics  required  in  the 
maximum  courses. 

Throughout  the  treatment  the  authors  have  constantly  kept 
in  mind  both  the  logical  value  and  the  practical  utility  of 
the  subject. 

The  logical  value  of  Algebra  is  of  prime  importance ;  hence, 
the  proofs  of  processes  are  based  upon  reasons  both  correct 
and  satisfying  to  the  mind  of  the  pupil.  On  the  other  hand, 
subtle  distinctions  and  arguments  savoring  of  higher  mathe- 
matical methods  without  their  true  rigor  have  been  avoided. 

The  utility  of  Algebra  is  given  the  emphasis  which  it  so 
richly  deserves.  This  is  done  by  making  the  equation  promi- 
nent, by  introducing  simple  mensurational  and  physical  formu- 
las, and  by  applying  Algebra  to  modern  industrial,  commercial, 
and  scientific  problems  whose  content  can  readily  be  under- 
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stood  by  the  pupil.  Useless  puzzles  and  problems  relating  to 
past  conditions  have  been  excluded,  with  the  exception  of  a 
few  supplementary  problems  retained  on  account  of  their 
historical  interest. 

Graphical  work  is  not  presented  in  the  form  of  selected 
topics  of  analytic  geometry,  but  is  treated  simply  and  con- 
cretely as  occasion  arises  for  it  in  the  algebraic  work.  It 
is  thus  made  an  essential  factor  in  the  development  and  inter- 
pretation of  Algebra  instead  of  an. added  difficulty. 

The  pedagogic  treatment  is  inductive.  A  few  preparatory 
questions  precede  the  definitions  and  principles.  The  presen- 
tation of  the  latter  is  followed  by  simple  Oral  Exercises  enforc- 
ing and  applying  in  the  most  effective  way  the  particular  facts 
to  be  taught.  These  in  turn  are  followed  by  Written  Exer- 
cises carefully  graded  as  to  difficulty,  which  supply  the  neces- 
sary drill  in  calculation. 

The  Summaries  and  Reviews  at  the  ends  of  chapters  furnish 
systematically,  and  in  small  compass,  the  essentials  of  Algebra, 
by  reference  to  which  the  pupil  can  best  review  and  unify  his 
knowledge  of  the  subject. 
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A     FIRST     COURSE     IN 
ELEMENTARY   ALGEBRA 

CHAPTER   I 
LITERAL  NOTATION  AND  ITS  USES 

1.  Numbers  represented  by  Letters.  In  arithmetic,  numbers 
are  represented  by  means  of  the  symbols  0,  1,  2,  3,  4,  5,  6,  1, 
8,  9.     But  letters  also  may  be  used  to  stand  for  numbers. 

For  example  : 

p  may  stand  for  the  number  of  pounds  in  the  weight  of  a  body  ; 
d  may  stand  for  the  number  of  dollars  in  a  sum  of  money  ; 
I  may  stand  for  the  number  of  units  in  the  length  of  an  object,  and 
the  like. 

2.  The  use  of  letters  to  represent  numbers  enables  us  to 
write  statements  in  very  brief  form.  This  is  an  important 
feature  of  algebra. 

For  example  : 

1.  The  length  of  a  lot  diminished  by  ^  of  its  length  is  60  feet. 

Using  I  for  the  number  of  feet  in  the  length  of  the  lot,  this  statement 
may  be  written:  Z  minus  i Z  is  60, 

or,  1-^1  =  60. 

2.  A  man's  weight  when  increased  by  -J  of  itself  is  200  lb. 

Using  w  for  the  number  of  pounds  in  the  man's  weight,  this  statement 
may  be  written:  ^  plus  1 1.  is  200, 

or,  w-}-  l^v  =  200. 

ORAL   EXERCISES 

1.  If  Z  represents  the  number  of  yards  in  the  length  of  a 
street,  what  stands  for  the  length  of  a  street  75  yd.  longer? 

2.  If  IV  represents  the  number  of  rods  in  the  width  of  a  farm, 
what  represents  the  width  of  a  farm  20  rd.  narrower? 
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3.  One  bank  contains  d  dollars  and  another  3  times  as 
many.  How  many  dollars  in  the  second  bank?  How  many 
in  both  banks  ? 

4.  There  are  n  pupils  in  a  class  and  the  same  number  in- 
creased by  13  in  another.  How  many  pupils  in  the  second 
class?     In  both  classes? 

5.  A  merchant  invested  s  dollars  and  lost  -^^  of  this  the 
first  year.    How  much  had  he  left? 

A        B  c        6.   The  line  BC  in  Fig.  1  is  3  times 

' — ' — '  as  long  as  AB.     If  AB  is  I  units  long, 

^         FiG.l.  how  long  is  JBC ?     AC? 

7.   In  Fig.  2,  BO  is  4  times  as  long  as  AB,  and  CD  is  twice  as 
long  as  AB,    If  d  denotes 
the  length  of  AB,  what  is    i 1 1^ ? 


the   length  of  BC?     Oi        d 

CD?    OiAD?  ^^'''  ^' 

8.  In  the  following  statements  c  stands  for  cost,  s  stands  for 
selling  price,  and  g  for  gain.     Read  each  statement  in  words  . 

1.  s—c  =  g,  2.  c-\-g  =  s,  3.  s  —  g=c. 

3.  The  Use  of  Signs.  The  signs  +,  — ,  =,  X,  ^,  and  ->/, 
have  the  same  meaning  in  algebra  as  in  arithmetic.  But  in 
algebra  multiplication  is  indicated  also  by  the  absence  of  a  sign 
of  operation.  When  a  sign  is  needed,  the  dot  is  often  used  in 
preference  to  the  symbol  X,  which  is  likely  to  be  mistaken 
for  the  letter  x. 

For  example  : 

a  plus  b  is  written  a  +  h,  just  as  3  plus  2  is  written  3  +  2. 
a  minus  b  is  written  a  —  b,  just  as  3  minus  2  is  written  3  —  2. 
a  divided  by  b  is  written  a  -i-b  or  -,  just  as  3  divided  by  2  is  written 
3^2or  -. 

The  square  root  of  a  is  written  Va ;  the  cube  root  of  «,  Va ;  and  so  on. 
a  times  b  is  written  ab,  2  times  a  is  written  2  a,  and  2  times  a  plus 
b  times  c  is  written  2a  +  be. 

2  times  5  is  written  2  x  5  or  2  •  5. 
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4.  Algebraic  Symbols.  Letters  and  other  characters  used  as 
notations  in  algebra  are  called  algebraic  symbols. 

5.  Algebraic  Expressions.  Any  expression  representing  a 
number  by  use  of  algebraic  symbols  is  called  an  algebraic 
expression. 

For  example  :     3  6  and  2  a  —  &c  +  d  are  algebraic  expressions. 
The  term  literal  expression  is  often  used  to  denote  an  algebraic  expres- 
sion involving  letters. 

6.  Value  of  Algebraic  Expressions.  The  number  represented  by 
an  algebraic  expression  is  called  its  value. 

Accordingly,  instead  of  saying  "a  represents  the  number  7,"  we  may 
say  *'the  value  of  a  is  7/'  and  we  shall  frequently  say  for  brevity 
merely  "a  is  7,"  or  "a  equals  7.''  When  any  algebraic  expression  is 
called  a  number,  its  value  is  meant. 

ORAL  EXERCISES 

1.  What  is  the  value  of  2n  when  n  is  1  ?    When  ti  is  2? 
When  n  is  5  ? 

2.  What  number  is  ^  n  when  n  is  2  ?     When  ri  is  6  ?    When 
n  is  10  ? 

3.  State  the  value  of  2  n  when  n  is  ^.     Also  when  n  equals 
each  of  the  following :  f ;  7|- ;  10 ;  .5 ;  1.5 ;  50. 

4.  State  the  value  of  n  + 1  when  n  equals  each  of  the  fol- 
lowing: 1;  2;  6;  5;   \]  .5;  8^;  100;  0. 

5.  The  length  (I)  of  a  box  is  twice  its  breadth  (h).    I  is  (?)  h. 

6.  How  many  dimes  in  5  dollars  ?     In  d  dollars  ? 

7.  At  a;  cents  a  peck,  what  is  the  cost  of  a  bushel  ? 

8.  How  many  ounces  are  there  in  5  lb.  ?     In  a?  pounds  ? 

9.  If  aj  is  the  number  of  units  in  the  length  of  a  line,  how  1/ 
many  units  are  in  a  line  twice  as  long  ?     In  a  line  that  is  half 
as  long  ? 

10.  A  pair  of  gloves  costs  c  cents.  What  would  the  cost  be 
if  the  price  were  raised  5  cents  ? 

11.  There  were  b  books  on  a  shelf  and  2  were  taken  down. 
How  many  remained  on  the  shelf  ? 
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12.  A  person  is  x  years  of  age  now.  How  old  will  he  be  a 
year  hence  ?  5  years  hence  ?  How  old  was  he  three  years 
ago  ?'  y  years  ago  ? 

13.  At  6  cents  an  ounce,  what  is  the  cost  of  3  oz.  ?  Of  8  oz.  ? 
Of  1  lb.  ?     Oiz  ounces  ? 

14.  Goods  that  cost  c  dollars  were  sold  at  a  profit  of  s  dol- 
lars.    What  was  the  selling  price  ? 

15.  A  merchant  sold  goods  at  8  %  above  cost ;  let  c  be  the 
number  of  dollars  in  the  cost ;  then,  the  gain  was  8  %  of  c  or 
.08  c.     What  was  the  selling  price  ? 

16.  Some  goods  costing  x  dollars  were  sold  at  a  gain  of 
150%.     State  the  selling  price. 

17.  There  are  x  dollars  in  one  bank  and  f  1000  more  than 
twice  as  much  in  another.  How  many  dollars  in  the  second 
bank? 

WRITTEN   EXERCISES 

1.  Write  the  sum  of  h  and  c,  using  the  sign  of  addition. 

2.  Indicate  the  subtraction  of  c  from  h  by  using  the  sign 
of  subtraction. 

3.  Write  the  product  of   a  and  h   as   it  is   expressed  in 
algebra. 

4.  Write  the  product  of  3  and  h  and  c  as  it  is  expressed  in 
algebra. 

5.  Indicate  that  a  is  to  be  divided  by  h  by  using  the  frac- 
tional form. 

6.  Indicate  that  the  sum  of  a  and  &  is  to  be  divided  by  c. 

7.  Find  the  value  of  2  a  + 1  when  a  equals  each  of  the 
following:  4;  7;  |;  11^;  15;  .5;  1.5;  100;  0. 

Find  the  value  of  a  +  &,  when  a  and  h  indicate  in  turn  the 
following  numbers : 

8.  a  =  2,  6=1.       10.    a  =  12,  6  =  9.       12.   a  =  .8,  6  =  .5. 

9.  a  =  14,  6  =  6.      11.   a  =  J,  6  =  1  13.    a  =  lf,  6  =  |. 
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For  each  pair  of  values  of  a  and  b  above,  find  the  correspond- 
ing value  of : 

14.   a-b.  15.    ab.  16.  -•  17.   ^^- 

b  ab 

18.  Draw  a  rectangle ;  write  b  for  its  base  and  a  for  its  alti- 
tude. Express  the  area  of  the  rectangle.  Its  perimeter  (sum 
of  its  four  sides). 

19.  A  rectangular  bin  is  a  ft.  long,  b  ft.  wide,  and  c  ft. 
deep.     How  many  cubic  feet  does  it  contain  ? 

20.  What  number  does  100  a  + 10  Z>  -|-  c  represent  when  a  = 
1,  b  =  2,  c=3?     When  a  =  5,  &  =  4,  c  =  7? 

7.  Tabulation  of  Values.  In  recording  corre- 
sponding values  it  is  convenient  to  use  a  table 
like  that  adjoining. 

The  values  of  a  are  written  in  the  column  under  «, 
and  the  corresponding  values  of  2  a  +  1  are  .written  op- 
posite in  the  second  column.  The  table  records,  for 
example,  that  when  a  is  6,  2a +  1  is  11;  that  is, 
2x6-1-1.    Verify  the  other  values. 


a 

2a  +  l 

5 

11 

0 

1 

3 

7 

8* 

18 

3.5 

8 

WRITTEN   EXERCISES 

Copy  the  following  tables  and  supply  the  numbers  to  fill  the 
/  blanks : 


1.  n 


0 
1 
4 
5 

^ 


n 


5 

1.5 


Sn 


2n-3 


3.     n 


1 
2 

7 

18 
25 


«-l 

4.    a 

ia+1 

2 

12 

25 

1.8 

4.6 

5.      V 

10 -y 

.1 

1.2 

1.5 

6.3 

40.4 

.05 

w 

f  w 

0 

1 

24 

64 

100 
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7. 

a 

& 

a  +  6 

4 

5 

(    ) 

^ 

24 

(    ) 

1.8 

9.2 

(    ) 

2.6 

8.3 

(    ) 

8.    V 

t 

*>< 

m 

H 

(    ) 

1.8 

.7 

(    ) 

4 

3.8 

(    ) 

12 

7i 

(    ) 

9.  I 


6 
4 


?&^ 


(  ) 

(  ) 

(  ) 

(  ) 


SUMMARY 
I.   Definitions. 

1.  An  algebraic  expression  is  an  expression  that  represents  a 
number  by  means  of  symbols  used  in  algebra.  See.  5. 

2.  The  value  of  an  algebraic  expression  is  the  number  repre- 
sented by  it.  Sec.  6. 

II.   Notations. 

1.  Letters  may  be  used  to  stand  for  numbers.  Sec.  1, 

2.  By  using  letters  to  represent  numbers  many  statements 
may  be  written  in  brief  form.  Sec.  2. 

3.  The  signs  -}-,—,=,  x,  •  ?  -5-,  V^>  have  the  same  mean- 
ing in  algebra  as  in  arithmetic.  Sec.  3. 

4.  Multiplication  in  algebra  is  usually  indicated  by  the 
absence  of  signs ;  but  when  a  sign  is  needed,  it  is  preferable 
to  use  the  dot.  Sec.  3. 

REVIEW 

ORAL  EXERCISES 

1.   A  man  invests  d  dollars  in  real  estate,  and  5  times  as 

much    in    government    bonds.     How    much    does   he    invest 

altogether  ? 
A         B                  c                             D  _  ^  ^    . 

i — . — ! ' •        2.   In   the    figure   BG   is 

twice  as  long  as  AB,  and  CD 

is  three  times  as  long  as  AB,     If  I  denotes  the  length  of  AB, 

what  denotes  the  length  of  BC ?    Oi  CD?    Of  the  entire  line  ? 

Find  the  value  oi  A  +  B,  when  A  and  B  have  the  following 

values : 

3.  A=7,  B  =  12.  5.   A  =  3x,  B  =  4.x. 

4.  A=l  ^  =  1  6.   A  =  5y,  B  =  7y. 
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7,  '^Goods  that  ct3st  d  dollars  were  sold  at  a  profit  of  p  dol- 
lars.    What  was  the  selling  price  ? 

8.  In  Exercise  1  ii  d  equals  f  1  and  p  equals  $  .25,  what  is 
the  selling  price  ? 

WRITTEN   EXERCISES 
1.    Copy,  and  fill  the  blanks: 


(1) 

(2) 

(3) 

(4) 

(5) 

Given  {           ^^  = 

r3w-i  = 

Find        n  +  t  = 
{       2nt  = 

6 
4 

1 
i 

1 

5 

•s 

100 
10 

1.3 

20. 

2.  The  length  of  one  line  is  x  and  that  of  another  is  y. 
How  long  is  the  line  formed  by  placing  them  end  to  end? 

3.  Line  x  is  longer  than  line  y.     Express  the  difference 
between  their  lengths. 

4.  What  number  does  -  represent  when  a  =  29,  and  &  =  58  ? 

b 

IVhen  a  =  35,  and  5  =  70  ?    When  a  =  127,  b  =  210? 


2" 


CHAPTER   II 


THE  EQUATION 

8.   Preparatory. 

1.  What  weight,  w,  will  balance  the 
package  of  rice  in  the  figure  ?  What 
must  w  be  to  balance  two  such  packages  ? 

2.  If  half  of  the  rice  be  taken  from 
the  package,  what  must  w  be  ? 

3.  What  must  w  be  to  balance  a  16- 
ounce  package  and  an  8-ounce  package  ? 

4.   What  must  w  be  to  balance  the  pans  in  each  of  the  follow- 
ing figures  ? 


Fig.  1. 


Fig.  2. 


Fig.  3. 


Fig.  4. 


5.  In  Pig.  2  the  fact  that  the  weights  balance  is  expressed 
by  20  +  3  =  7.  Express  the  condition  that  the  weights  balance 
in  Pig.  3.     In  Pig.  4. 

9.  The  Equation.  If  two  expressions  represent  the  same 
number,  their  equality  may  be  indicated  by  the  sign  =  ;  such  a 
statement  of  equality  is  called  an  equation. 

Thus,  to+3  =  7,  2t(j  =  8,  2/  =  3  +  4,  and  2x4-1=9  are  equations. 

10.  Members  of  an  Equation.  The  two  expressions  connected 
by  the  sign  of  equality  are  called  the  members  of  the  equation. 

Thus,  in  i(7  +  3  =  7,  to  +  3  and  7  are  members ;  they  are  called 
respectively  the  left  member  and  the  right  member,  or,  also,  the  first 
member  and  the  second  member. 

8 
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11.  Identical  Equation.  An  equation  that  either  involves  no 
letters,  or  that  is  true  for  any  values  whatever  that  may  be 
given  to  the  letters  involved,  is  called  an  identical  equation  or, 
briefly,  an  identity. 

Thus,  3  +  4  =  7,    a+6  =  5  +  a,    6x  =  Sx  —  Sx,    are  identities. 

12.  Conditional  Equation.     An  equation  that  is  true  only  on 

condition  that  the  letter  or  letters  involved  have  particular 

values  is  called  a  conditional  equation  or,  briefly,  an  equation. 

Thus,  10  -\-  S  =1  is  an  equation  that  is  true  only  on  condition  that  w 
represents  4. 

13.  The  equation  is  the  chief  sentence  of  algebra.  The 
identical  equation  is  the  declarative  sentence  and  states  that 
the  two  members  are  necessarily  the  same  —  differing,  at  most, 
in  form.  The  conditional  equation  is  the  interrogative  sen- 
tence, and  asks  what  numbers  the  letters  involved  must  repre- 
sent in  order  that  the  two  members  may  be  equal. 

ORAL  EXERCISES 

1.  What  must  be  added  to  3  to  make  10  ?    State  the  number 
for  which  the  question  mark  stands  in  3  +  ?  =  10. 

2.  State  the  number  denoted  by  the  question  mark  in  each 
case:     5+?  =  12;  ?  +  15  =  25;  60  =  45  +  ? 

3.  State  the  number  for  which  x  stands  in  each  of  the  fol- 
lowing:   5  +  0^  =  12;  x-\-15  =  25',  60  =  45  +  x;  25  +  x  =  4:0. 

State  the  number  denoted  by  the  question  mark  in  each 
case : 

4.  2  times?  =  12.  6.    iof?  =  8.         8.    2  times? +  1=9. 

5.  5  times?  =  30.  7.   |of?  =  12.        9.    3  times  ?  + 5  =  11. 

10.  State  the  number  represented  by  t  in  each  case  :  2t  =  8; 
4<  =  32;     1^  =  10;     f^  =  30;     2^  +  1  =  11. 

11.  A  certain  number  less  4  is  20.     What  is  the  number  ? 

12.  A  certain  number  less  5  is  15.     What  is  the  number? 

13.  07  less  4  is  20.    What  is  cc?   2 a;  less  5  is  25.    What  is  2 a;? 

14.  In  3aj  +  5  =  17,  what  is  3 a; ?     What  is  a; ? 

15.  In  4p  —  2  =  10,  what  is  4i>  ?     What  is  p? 
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14.  Substitution.  A  number  symbol  put  in  place  of  another 
is  said  to  be  substituted  for  it. 

For  example : 

6  a  +  2  becomes  5.3  +  2  when  3  is  substituted  for  a  ;  and  ax  +  7  be- 
comes ab  -V^  when  6  is  substituted  for  x, 

15.  Unknown.  A  number  symbol  whose  value  is  not  known 
is  called  an  unknown  number,  or  simply  an  unknown. 

16.  Satisfying  an  Equation.  If  an  equation  becomes  an  iden- 
tity when  certain  numbers  are  substituted  for  the  unknowns, 
the  numbers  substituted  are  said  to  satisfy  the  equation. 

Thus,  5  is  said  to  satisfy  the  equation  3  x  =  15,  because  3x5  =  15.  It  is 
not  satisfied  by  any  other  number,  because  3  times  any  other  number  is 
not  15.  Also,  7  and  5  are  said  to  satisfy  the  equation  Sx+2y  =  S\,  be- 
cause 3  .  7  +  2  .  5  =  31. 

17.  Root  of  an  Equation.  A  number  that  satisfies  an  equation 
is  called  a  root  of  the  equation. 

18.  Solving  Equations.  To  solve  equations  is  to  find  their 
roots. 

ORAL  EXERCISES 
What  number  satisfies  each  of  the  following  equations  ? 

1.  3x  =  6.  7.   77/-f5  =  40.  13.   2n  =  90. 

2.  9a;  =  18.  8.   22/  +  l  =  3.  14.    2!/-7  =  13. 

3.  7x  =  35,  9.   30-6  =  42/.  15.   j^w-3  =  2. 

4.  4.x  =  32.  10.   4w+2  =  10.  16.   2n  =  4800. 

5.  5a;  +  2  =  22.        11.    4^^  +  6  =  46.  17.   2n  +  l  =  27. 

6.  8a;  +  12=20.      12.   lz  +  3  =  3.  18.   2^1  +  1  =  625. 

19.  Preparatory. 

If  two  weights  are  in  balance,  and  if  the  following  changes 
are  made  in  one  weight,  what  change,  in  each  case,  must  be 
made  in  the  other  to  preserve  the  balance  ? 

1.    Two  ounces  added.  2.   Two  ounces  taken  away. 

3.  The  number  of  ounces  in  one  weight  made  three  times 
as  great. 

4.  The  number  of  ounces  in  one  weight  made  I  as  great. 
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20.  Properties  used  in  Solving  Equations.  The  preceding 
exercises  suggest  the  following  properties : 

1.  If  the  same  number  is  added  to  equal  numbers,  the  results 
are  equal, 

2.  If  the  same  number  is  subtracted  from  equal  numbers,  the 
results  are  equal. 

3.  If  equal  numbers  are  multiplied  by  the  same  number,  the 
results  are  equal. 

4.  If  equal  numbers  are  divided  by  the  same  number  {not  zero), 
the  results  are  equal. 

Note.  The  reason  for  excluding  zero  as  a  divisor  is  explained  in 
Chapter  XXVII. 

21.  The  following  examples  show  how  these  properties  are 
used  in  solving  equations  : 

*    EXAMPLES 

1.  Solve:  3x  +  5  =  23.  (1) 

Subtracting  5  from  both  members,  3  iC  =  18.  (;^) 

Dividing  both  members  of  (^)  by  3,  X  =  Q.  (5) 

Test.     6  satisfies  3  a;  +  6  =  23,  because  3  . 6  +  5  =  23. 

2.  Solve:  p^2  +  ^p  =  ^p  +  6.  (1) 

Subtracting  §p  from  both  members,  ^ p  -\-  2  =6.  (;f) 

Subtracting  2  from  both  members  of  (^),  J  j9  =  4.  (^) 

Dividing  both  members  of  (3)  by  §,  p  =  Q.  (4^ 

Test.    6  satisfies  (i),  because  6  +  2-fi.6=:|.6+6. 

10  =  10. 

22.  Testing.  The  correctness  of  the  work  of  solving  an 
equation  should  be  tested  by  substituting  the  result  in  the  given 
equation.  If  the  members  become  identical,  the  number  sub- 
stituted is  a  root  of  the  equation. 

WRITTEN   EXERCISES 

Solve  and  test : 

1.  4aj  +  l  =  7.  3.    5x  =  x  +  16. 

2.  3a;  +  l  =  10.  4.   2x-^7=r27. 
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5.  62/  +  2  =  20.  9.  ^x  =  25  +  .5x. 

e.  Sz  +  2  =  4:2.  10.  112/4-1  =  92/ +  3. 

7.  72  =  12x.  11.  3x-\-2x  =  4.x-^16. 

8.  6x  =  9-\-3x.  12.  llm  +  3  =  2m  +  9  +  2m. 

23.  Use  of  the  Equation  in  Solving  Problems.  Equations  may 
be  used  in  solving  problems.  The  method  is  made  clear  by 
examples. 

EXAMPLES 

1.  If  a  certain  number  is  doubled  and  16  is  added,  the  re- 
sult is  46.     What  is  the  number  ? 

Solution,     1.  Let  w -be  the  number. 

2.  Then  2n  +16  is  double  the  number  plus  16. 

3.  But  46  is  given  as  double  the  number  plus  16. 

4.  Therefore,  2  w  +  16  =  46. 

5.  Therefore,  2 w  =  30,  and  n^=  15.     Why? 

Test.  15  doubled  makes  30,  and  30  plus  16  is  46.  Thus,  15  satisfies 
the  conditions  of  the  problem. 

2.  A  salesman  sold  twice  as  many  articles  on  Friday  as  on 
Thursday,  and  5  more  on  Saturday  than  on  Friday ;  on  Satur- 
day he  sold  15.     How  many  did  he  sell  on  Thursday  ? 

Solution.     1.  Let  x  be  the  number  that  he  sold  on  Thursday, 

2.  Wh.at  does  2  x  represent  ?    2  ic  +  5  ? 

3.  State  two  expressions,  each  of  which  is  the  number  sold 

on  Saturday. 

4.  Since  2  ic  +  5  =  15,  x  =  5. 

Test.    2.5  +  5  =  15. 

Any  letter  may  be  used  to  represent  the  unknown,  as  ?/  for  the  num- 
ber of  years,  d  for  the  number  of  dollars,  r  for  rate,  or  p  for  the  num- 
ber of  pounds  pressure  (in  physics) ,  but  in  algebra  x  is  most  frequently 
used. 

24.  Finding  the  Equation.  In  each  solution  above,  step  4 
contains  the  statement  of  the  problem  in  the  form  of  an 
equation.  This  statement  is  reached  by  finding  tivo  expressions 
for  the  same  iiumher  and  using  them  as  the  members  of  an 
equation. 


THE   EQUATION  13 

25.  Sign  of  Deduction.  Instead  of  the  word  "hence,"  or 
"  therefore/'  the  sign  .  • .  is  often  used.  It  is  called  the  sign  of 
deduction. 

Thus,  .-.  2  w  -{-  16  =  46,  is  read  "  Therefore,    2  ;i  +  16  =  46." 


WRITTEN   EXERCISES 
Write  the  solution  of  each  problem  in  steps  as  shown  above : 

1.  A  house  and  lot  are  worth  $4800,  and  the  house  is 
worth  7  times  as  much  as  the  lot.     Find  the  value  of  each. 

2.  Lucy  thought  of  a  number,  doubled  it,  added  16,  and 
obtained  50.     Of  what  number  did  she  think  ? 

3.  A  tower  and  flagstaff  are  together  120  ft.  high;  the 
height  of  the  tower  is  5  times  that  of  the  flagstaff.  Find  the 
height  of  each. 

4.  "I  of  the  total  height  of  a  bridge  pier  is  out  of  the  water, 
and  10  ft.  of  the  height  is  under  water.  What  is  the  height  of 
the  pier  ? 

5.  When  goods  are  sold  at  a  gain  of  ^  of  their  cost,  what  is 
the  cost  of  goods  which  sell  for  f  12  ? 

6.  A  man's  salary  was  increased  by  ^  of  itself;  he  then 
received  f  1600.     What  was  his  salary  before  the  increase? 

7.  A,  B,  and  C  own  an  automobile  jointly.  In  a  month  of 
30  days  A  used  it  7  times  as  many  days  as  C,  B  used  it  4  times 
as  many  days  as  C,  and  it  was  unused  6  days.  How  many 
days  did  each  use  it  ? 

8.  In  latitude  42°  (about  that  of  New  York),  the  longest  day 
(from  sunrise  to  sunset)  lacks  2  h.  48  min.  of  being  twice  as  long 
as  its  night  (from  sunset  to  sunrise).    Find  the  length  of  each. 

SUMMARY 

I.   Definitions. 

1.  If  two  expressions  represent  the  same  number,  their 
equality  may  be  indicated  by  the  sign  = ;  such  a  statement  of 
equality  is  called  an  eqiiatioyi.  Sec.  9, 
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2.  The  members  of  an  equation  are  the  two  expressions 
coufnected  by  the  sign  =.  Sec.  10. 

S\  An  identical  equation  is  an  equation  that  either  contains 
t^&  letters  or  is  true  for  any  values  whatever  that  may  be  given 
to  the  letters  involved.  Sec.  11. 

4.  A  conditional  equation  is  an  equation  that  is  true  only  on 
condition  that  the  letters  involved  have  particular  values. 

Sec.  12. 

6.  A  number  symbol  put  in  place  of  another  is  said  to  be 
substituted  for  it.  Sec.  14. 

6.  An  unknown  is  a  number  symbol  whose ;  value  is  not 
known.  Sec.  15. 

7.  If  an  equation  becomes  an  identity  when  certain  num- 
bers are  substituted  for  the  unknowns,  the  numbers  substituted 
are  said  to  satisfy  the  equation.  Sec.  16. 

8.  A  root  of  an  equation  is  a  number  that  satisfies  the 
equation.  Sec.  17. 

9.  To  solve  equations  is  to  find  their  roots.  Sec.  18. 

10.  The  sign  .*.,  read  "hence"  or  "therefore/^  is  used  to  ex- 
press deduction.  Sec.  25. 

11.  Properties  and  Processes. 

1.  Properties  used  in  Solving  Equations.  If  two  numbers  are 
equal,  the  numbers  are  equal  which  result  from  :  Sec.  20. 

a.   Adding  the  same  number  to  each. 

5.    Subtracting  the  same  number  from  each. 

c.  Multiplying  each  by  the  same  number. 

d.  Dividing  each  by  the  same  number  (not  zero) 

2.  The  correctness  of  the  work  of  solving  an  equation  should 
be  tested  by  substituting  the  result  in  the  given  equation. 
If  the  members  become  identical,  the  number  substituted  is  a 
root  of  the  equation.  Sec.  22. 

3.  A  problem  is  stated  in  the  form  of  an  equation  by  finding 
two  expressions  for  the  same  number  aud  using  them  as  mem- 
bers of  an  equation.  Sec.  24 
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4.  To  test  the  solution  of  a  problem,  substitute  the  result 
obtained  by  solving  the  problem  in  the  conditions  of  the 
problem.  If  it  satisfies  them,  the  solution  of  the  problem  is 
correct.  Sec.  23. 

REVIEW 

ORAL  EXERCISES 

Solve  the  equations : 

1.  4i»  =  20.  6.  6u  =  U-2.  11.   9r  =  360. 

2.  32/  +  4=25.  7.  8  +  2  =  5s.  12.   17i^  =  3400. 

3.  4^  +  1  =  27.  8.  7a;+7  =  28.  13.   20i>  =  50-10. 

4.  2r  +  5  =  13.  9.  14  =  6a;  +  2.  14.    60  +  15=25aj. 

5.  Av-{-l  =  9.  10.  20-4  =  42/,  15.    lSy  =  360. 

16.  What  is  the  proof  that  a  number  is  the  root  of  an  equa- 
tion ? 

17.  If  any  process  is  performed  on  one  member  of  an  equa- 
tion, how  must  the  other  member  be  treated  in  order  to  preserve 
the  equality  (or  balance)  ? 

WRITTEN   EXERCISES 

Solve  and  test : 

1.  16^  +  5=37.  4.   12^  +  13=49.      7.   z-{-Az  =  S5. 

2.  14a;  =  25  +  9a;.       5.   3s  +  2  =  19.  8.    15s  +  2  =  12. 

3.  48=82/+16.         6.   12^  +  2  =  38.  9.    i-a;-f2  =  |. 

10.  The  distance  from  New  York  to  Chicago  by  a  certain 
route  is  900  miles.  If  a  train  runs  this  in  18  hours,  what  is  the 
average  speed  of  the  train  per  hour  ?  At  that  rate,  how  far 
would  the  train  run  in  7i  hours  ?  How  many  hours  would  be 
required  to  run  100  mi.  ?     m  mi.  ? 

11.  A  freight  train  consisted  of  48  cars.  The  number  of 
closed  cars  was  6  more  than  twice  the  number  of  open  cars. 
Find  how  many  there  were  of  each.  * 

12.  Texas  exceeds  California  in  area  by  107,420  sq.  mi. 
The  sum  of  their  areas  is  424,140  sq.  mi.    Find  the  area  of  each. 

13.  The  area  of  Kansas  is  twice  that  of  Ohio.  The  sum  of 
their  areas  is  123,000  sq.  mi.     Find  the  area  of  each. 


CHAPTER   III 
FACTORS.    MONOMIALS  AND  POLYNOMIALS 

26.  Product  and  Factors.  In  algebra,  as  in  arithmetic,  the 
result  of  multiplication  is  called  a  product,  and  the  numbers 
multiplied  are  called  the  factors  of  the  product. 

27.  Different  sets  of  factors  may  have  the  same  product. 

Thus,  24  is  the  product  of  2  and  12 ;  or  of  2,  3,  and  4 ;  or  of  2,  2,  and  6  ; 
or  of  8^  6,  and  |,  etc.  3  ay  is  the  product  of  a  and  3  ?/,  or  of  3  and  ay,  or 
of  3  a  and  2/,  etc. 

28.  Literal  and  Numerical  Factors.  Factors  expressed  by 
letters  are  called  literal  factors  ;  factors  expressed  by  numerals 
are  called  numerical  factors. 

For  example : 

2  ax  is  the  product  of  the  factors  2,  «,  and  x, 

2  is  a  numerical  factor,  a  and  x  are  literal  factors. 

In  a  product  it  is  customary  to  put  the  numerical  factor  (if 
any)  first,  and  the  literal  factors  in  alphabetical  order. 

29.  In  whatever  order  the  factors  are  taken,  the  product  is 
the  same.     This  is  called  the  Commutative  Law  of  Multiplication. 

For  example,  3  •  a  •  &  •  x  yields  the  same  product  as  a6  •  3  •  x  and  the 
same  as  ahx  •3. 

30.  Unity  is  a  factor  of  every  number,  but  it  is  not  ordinarily 
mentioned  in  giving  lists  of  factors. 

Thus,  a  set  of  factors  of  ahc  are  1,  a,  6,  and  c ;  but  1  is  usually  not  men- 
tioned. 

ORAL   EXERCISES 

State  the  products  of  the  following  sets  of  factors  : 

1.  3,  8.  3.   a,  5.  5.   c,  d.  7.   |,  m,  v, 

2.  3,  a,  y.  4.   4,  h.  6.   v,  t.  8.   a,  6,  c. 

16 
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Name  a  set  of  factors  for  each  of  the  following  products : 

9.   10.  11.  prt  13.   ^ah.  15.   gt 

10.    3  a.  12.    Ir,  14.   mv.  16.   ^sf. 

Name  three  sets  of  factors  for  each  of  the  following  and 
state  which  factors  are  literal  and  which  are  numerical : 


17.   40. 

19.   2^  ah. 

21.  prt. 

23.   15pq. 

18.    18  a. 

20.    20  hr. 

22.   25  mv. 

24.   ahcd. 

31.  Power  and  Base.  A  product  formed  by  using  the  same 
number  one  or  more  times  as'  a  factor  is  called  a  power  of  the 
repeated  factor.     The  repeated  factor  is  called  the  base. 

32.  Exponent.  When  a  factor  is  to  be  repeated,  it  is  usual 
to  write  the  factor  only  once  and  place  a  small  number  above 
and  to  the  right  to  show  how  many  times  the  factor  is  to  be 
taken.     The  small  number  is  called  an  exponent. 

Thus,  2  . 2  is  the  second  power  (or  square)  of  2,  and  is  written  2^  ; 
a*  a  '  a  is  the  third  power  (or  cube)  of  a,  and  is  written  a^.  Similarly, 
3  aa?>&6  is  written  3  a^l)^, 

33.  A  number  without  an  exponent  is  understood  to  have 
the  exponent  1,  since  the  number  is  used  once  as  a  factor. 

Thus,  5  =  61 ;  a  =  a^ ;  7  xyz^  =  7^  x^y'z^. 

34.  The  factors  of  numbers  can  be  conveniently  grouped  by 
the  use  of  exponents. 

For  example : 

12  =  2  .  2  .  3  =  22  .  3.  144  =  12  .  12  =  122 

225  =  3  .  3  .  5  .  5  =32  .  52.  600  =  2^  .  3  •  52. 

35.  Prime  Numbers.  As  in  arithmetic,  so  in  algebra,  an  in- 
teger whose  only  integral  factors  are  itself  and  unity  is  called 
a  prime  number. 

36.  Prime  Factors.  Prime  numbers  occurring  as  factors  are 
called  prime  factors. 

A  number  has  only  one  set  of  prime  factors. 


18  ELEMENTARY   ALGEBRA 

ORAL   EXERCISES 

Name  the  exponents  and  tell  what  each  means : 
1.   2  0^7?.         2.  3  0.^.         3.  h'^xf.         4.  a^6*.         5.  2a\ 

State  the  value  of: 
6.  2\  7.  32.  8.  51  9.  3^  10.  3*. 

WRITTEN   EXERCISES 
Indicate  the  prime  factors  of : 

1.  18.  3.  96.  5.   640.        7.  360.  9.  1225. 

2.  75.  4.  128.         6.   240.         8.  275.  10.  1350. 

Indicate  by  use  of  exponents  the  number  of: 

11.  Things  in  12  dozen.  15.   Days  in  7  weeks. 

12.  Square  inches  in  1  sq.  ft.  16.    Seconds  in  60  minutes. 

13.  Things  in  a  great  gross.  17.    Years  in  10  decades. 

14.  Cubic  inches  in  1  cu.  ft.  18.   Years  in  100  centuries. 

Indicate  by  a  power  the  value  in  cents  of: 

19.  A  cubic  yard  of  earth  at  3^  a  cubic  foot. 

20.  A  cubic  foot  of  ore  at  12^  a  cubic  inch. 

21.  1000  is  what  power  of  10?  500  is  5  times  what  power 
of  10  ? 

Using  exponents,  factor  so  that  one  factor  is  a  power  of  10 : 

22.  100.  25.   10,000.  28.    900,000. 

23.  700.  26.   70,000.  29.   4,000,000. 

24.  6000.  27.   810,000.  30.    1,000,000,000. 

37.  Coefficient.  Any  factor  in  a  product  is  called  the  co- 
efficient of  the  rest  of  the  product. 

Thus,  in  the  product  3  axy^  3  is  the  coefficient  of  axy^  3  «  is  the  co- 
efficient of  xy^  3  ax  is  the  coefficient  of  y^  3  ay  is  the  coefficient  of  a:,  and 
r,he  like. 
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38.  Numerical  Coefficient.  A  coefficient  expressed  in  numer- 
als is  called  a  numerical  coefficient. 

Thus,  3  is  the  numerical  coefiBcient  in  3  x,  and  J  is  the  numerical  coeffi- 
cient in  J  xy. 

The  term  "  coefficient,"  used  with  no  other  indication,  means 
the  numerical  coefficient. 

39.  In  any  product  whose  numerical  coefficient  is  not  ex- 
pressed, the  coefficient  1  is  understood. 

Thus,  «&,  abx,  bc^y,  are  the  same  as  1  ah,  1  ahx,  1  bc^y  ;  and  the  numeri- 
cal coefficient  in  each  is  1. 

ORAL  EXERCISES 

1.  Name  the  coefficient  of  ab  in  6  ab.     The  coefficient  of  b, 

2.  Kame  the  coefficient  of  xy  in  |  axy.    Of  axy.     Of  y. 

Name  the  numerical  coefficient  in  each  of  the  following : 

3.  4.  5.  6.  7.  8.  9.         10.         11. 

2  X.      3y.     ^ax,     by.     ,5cz,     ^my,     ^gtK     xyz,     ^mr^, 

40.  Order  of  Operations.  In  an  expression  containing  a 
series  of  operations,  multiplications  and  divisions  are  to  be 
performed  before  additions  and  subtractions,  unless  otherwise 
indicated. 

Thus,  4  +  5-3  means  4  +  15,  or  19. 

Similarly,  5  +  16 -j- 2  means  5  +  8,  or  13;  and3  +  8 -^2  -  5  =  3  +  4 -5 
=  7-6  =  2. 

ORAL  EXERCISES 

Perform  the  operations  indicated : 

1.  5..4-.3.  8.  3.9-15-^5. 

2.  9  +  2.6.  9.  5.6-18-1-7. 

3.  l4_8-f.4.  10.  18--2  +  3.6. 

4.  15-12--4.  11.  34-h6-^3-16. 

5.  40-34-T-2.  12,  3-1-4.5-13. 

6.  52^26  —  1.  13.  a-\-b^a-a. 

7.  10-3-3.8.  14..  C'd  +  a-b. 
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41.  The  Use  of  the  Parenthesis.  In  a  series  of  operations  the 
parenthesis  may  be  used  to  indicate  that  certain  additions  and 
subtractions  are  to  be  performed  first. 

For  example : 

6  +  4.3  means  add  6  to  4  times  3,  obtaining  18.  But  (6  +  4)  •  3 
means  add  6  and  4  and  multiply  by  3,  obtaining  30.  In  other  words, 
what  is  in  the  parenthesis  is  to  be  treated  as  a  single  number. 

(4  +  16)  -T-  2  means  20  --  2,  or  10,  and  not  4  +  — ,  or  12. 

8  —  (12  —  7)  means  that  7  is  first  to  be  subtracted  from  12  and  then 
the  result  subtracted  from  8.    That  is,  8  -  (12  -  7)  ==  8  -  6  =  3. 

14  a  -  (7  a  +  3  a)  =  14  a  -  10  a  =  4  a. 

42.  When  a  number  symbol  is  placed  before  or  after  a 
parenthesis  with  no  intervening  sign,  multiplication  is  in- 
dicated. 

For  example : 

2  a  (c  +  2  c)  means  2  a  •  3  c,  or  6  ac. 
(4  a;  +  5  ic)  4  a;  means  9  x  •  4  ic  or  36  x^. 
(a  +  4  a)  (8  5  —  5  5)  means  5  a  •  3  6  or  16  a&. 
3(6  +  2  c)  —  c  means  3  6  +  6  c  —  c,  the  multiplication  by  3  being  per- 
formed before  c  is  subtracted. 

6(100  —  a;)+  25  means  600  —  5x  +  25,  or  526  —  6a:,  the  multiplication 
by  5  being  performed  before  25  is  added. 

ORAL  EXERCISES 
Perform  the  operations  indicated : 

1.  (15-6)^3.  10.  a-(&  +  26-3&). 

2.  7(25  +  5).  11.  a6(3c-2c)  +  d 

3.  (18  — 12) -^  6.  12.  m(m  +  5m)— 2  m. 

4.  5(6  +  5-9).  13.  (2a  +  a).(3c-c). 

5.  (2 +5).  (5- 3).  14.  x{5x~2x)-y{y^ly), 

6.  (24  +  6) -- (8  -  3).  15.  19 -(4  +  7). 

7.  (2a  +  a)-j-3.  16.  8a-(7a-3a). 

8.  (2a  +  3a)&.  17.  43  a;  +  (28  a?  -  8  oj). 

9.  (2a  +  3a)-^(3&  +  26).  18.  86  2/- (10  ?/ -4?/) +  10^, 
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19.  18 -(7 -3).  24.  (7-i-5)(8-6). 

20  46 -(27  4- 7).  25.  (2  a-{-7  a){3x  + x). 

21.  14a-(9a-3a).  26.  Sa(9x-7x), 

22.  2Sq-(15q-5q).  27.  (2  x-[-S  x){S  x-2x). 

23.  (15 -7)  ax.  .28.  (12  ic- 7  a;)  (12  3/ -7  2/). 

43.  Symbols  of  Grouping.  The  parenthesis  is  used  to  indi- 
cate that  the  number  symbols  grouped  within  it  are  to  be  taken 
as  a  single  number.  Other  symbols  of  grouping  are  {  ], 
[  ] ,  ;  these  have  the  same  meaning  as  the  parenthesis. 
The  bar  of  the  fraction  may  also  be  a  symbol  of  grouping. 

Thus,  in  ^  "^    ,  the  bar  groups  a  -{- b  into  one  number,  and  c  4-  d  into 
c  +  d 

one  number.     The  fraction  means  (a  +  5)  -^  (c  +  <?). 

44.  Use  of  the  Parenthesis  in  Stating  Equations.  In  solving 
problems  by  means  of  equations,  the  parenthesis  is  often 
used. 

EXAMPLE 

The  sum  of  two  numbers  is  100,  and  3  times  one  of  them  is 
7  times  the  other ;  what  are  the  numbers  ? 

Solution.     1.  Let  x  be  the  smaller  number. 

2.  Then,  100  —  a:  is  the  larger  number. 

3.  Then,  7  a;  is  7  times  the  smaller  one  and  /JikX>'^ 
3  (100  —  x)  is  3  times  the  larger  one.  ^^  A- 

4.  .  *.  7  a;  =  3  (100  —  x),  according  to  the  problem.       ^^.-^'''^Xc' 
6.   .-.  7a  =  300-3ic.     (Sec.  42.) 
6.    .-.  10a;  =  300.     .-.  a;  =  30,  and  the  numbers  are  30,  70. 

Test.  30  +  70  =  100,  and  7  x  30  =  3  x  70.  Therefore  the  numbers 
found  fulfill  the  conditions  of  the  problem. 

The  use  of  the  parenthesis  is  seen  in  the  third  and  fourth  steps. 

WRITTEN   EXERCISES 

1.  Write  an  equation  stating  that  if  the  cost  (c)  of  a  lot  be 
diminished  by  $  200  and  the  remainder  multiplied  by  5,  the 
result  will  be  the  value  (v)  of  the  house. 

2.  Write  the  equation  which  states  that  c  times  the  sum  of  x 
and  a  equals  d. 
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3.  In  a  certain  postoffice  there  are  three  rates  of  pay  :  $  50, 
$  100,  and  $  150  per  month.  There  are  5  more  men  receiving 
$100  than  $1*50,  and  2  more  receiving  $  50  than  $100;  the 
monthly  pay  roll  is  $  1150.  Letting  x  represent  the  number 
receiving  $  150,  write  the  equation  needed  to  find  x. 

4.  Two  men  enter  a  partnership  and  furnish  a  capital  of 
$  5000 ;  twice  what  one  furnishes  is  3  times  what  the  other 
furnishes.     How  much  does  each  furnish  ? 

5.  The  sum  of  two  numbers  is  40 ;  the  smaller  number,  oj, 
is  l  of  the  larger  number.  Write  the  equation  needed  to 
find  X.     Find  the  numbers. 

6.  A  rectangular  lot  is  20  ft.  longer  than  it  is  wide.  Using 
X  to  represent  the  width,  state  what  represents  the  length. 
Write  an  equation  stating  that  4  times  the  width  equals  2  times 
the  length.     Find  the  dimensions  of  the  lot. 

45.  Monomials.  A  monomial  is  an  algebraic  expression 
within  which  no  operation  of  addition  or  subtraction  is  indi- 
cated, unless  within  a  symbol  of  grouping. 

Thus,  a,  ab,  a^2  6,  — ,  7  (a  +  6),  ^^~^,  are  monomials. 

46.  Polynomials.  An  algebraic  expression  consisting  of  two 
or  more  monomials  connected  by  the  sign  -|-  or  — ,  is  called  a 
polynomial.  The  monomials  are  called  the  terms  of  the  poly- 
nomial. 

Thus,  a  +  5&  +  c  +  -isa  polynomial  whose  terms  are  «,  5 5,  c,  and  - • 

2  2 

47.  Binomials.  A  polynomial  of  two  terms  is  called  a  bi- 
nomial. 

Thus,  a  +  b,    b'^-c,   xy  +  m,  Sb'^-a,    | ^,  are  binomials. 

48.  Trinomials.  A  polynomial  of  three  terms  is  called  a 
trinomial. 

Thus,  a  4-  6  +  c.    a  +  2  6  -  c,    -  -  a6  +  8  c,  are  trinomials. 

y 

49.  Compound  Terms.  Expressions  are  sometimes  grouped 
into  compound  terms. 

Thus,  Sa-2b  +  G  -\-d  may  be  grouped  into  the  trinomial  Sa  —  2l 
+  (c+(?),  in  which  (c  +  c?)  is  a  compound  term. 
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ORAL  EXERCISES 

Name  the  monomials  in  the  following  list ;  the  binomials ;  the 
trinomials : 

1.  a^-h-c/Y^  5.  gf^-^-a.  9.   5a^  +  af. 

2.  4.x' +7:^      8  6.  mv\  10.    2hr. 

3.  a-^-b-i-c+d}  7.  a-^5b-c.  11.  prt 

4.  ^gt^.  >{vvVf^  8.  x  —  y-\-z-\-w,  12.    2g  —  5  +  x^. 

13.  What  is  the  coefficient  of  f  in  Exercise  4  ? 

14.  What  is  the  coefficient  of  v^  in  Exercise  6  ? 

15.  What  is  the  numerical  coefficient  in  Exercise  4  ? 

16.  There  are  x  feet  of  lumber  in  one  pile  and  y  feet  in  an- 
other. How  many  feet  are  there  in  both  piles  ?  What  kind 
of  polynomial  represents  this  number  ? 

17.  A  man  has  a  dollars  in  one  bank,  b  dollars  in  another, 
and  c  dollars  in  a  third.  What  kind  of  polynomial  repre- 
sents his  money  in  the  three  banks  ? 

18.  The  base  of  a  rectangle  is  b,  and  its  altitude  is  twice  the 
base.  What  is  its  perimeter  ?  (See  p.  5,  Exc.  18.)  What  kind 
of  algebraic  expression  is  this  ? 

19.  A  man  earned  d  dollars  per  day  and  his  son  c  dollars ; 
the  father  worked  6  days  per  week  and  the  son  2  days.  How 
much  did  the  two  earn  per  week  ?  What  kind  of  polynomial 
expresses  this  amount  ? 

WRITTEN   EXERCISES 

1.  Write  three  monomials. 

2.  Write  three  binomials.     Three  trinomials. 

Eewrite  these  expressions,  using  exponents  where  possible : 

3.  a  +  bb,  6.    ccc  —  bb.  9.   15  mvvq. 

4.  2aa-\-  b.  7.   3  aayyy.  10.    16  xxy  —  cd. 

5.  aa  —  bbb.  8.   2'2'2bbb.  11.   100 aabb-sss. 


24  ELEMENTARY  ALGEBRA 

Using  a  =  1,  5  =  2,  and  c  =  3,  find  the  value  of  each  of  the 
following  polynomials : 


12. 

5a  +  9b. 

18. 

9  6  +  2  a  -  c. 

24. 

a2  +  62. 

13. 

lOa-56. 

19. 

2a  +  36-2c. 

25. 

h^-a\ 

14. 

2a-\-b-c. 

20. 

3  a  -f  7  6  +  11  c. 

26. 

ac2  +  3  6l 

15. 

3  a  + 15  &. 

21. 

3a-76  +  llc. 

27. 

7a&2_(v\ 

16. 

2a  +  3&  +  3c. 

22. 

616-2c-20a. 

28. 

c^-ftl 

17. 

.9a-}-.3&-.lc. 

23. 

ia  +  |c-i&. 

29. 

c*-l  +  5 

30.  A  fruit  grower  picked  2  a  bu.  of  apples,  3  h  bu.  of 
peaches,  and  4  c  bu.  of  plums.  Write  the  polynomial  that  ex- 
presses the  number  of  bushels  of  fruit  that  he  picked. 

50.  Uses  of  Monomials.  Monomials  have  various  uses.  For 
example : 

1.  They  are  used  as  formulas  in  business  arithmetic. 
Thus: 

hr  is  often  used  as  a  short  way  of  stating  base  times  rate  in  percentage. 
prt  is  often  used  as  a  short  way  of  stating  principal  times  rate  times 
time  in  interest. 

Ir  is  often  used  as  a  short  way  of  stating  list  price  times  rate  in  discount. 

2.  They  are  used  as  formulas  of  measurement. 

Thus : 

ah  is  often  used  as  a  short  way  of  stating  altitude  times  base  in  finding 
areas. 

abc  is  often  used  as  a  short  way  of  stating  length  times  breadth  times 
thickness^  in  finding  volumes. 

IT  (read  "pi")  is  used  to  denote  the  number  by  which  the  length  ofthei 
diameter  of  a  circle  must  be  multiplied  to  produce  the  length  of  the  circle. 

The  value  of  tt  is  approximately  3.1416.  Letting  I  =  length  of  circle^ 
and  d  =  diameter,  we  have  l=Trd  =  3.1416  d.  i 

What  precedes  implies  that  the  circle  is  defined  as  a  curve,  rather  than 
a  surface.  This  definition  is  preferable  because  it  is  the  one  used  in^ 
advanced  mathematics,  in  other  sciences,  and  in  common  parlance. 

3.  They  are  used  to  express  laws  of  physics. 

Thus,  vt  is  often  used  as  a  short  way  of  stating  product  of  velocity  and 
time  in  finding  distance. 
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WRITTEN   EXERCISES 

1.  Percentage  =  hr.    Eind  the  percentage  when  h  =  400  and 
r  =  30%. 

2.  Eate  =  ^  •     Find  the  rate  when  j9  =  15  and  h  =  750. 

h 

Find  the  principal  when  i  =  $  500,  r=5%, 


3.  Principal =— 
and  ^  =  10  yr. 

4.  Interest  =pr^. 
and  ^  =  5  yr. 

5.  Discount  =  Ir. 
r  =  12i%. 


Pind  the  interest  when  p  —  %  100,  r  =  5  %, 


Pind  the  discount  when   I  =  $  820  and 


Eate  of  discount  =  -  •     Pind  the  rate  when  d  =  $  35  and 


Pind  the  area  when  a  = 


^=$875. 

7.  The  area  of  a  rectangle  =  a6 
20  in.  and  h  =  171  in. 

8.  What  is  the  area  of  a  rectangle  when  a  =  4  a;  inches  and 
o  =  ^x  inches  ? 

9.  Copy  the  following  table  and  fill  out  the  blanks,  using  the 
value  of  TT  mentioned  in  Sec.  50.    Answer 
from  your  table : 

(a)  What  is  the  length  of  a  circle  whose 
diameter  (d)  is  3  in.  ? 

(h)   Of  one  whose  diameter  is  1.5  in.  ? 

(c)  Of  one  whose  diameter  is  ^  in.? 
10  ft.  ? 

10.  The  distance  (d)  traveled  by  a  body  in  time  (t)  moving 
with  velocity  (v)  is  vt.     Copy  the  following 
table  and  fill  out  the  blanks.     Answer  from 
your  table : 

(a)  How  far  will  a  train  moving  30  ft. 
per  second  go  in  2  sec.  ? 

(&)  How  far  will  a  train  moving  50  mi. 
per  hour  travel  in  2  hr.  ? 

(c)    How  far  will  a  bullet  traveling  400  ft.  per  sec.  go  in 
^,b  sec.  ? 


d 

■rrd 

2  in. 

Sin. 

|in. 

1.5  in. 

10  ft. 

6.2832  in. 

(         ) 
(         ) 
(         ) 
(         ) 

V 

t 

vt  =  d 

30 

2 

60 

60 

2 

(     ) 

36 

H 

(     ) 

400 

5.5 

(     ) 

150 

17 

(     ) 

a 

& 

\ah 

6 

6 

16 

10.5 

8 

(    ) 

70 

9 

(    ) 

3.3 

6 

(    ) 

9 

1.7 

(    ) 
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11.  The  number  of  square  units  in  the  area  of  a  triangle  is 
\  of  the  product  of  the  numbers  of  linear  units  in  its  altitude 
(a)  and  base  (p).     Copy  this  table  and  fill  out  the  blanks. 

Answer  these  questions  from  your  table : 

(a)  What  is  the  area  of  a  triangle  of  alti- 
tude 10.5  in.  and  base  8  in.  ? 

(h)  What  is  the  area  of  a  triangle  of  alti- 
tude 70  ft.  and  base  9  f t.  ? 

(c)  What  is  the  area  of  a  triangle  of  alti- 
tude 3.3  yd.  and  base  5  yd.  ? 

51.  Uses  of  Polynomials.  Polynomials,  like  monomials,  have 
various  uses  as  formulas. 

For  example : 

1  —  lr  may  stand  for  list  price  —  discount^  or  net  price. 

c-\-rc  may  stand  for  cost  +  rate  of  gain  times  the  cost,  or  the  selling 
price. 

2  a  +  2  6  may  stand  for  the  perimeter  of  a  rectangle  of  sides  a  and  b. 

2  ab-\-2  ac  +  2bc  may  stand  for  the  surface  of  a  rectangular  prism  of 
edges  a,  6,  c. 

^1  —  t2  may  stand  for  the  difference  between  the  Jirst  and  second  readings 
of  a  thermometer ;  *i  ~  ^2  is  read  "  t  sub-one  minus  t  sub-two,"  or  simply 
* '  t  one  minus  t  two. "  (The  numbers  written  below  to  distinguish  between 
the  different  values  of  t  are  called  subscripts.) 

ORAL    EXERCISES 

1.  What  is  the  value  oil  —  rl  when  Z  =  $  100  and  r  =  5%? 
What  is  the  net  price  of  goods  listed  at  $  100  and  bought  at  a 
discount  of  5  %  ? 

2.  What  is  the  value  of  c  +  cr,  when  c  =  $  200  and  r=10  %  ? 
What  is  the  selling  price  of  goods  which  cost  $  200  and  are  sold 
at  a  gain  of  10  %  ? 

a  =  2  3.    When  a  =  3,  6  =  4,  c  =  5,  cZ  =6,  what  is  the 

y{     value  of  a-{-b  +  c-\-d? 

4.    What  is  the  value  of  a  +  b  +  c  +  d  in  the 
^  =  5  figure  ? 

5.  What  is  the  value  of  2  a -h  2  b  when  a=3,b  =  5?  What 
is  the  perimeter  of  a  rectangle  of  sides  3  yd.  and  5  yd.  ? 
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WRITTEN   EXERCISES 

1.  When  a  =  10,  6  =  15,  c  =  24,  find  the  value  oi2ab  +  2ac 
-j-  2  be.  What  is  the  area  of  the  surface  of  a  rectangular  prism 
whose  edges  are  20  in.,  15  in.,  50  in.  ? 

2.  Find  the  value  of  2  a&  +  2  6c  +  2  ac,  when  a  =  20,  b  =  25, 
c  =  50. 

3.  Find  the  value  of  ti  —  ^2,  when  t^  —  32  and  ^2  =  28. 

4.  Find  the  value  of  ^1  +  ^2?  when  ^1  =  40  and  ^2  =  60. 

5.  Find  the  value  of  a?  +  6^,  when  a  =  13,  &  =  210 ;  also  when 
a  =  75,  2>  =  100. 

6.  Find  the  value  of  a^-\-b'-{-  c^,  when  a  =  35,  6  =  20,  c  =  ^^\ 
also  when  a  =  100,  6  =  75,  c  =  150. 

7.  Find  the  value  of  w^+i  af,  when  ?^=1500,  a =200,  ^=10. 

52.  Degree  of  a  Monomial.  The  degree  of  a  monomial  is  the 
sum  of  the  exponents  of  its  literal  factors. 

Thus  :  a2  jg  of  the  second  degree. 

3  a&  is  of  the  second  degree. 
2  a^h  is  of  the  fourth  degree. 

But  the  degree  is  often  expressed  with  respect  to  some  letter 
or  letters. 

Thus,  3  ax'^y^  is  of  the  first  degree  with  respect  to  «,  of  the  second  degree 
with  respect  to  x,  of  the  third  degree  with  respect  to  y,  and  of  the  fifth 
degree  with  respect  to  x  and  y. 

53.  Degree  of  a  Polynomial.  The  degree  of  a  polynomial 
is  that  of  its  term  of  highest  degree;  its  degree  with 
respect  to  a  letter  is  the  highest  degree  of  that  letter  in  the 
polynomial. 

Thus,  a^x'^  —  5hy  +  xy^z  is  of  the  sixth  degree  ;  it  is  of  the  third  degree 
in  a,  the  first  in  b  and  in  ^,  the  second  in  x,  the  fourth  in  y,  and  the  sixth 
in  5c,  y  and  z. 

Note.  It  is  not  necessary  in  elementary  algebra  to  define  the  degree 
of  expressions  containing  radicals  or  fractions. 
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ORAL  EXERCISES 
State  the  degree  of  each  of  the  following  monomials : 

1.  a^6.  4.  Sa^x,  7.  5mn^,  10.  Q^yz\ 

2.  ax.  5.  a^b,  8.   9xyz.  11.  ^mv, 

3.  2  ax.  6.  4a252.  9.   9x^bz.  12.  i^^l 

13.  State  the  degree  of  the  expressions  in  Exercises  1-6 
with  respect  to  a;  in  Exercises  8-10  with  respect  to  x. 

14.  State  the  degree  of  the  expressions  in  Exercises  4-9 
with  respect  to  each  letter  involved. 

State  the  degree  of  each  polynomial ;  also  its  degree  with 
respect  to  each  letter: 

15.  a&2+6.               17.  3a^-t-2aj4-l.  19.  S ax -\- 3 x^y -{- y^ 

16.  a^b-i-a^c  +  d.      18.  abc -\- c^ -{- bed.  20.  im^  +  n^  +  3pq. 

SUMMARY 

r 

I.   Definitions. 

1.  The  product  of  two  or  more  numbers  is  the  result  of 
multiplying  them  together.  Sec.  26. 

2.  The  factors  of  a  product  are  the  numbers  multiplied  to 
produce  the  product.  Sec.  26. 

3.  A  numerical  factor  is  a  factor  indicated  by  numerals. 

4.  A  literal  factor  is  a  factor  indicated  by  letters.       Sec.  28. 

5.  An  exponent  is  a  small  number  written  above  and  to  the 
right  of  a  factor.  It  indicates  that  the  factor  is  to  be  re- 
peated as  many  times  as  there  are  units  in  the  exponent. 

Sec.  32. 

6.  The  factor  whose  repetition  is  indicated  by  an  exponent 
is  called  the  base.  Sec.  31. 

7.  A  product  formed  by  using  the  same  number  one  or  more 
times  as  a  factor  is  called  apower  of  the  repeated  factor.    Sec.  31. 

8.  A  prime  number  is  an  integer  whose  only  integral  factors 
are  itself  and  unity.  Sec.  35. 

9.  Any  factor  in  a  product  is  the  coefficient  of  the  rest  of  the 
product.  Sec.  37. 
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10.  A  numerical  coefficient  is  a  coeffix3ient  expressed  in  nu- 
merals. Sec.  38. 

11.  A  monomial  is  an  algebraic  expression  within  which  no 
»  opqration'M  addition  or  subtraction^  indicated  unless  within 

a  symbol  of  grouping.  Sec.  45. 

12.  A  polynomial  is  an  algebraic  expression  consisting  of  two 
orftftore  monomials  connected  by  the  signs  +  or  — .     The  mo- 

^nomi^^are  called  the  terms  of  the  polynomial.  Sec.  46. 

13.  A  binomial  is  a  polynomial  of  two  terms.  Sec.  47. 

14.  A  trinomial  is  a  polynomial  of  three  terms.  Sec.  48. 

15.  A  compound  term  consists  of  two  or  more  monomials 
grouped  together  by  a  sign  of  grouping.  Sec.  49. 

16.  The  degree  of  a  monomial  is  the  sum  of  the  exponents  of 
its  literal  factors.  Sec.  52. 

17.  The  degree  with  respect  to  a  given  letter  is  the  exponent 
of  that  letter  in  the  monomial.  Sec.  52. 

18.  The  degree  of  a  polynomial  is  that  of  its  term  of  highest 
degree.  Its  degree  with  respect  to  a  letter  is  the  highest  de- 
gree of  that  letter  in  the  polynomial.  Sec.  53. 

19.  The  fact  that  any  product  remains  the  same,  no  matter 
in  what  order  its  factors  are  taken,  is  called  the  commutative 
law  of  multiplication.  Sec.  29. 

II.   Notations  and  Processes. 

1.  In  a  product  it  is  customary  to  place  the  numerical  factor 
first,  and  to  arrange  the  literal  factors  in  alphabetical  order. 

Sec.  28. 

2.  Exponents  are  used  to  indicate  the  repetition  of  factors. 

3.  When  no  exponent  is  written,  the  exponent  1  is  under- 
stood. Sec.  33. 

4.  In  an  expression  containing  a  series  of  operations,  multi- 
plications and  divisions  are  to  be  performed  before  additions 
and  subtractions,  unless  otherwise  indicated.  See.  40. 
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5.  The  parenthesis  may  be  used  to  indicate  that  addition  and 
subtraction  are  to  be  performed  first,  or  that  whatever  is  within 
the  parenthesis  is  to  be  treated  as  a  single  number.  Other  sym- 
bols of  grouping  are  [  j ,  [  ],  ,  and  the  bar  of  the  fraction. 

Sees.  41  and  43. 

6.  When  a  number  symbol  is  placed  before  or  after  a  paren- 
thesis with  no  intervening  sign,  multiplication  is  indicated. 

Sec.  42. 

REVIEW 
ORAL  EXERCISES 
State  the  product  of  each  set  of  factors: 
1.   S,  Qt,  a.         2.    6j  X,  3.         3.    a,  y,  3,  4.         4.   2,  x,  a,  x, 

Name  three  sets  of  factors  for  each  of  the  following: 
5.   24.mx.  6.    ax^y.  7.    ^gf.  8.   21  abc. 

In  each  of  the  following  name  (1)  the  coefficient  of  aj; 
(2)  the  numerical  coefficient : 

9.    4:ax,      10.    12  6a:.      11.    acx.      12.    5mxy,      13.   12 c^x. 

State  the  value  of : 

14.    2\  15.    72.  16.    5\         17.    32. 2^       18.    2^.52. 

Prom  the  following  list  select  by  number  the  binomials; 
the  trinomials ;  the  monomials  : 

19.  ax\  23.  3  a/  — 4a;  +  l. 

20.  a-x.  24.  2ab  +  7x^  —  5xF. 

21.  2a^-5a.  25.  a2-2a&-f-&2. 

22.  6a  +  7xy,  26.  a^-^Sa^ -{-3x  +  l. 

27.  State  the  degree  of  each  expression  in  Exercises  19-26 
with  respect  to  x.     With  respect  to  a, 

28.  The  sides  of  a  triangle  are  3  a,  2  6,  5  c.  What  is  its 
perimeter  ?     What  kind  of  polynomial  is  this  ? 

29.  What  is  the  value  of  c  +  cr  when  c  =  $500  and 
r=20%  ? 

30.  What  is  the  value  of  a;-  +  5  a  when  x  =  3  and  a  =2  ? 
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State  the  results  of  the  indicated  operations : 

31.  39 -h  13  +  1.       35.    (8  +  5)2.  39.    Sx  +  5x^x. 

32.  8  +  5.2.  36.    7(8-6).  40.    8 -(5 +  2). 

33.  7.8-6.  37.    8-5  +  2.  41.    7a-(3a  +  2a). 

34.  39-^(13  +  1).    38.    7a  — 3a +  2 a.     42.    Sx-{-(5x^x). 

WRITTEN    EXERCISES 

Indicate  the  prime  factors  of  the  following,  using  exponents 
where  possible: 

1.    88.  2.    144.  3.    200.  4.    525. 

Factor  so  that  one  factor  of  each  is  a  power  of  10 : 
5.    1000.  6.    900.  7.    23,000.         8.    3,000,000. 

Find  the  value  of  each  of  the  following  when  a  =  2,  6  =  3, 

'~l.\ax  +  l.     10.   ^^^.     11.   ^l       12.   ^. 

13.  The  area  of  a  triangle  is  ^  ah.  What  is  the  area  of  a 
triangle  in  which  a  =  3  ri  feet  and  6  =  14  n  feet  ? 

14.  Find  the  value  of  a^  +  2  a6  +  6^  when  a  =  7,  6  =  3. 

15.  Find  the  value  of  a^  — 3a^a;  +  3aa^  — a^  when  a  =  7, 
x  =  2. 

16.  The  sum  of  two  numbers  is  60 ;  the  smaller,  x,  is  f  of 
the  larger.     Write  the  equation  that  is  necessary  to  find  x. 

17.  Write  the  equation  which  states  that  3  times  the  result 
of  subtracting  d  from  c  is  c  times  the  result  of  adding  3  to  cZ. 

18.  Two  men  enter  into  partnership  with  a  joint  capital  of 
$10,000.  Thirteen  times  what  one  furnishes  is  7  times  what 
the  other  furnishes.     How  much  does  each  furnish  ? 


CHAPTER  IV 
RELATIVE  NUMBERS 

54.  Relative  Numbers.  The  preceding  work  is  much  like  that 
of  arithmetic;  in  fact,  it  might  be  called  literal  aritlimetic.  We 
take  up  now  a  class  of  numbers  belonging  to  algebra  proper, 
and  called  relative  numbers.  The  following  examples  will  illus- 
trate them. 

55.  Preparatory. 

1.   Distances  upward  and  downward. 

The  figure  shows  an  elevator  and  the  various  floors  of  a 
building,  and  the  distance  (in  feet)  of  the  other  floors  from  the 
main  floor. 

1.  In  the  picture  how  high  is  the  bottom  of  the  elevator  cage 
above  the  main  floor?  How  high  will  it  be  when  it  gets 
to  the  third  floor? 

2.  If  the  elevator  cage  goes  from  the  main 
ooR      floor  to  the  third  floor  and  back  to  the  second, 

how  many  feet  is  it  above  the  main  floor  ? 

3.  40  ft.  up  the  elevator  shaft  +  20  ft.  down 
.ooR     the  shaft  is  the  same  as  how  many  feet  up  the 

shaft  ? 

4.  If  the  elevator  cage  goes  from  the  main 
:loor    fl^^^  to  the  third  floor  and  then  down  to  the 

basement,  how  many  feet  is  it  from  the  main 
floor  ?    In  which  direction  ? 

5.  40  ft.  up  the  elevator  shaft  +  60  ft.  down 
"       the  shaft  is  the  same  as  how  many  feet  down  ? 

6.  60  ft.  up  +  40  ft.  down  is  the  same  as  how  many  feet  up  ? 

7.  20  ft.  up  +  40  ft.  down  is  the  same  as  how  many  feet  down  ? 

8.  40  ft.  up  +  40  ft.  down  is  the  same  as  how  many  feet  up  ? 
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2.  Distances  to  right  and  left. 

In  a  similar  way  state  to  what  each  of  the  following  is 
equivalent : 

1.  40  rd.  traveled  to  the  right  -|-  20  rd.  traveled  to  the  left. 

.  2.  20  rd.  traveled  to  the  right  -f-  20  rd.  traveled  to  the  left. 

3.  20  rd.  traveled  to  the  right  +  50  rd.  traveled  to  the  left. 

4.  30  rd.  traveled  to  the  left  +  60  rd.  traveled  to  the  right. 

3.   Rise  and  fall  of  temperature, 

1.  On  Tuesday  the  temperature  at  a  certain  place  rose  15° 
above  Monday's ;  on  Wednesday  it  fell  10°.  The  two  changes 
resulted  in  a  temperature  how  much  above  Monday's  ? 

2.  Calling  rise  of  temperature  R  and  fall  of  temperature  F, 
15°R  +  WF  is  the  same  as  (?)R. 


Similarly : 

3.  lO"" R  +  WF=? 

4.  35°i^+45°i?  =  ? 


5.  30°i^  +  15°7?=? 

6.  40°i?4-40°i^  =  ? 


4.   Amounts  gained  and  lost. 
1.    The  adjoining  table  shows  an  account  of 
gain  and  loss. 

$  22  gain  +  $  26  loss  =  ?  loss. 


Similarly : 

2.  $40G^+$30Z=?       4. 

3.  $17G+$17L=?        5. 


H5G+$15L=? 


Gain 

Loss 

^10 
12 

$   5 
21 

22 

26 

4 

56.  Relative  Numbers.  In  each  of  the  preceding  illustra- 
tions we  have  considered  quantities  which  had  two  opposite 
directions,  or  senses.  Kumbers  which  measure  quantities 
having  opposite  senses  are  called  relative  numbers. 

It  is  customary  in  algebra  to  distinguish  two  opposite  senses 
by  calling  one  positive  and  the  other  negative.  Either  may  be 
called  positive,  but  the  opposite  to  the  positive  is  always  called 
negative. 
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For  example : 

If  distance  upward  is  called  positive^  distance  downward  is  called 
negative. 

If  a  rise  of  temperature  is  called  posiYive,  difall  of  temperature  is  called 
negative  J  and  the  like. 

57.  Positive  and  Negative  Number.  A  number  that  measures 
a  quantity  taken  in  the  positive  sense  is  called  a  positive  num- 
ber; one  that  measures  a  quantity  taken  in  the  negative  sense 
is  called  a  negative  number. 

ORAL  EXERCISES 

What  must  be  taken  as  negative  when  each  of  the  following 
is  taken  as  positive  ? 

1.  Degrees  of  latitude  measured  northward. 

2.  l!Tumber  of  feet  to  the  right. 

3.  Number  of  dollars  gain. 

4.  Number  of  points  won. 

5.  Degrees  of  rising  temperature. 

6.  Number  of  miles  southward. 

7.  Number  of  people  entering  a  car. 

8.  Number  of  pounds  lifted  by  a  balloon. 

58.  Notation  for  Positive  and  Negative  Numbers.  It  is  the 
property  of  relative  numbers  that  a  certain  number  of  units 
taken  in  one  sense  neutralizes  the  same  number  taken  in  the 
opposite  sense.  This  property  is  found  in  numbers  to  be  added 
or  subtracted.  That  is,  a  number  added  is  offset  by  the  same 
number  subtracted.  Such  numbers  are  therefore  relative  num- 
bers; numbers  to  be  added  are  called  positive,  those  to  be 
subtracted  are  called  negative,  and  the  signs  +  and  —  are  used 
to  designate  positive  and  negative  numbers  respectively. 

Thus :  ' 

-f  3  means  3  positive  units,  and  denotes  3  units  to  be  added. 
--  3  means  3  negative  units,  and  denotes  3  units  to  be  subtracted. 
Similarly,  +  a  means  positive  a,  or  a  units  to  be  added,  and  —  a  means 
negative  a,  or  a  units  to  be  subtracted. 
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59.  Signs  of  Character  and  Signs^of  Operation.  In  algebra  the 
signs  +,  — ,  are  used  to'  indicate  the  operations  of  adding  or 
subtracting  numbers,  and  also  to  indicate  the  positive  or 
negative  character  of  numbers. 

The  possibility  of  confusing  these  two  uses  is  avoided  by 
the  following  agreements : 

I.  If  used  where  a  sign  of  operation  is  needed,  the  signs  +,  — , 
shall  he  regarded  as  signs  of  operation. 

For  example : 

In  8  —  5,  —  is  a  sign  of  operation  (subtraction) . 

In  —8  +  6,  —  is  a  sign  of  character,  because  no  sign  of  operation 
is  needed  before  the  8,  but  +  is  a  sign  of  operation. 

In  the  problem,  "Add  —  8  and  +5,"  both  the  signs  are  signs  of  char- 
acter, because  no  sign  of  operation  is  needed  ;  the  operation  has  already 
been  named. 

II.  If  it  is  necessary  to  distinguish  a  sign  of  character  from 
a  sign  of  operation,  the  former  is  put  into  a  parenthesis  with  the 
number  it  affects. 

Thus,  —  8  +  (—  3)  means :  negative  8  plus  negative  3. 

III.  When  no  sign  of  character  is  expressed,  the  sign  plus 
is  understood. 

Thus,  5  —  3  means  :  positive  5  minus  positive  3. 
Similarly,  8  a  +  9  a  means  :  positive  8  a  plus  positive  9  a, 

60.  Signed  Numbers.  In  algebra  every  number  has  either 
the  sign  +  or  the  sign  — .  Consequently  the  numbers  of 
algebra  are  often  called  signed  numbers. 

61.  Absolute  Value.  The  value  of  a  signed  number  apart 
from  its  sign  is  called  its  absolute,  or  numerical,  value. 

Thus,  6  is  the  absolute  value  of  both  -f  6  and  —  6. 

ORAL  EXERCISES 
Read  the  following  in  full,  according  to  the  agreements  of 
Sec.  59: 

1.  7-4.  4.  14 -(-6).  7.  6-8. 

2.  --^-S.  5.    ~14-(+6).  8.   ^-\-%- 

3.  -8+25.  6.    -.G-(-8).  9.    -6 +  (-8). 
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10.  2x-\'Sx.  14.  2x-(+3x).  18.  2x-(—3x). 

11.  2a?-3a;.  15.  a  +  6.  19.    -2x-(-^x). 

12.  —2x  —  3x.  16.  a  — 6.  20.    —2xi-(—3x). 

13.  2a;-f(+3a;).  17.  a +  (-6).  21.    -2a- (-5c). 

Note.     How  to  perform  the  operations  indicated  above  will  be  shown 
in  the  next  chapter. 

WRITTEN   EXERCISES 

Indicate,  using  the  signs  +,  —  : 

1.  The  sum  of  positive  6  and  positive  4 

2.  The  sum  of  positive  a  and  negative  b. 

3.  The  difference  of  positive  x  and  positive  y. 

4.  The  difference  of  negative  6  and  positive  3. 

5.  The  difference  of  negative  a  and  positive  b. 

6.  The  sum  of  negative  c  and  negative  d, 

62.   Number  Pictures  or  Graphs.     Numbers  are  often  repre- 
sented by  lines.     Such  representations  are  called  graphs. 


'  Thus,  the  line  AB  represents  6,  the  line  a  represents  4,  and  the  line  b 
represents  6. 

63.   When  relative  numbers  are  represented  by  lines,  the 
lines  are  drawn  in  opposite  directions  to  distinguish  between 
the  positive  and  the  negative  sense. 


"1- 


■30°  30  > 
-20°  20' 
-10°  10" 
1-0      0 
1-10°  10' 


■20    20 


1.  On  the  thermometer  scales  here  shown 
line  AB  represents  30°  above  zero,  or  -f-  30° ; 
and  line  CD  represents  20°  below  zero,  or  —  20°. 

c       2.   The   diagram   on   p.  37    shows   the   rise 

and  fall  of  the  temperature  for  one  week  at  a 

^P  certain  place.     The  scale  represents  degrees  of 

temperature  above  and  below  zero.     The  dia- 


gram shows  that  the   average   temperature   on   Sunday  was 
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30°  above   zero;   that  the   average   temperature  on  Tuesday 
was   15°  above   zero;   and   that  the  average  temperature  on 


30 

25 

20 

15 

10 

5 

0 

-5 

-10 

-15 

-20 

-25 

'30 

"nT 

^s. 

y 

-s: 

j/ 

ST 

j^ 

^s. 

/^ 

^s^ 

'"y 

"■^^^^ 

y^ 

^^'^^^^^ 

y^ 

SUN. 


TUES. 


THURS. 


SAT. 


Thursday  was  10°  below  zero.  The  heavy  line  in  the  figure 
shows  the  rise  and  fall  of  the  average  temperature  from 
day  to  day. 

ORAL  EXERCISES 

1.  Using  the  words  ^^plus "  and  "minus "  for  "  above  zero '' 
and  "  below  zero,"  respectively,  read  from  the  diagram  the 
average  temperature  on  Wednesday.    On  Saturday.    On  Friday. 

2.  On  what  day  was  the  temperature  highest  ?     Lowest  ? 

3.  How  much  higher  was  the  average  temperature  for  Sunday 
than  for  Wednesday  ?  For  Monday  than  for  Thursday  ?  For 
Friday  than  for  Thursday  ? 


\ 


WRITTEN   EXERCISES 

lo  The  following  table  records  the  daily  average  temperature 
for  the  first  week  of  January  in  a  certain  town  in  North 
Dakota.     Represent  the  table  graphically  as  above. 


Sun. 

MON. 

TuES. 

Wed. 

Thurs. 

Fiii. 

Sat. 

10°  above  0 

50  above  0 

0° 

50  below  0  . 

20°  below  0 

350  below  0 

25°  below  0 
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2.  Taking  the  amounts  above  par  as  positive  and  those  below 
par  as  negative,  represent  graphically  the  following  prices  of 
a  stock  for  the  consecutive  days  of  a  certain  week: 


MON. 

TUES. 

Wed. 

Thurs. 

Fri. 

Sat. 

5  above  par 

3  below  par 

at  par 

2  below  par 

4  below  par 

2  above  par 

Draw  the  broken  line  which  indicates  the  variation  in  the 
price  for  the  six  days. 

3.   As    in   Exercise  2,   represent  graphically  the  following 
prices  of  a  railroad  stock  for  one  week  : 


MON. 

Tubs. 

Wed. 

TlIURS. 

Fri. 

Sat. 

%  above  par 

1%  above  par 

l^  below  par 

at  par 

1  above  par 

2^4  above  par 

SUMMARY 
Definitions. 

1.  Relative  numbers  measure  changes  in  two  opposite 
senses,  so  that  any  number  of  units  of  one  sense  offset,  or 
neutralize,  the  same  number  of  the  opposite  sense.     Sec.  bQ, 

2.  The  relative  numbers  of  algebra  are  called  positive  and 
negative  numbers.  Sec.  57. 

3.  Positive  and  negative  numbers  mean  numbers  to  be 
added  and  subtracted  respectively.  Sec.  58. 

Notations. 

4.  The  absolute  or  numerical  value  of  a  number  is  its  value 
apart  from  its  sign.  Sec.  61. 

5.  Lines  used  to  represent  numbers  are  called  graphs. 

Sec.  62 

1.  In  algebra  the  signs  +  and  —  are  used  to  indicate  the 
positive  and  negative  character  of  numbers.  Sec.  59. 

2,  The  following  rules  determine  whether  the  signs  +,  — , 
shall  be  regarded  as  signs  of  character  or  of  operation : 

(1)  If  used  where  a  sign  of  operation  is  needed,  the  signs 
4-,  ~,  shall  be  regarded  as  signs  of  operation. 
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(2)  If  it  is  necessary  to  distinguish  a  sign  of  character  from 
a  sign  of  operation,  the  former  is  put  into  a  parenthesis  with 
the  number  it  affects. 

(3)  When  no  sign  of  character  is  expressed,  the  sign  plus 

is  understood.  Sec.  59. 

REVIEW 

ORAL  EXERCISES 

1.  The   temperature  was   —8°   at   6  o'clock  and   -f-5°   at 
9  o'clock.     How  many  degrees  did  it  rise  in  this  interval  ? 

2.  A  ship  sailed  on  a  meridian  from  Lat.  + 12°  to  Lat.  —  2°. 
In  what  direction  did  it  sail  and  how  many  degrees  ? 

Read  in  full : 

3.  11+18.                  6.    32/+ (-22/).  9.  xy-^^-^xy), 

4.  14  a- 9  a.              7.  l>+(-g).  10.  a&-('-a&). 

5.  _2m-(+3m).   8.    -3a- (+26).  11.  mn-\-{-2m). 

12.  When  distances  measured  to  the  right  are  called  positive, 
what  should  the  distances  measured  to  the  left  be  called  ? 

WRITTEN   EXERCISES 

1.  Write  the  sum  of  positive  a  and  negative  h, 

2.  Write  with  +  and  —  signs:    15  dollars  lost  plus  10 
dollars  gained. 

3.  Represent    graphically   the   following  changes  in   the 
prices  of  a  certain  railroad  stock : 


Month 

Jan. 

Feb. 

March 

Apr. 

May 

June 

Amount  above  par 

5 

3 

4 

2 

Amount  below  par 

1 

2 

Indicate,  by  using  the  signs  +,  —  : 
.    4.   The  sum  of  positive  x  and  negative  y, 

5.  The  sum  of  negative  m  and  positive  n. 

6.  The  difference  of  positive  m  and  negative  n, 

7.  The  difference  of  positive  x  and  negative  y. 


CHAPTER  V 

ADDITION" 

ADDITION  OF  MONOMIALS 

64.  Like  Terms.     Terms  or  monomials  that  have  the  same 
literal  parts,  are  called  like  terms  or  like  monomials. 

For  example,  the  following  are  pairs  of  like  terms : 

ab  and  ab  ;    6  a  and  —3a;    4  a6  and  ^ab  ;    2  a?b  and  J  a%, 

ORAL  EXERCISES 

From  the  following  list  select  terms  like  the  first;  like  the 
second ;  like  the  third : 

1.  aWx,        '       4.  mp,  7.   —  f  a&l         10.    —6\ab^, 

2.  cy^  5.  2b^x\  8.  5ab^x.  11.  ax. 

3.  ab^,  6.  amp,  9.   —4:G]f.  12.  24:cy\ 

65.  Terms  are  alilce  in  any  letter  if  they  contain  the  same 
power  of  that  letter. 

Thus,  2  ax^  and  bx^  are  alike  in  x. 

Which  of  the  terms  of  Exercises  1-12  are  alike  in  a  ?  In  &  ? 
In  X  ? 

66.  Preparatory. 

1.  Just  as  2  ft.  +  3  ft.  = ft.,  so  2  a  +  3  a  = a. 

2.  Just  as  ^gal.  +|  gal.= gal.,  so  lm  +  ^m= m. 

3.  Just  as  6  mi.  +  3  mi.  = mi.,  so  6y^-\-3y^= y\ 

4.  4  points  won  -f  3  points  won  = points  won. 

5.  4  points  lost  +  5  points  lost  = points  lost. 

6.  3°  North  Lat.  +  8°  North  Lat.  = degrees Lat, 
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7.  $  5  gained  +  $  7  gained  = dollars 

8.  8  lb.  pressure  -f-  4  lb.  pressure  =  12 


9.  4  units  to  be  added  and  5  units  to  be  added  are  how 
many  units  to  be  added  ? 

10.  6  units  to  be  subtracted  and  3  units  to  be  subtracted 
are  how  many  units  to  be  subtracted  ? 

67.  Addition  of  Numbers  having  Like  Signs.  When  the 
numbers  added  are  positive,  the  sum  is  positive;  and  when 
they  are  negative,  the  sum  is  negative. 

The  absolute  value  of  the  sum,  is  the  _suni  of  the  absolute 
values  of  the  addends. 

ORAL  EXERCISES 


Add: 

1.  3  a 
6a 

()« 

4.  17  0 

3c 

(    )« 

7.    +ixy 

+  7xy 

(  )«2/ 

10. 

-4a 

—  5a 
()« 

2.   7  b 
36 

5.    +4 

+  5 

8.    -6 
-3 

11. 

+  6aFb 

3.    -12  a; 

-  5x 

6.    -15^2 
-lOy' 

9.   -6a% 
-3  0.% 

12. 

-Ixy 
—  4:xy 

13.  —7ab-\-(-3ab)=()ab.      15.    -,7 x-{-(— ,3x)=  ()x. 

14.  3abc-{-5abG=  ()abG.  16.   a^4-8a''^  +  5a^=  (  )  a^. 

17.  aoi^ -\-^ax^-\-^ax^=  (  )  ax^. 

18.  — m  +  (— 2m)  +  (-~3m)=  (  )m. 

WRITTEN   EXERCISES 

1.  14fl;  +  2Saj  +  99i»=?  5.  4:9 mnz -{- SI mnz  =  ? 

2.  40a-i-75a  +  89a=?  6.  15  xy' +  33  xy^ -^  AS  xy' =  ? 

3.  12  ab -{-IS  ab-\- 75  ab  =  ?        7.  4.z' -\- 52 z' +109 z' +12 z'='f 

4.  13xy  +  50xy  +  113xy=?       8.  29x'  +  4.3x' +  S7 a^=? 
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68.   Preparatory. 

1.    Add  5  and  —  3. 

Regard  5  as  made  up  of  +  3  and  +  2 ;  then 


+  3  +  21 

r    5 

-3 

I  or   ]  -  3 

0+2, 

L      2 

That  is,  the  -  3  offsets  +  3  of  the  +  5,  and  the  sum  is  +  2. 

2.    Add  -  8  and  6. 

Regard  —  8  as  made  up  of  —  6  and  -  2  ;  then 

_6-2]         r-8 

+  6         f  or   ]      6 

O-2J           [-2 

That  is,  the  +  6  offsets  —  6  of  the  -  8,  and  the  sum  is  —  2. 

69.  Addition  of  Numbers  with  Unlike  Signs.  In  adding  a 
positive  and  a  negative  number,  a  positive  unit  and  a  negative 
unit  offset  each  other. 

The  sign  of  the  sum  is  that  of  the  addend  having  the 
greater  absolute  value. 

The  absolute  value  of  the  sum  is  the  difference  of  the  abso- 
lute values  of  the  addends. 

ORAL  EXERCISES 

State  the  sums : 

1.  7  negative  units  +  4  positive  units. 

2.  7  negative  units  +  12  positive  units. 

3.  8  negative  units  +  7  positive  units. 

4.  9  positive  a's  +  9  negative  a's. 

5.  10  positive  a;'s  +  15  negative  ic's. 

6.  --9  a  9.    -15p  12.    —  12m7i^ 
+-5a                               +10i)  + 10  mn^ 

7+9  6  10.    ~3a&  13.    —8  a;^ 

-5&  +9a6  +9aj3 

-^^TT  

8.    +^6  11.    +   ^mn  14.    4-4  7* 

-96  -13mn  -87* 
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16.    -^mv^ 

17. 

+  .9/ 

-16  fs 

+    mi^ 

-.8,^^ 
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70.   Graphical  Addition.     Positive  and  negative  numbers  may 
be  arranged  on  a  straight  line  as  follows : 


NEGATIVE   SENSE 


-4      —3     —2      -1         0+1       +2      +3     +4      +5 

POSITIVE  SENSE   ^ 

This  arrangement  is  called  the  number  scale,  and  it  may  be 
used  to  perform  additions  graphically. 

EXAMPLES 

1.  To  add  2  +  3:  Let  a  moving  point  start  at  0  and  proceed  2  units 
in    the    positive    direction    (to    the  2        +       3 
right),  and  from  the  place  where  it                   !        ,        ,        ,        .   ^ 
then  is,  proceed  3  units  farther  in  the  —2—1      0       1       2      3       4      5 
positive  direction.    The  final  position  of  the  moving  point  will  be  distant 
2  +  3  units  from  the  starting  point.     That  is,  2  +  3  =  6. 

2.  To  add  —  2  +  5  :     Let  the  point  proceed  2  units  in  the  negative 
■t_5 sense    (toward    the   left),  and  from  there  5 

units  in  the  positive  sense.      The  final  posi- 


h^ 


K- 


-2  -i     6 i  ^ 3     4     5   tion  is  three  positive  units  from  the  starting 

-2  +  5  point.    That  is,  —  2  +  5  =  3. 

3.   To  add  2  +  (—  5) :    Proceed  2  units  to  the  right,  and  from  there  5 
units  to  the  left.      The  final  position  of  _- 

the  moving  point   is  three   units  to  the     h  :f2~ 

left    of    the   starting  point.        That    is, 


2+(-5)=:-3.  ^tZLlLJ^     '       '       ' 

4.    Similarly,   to    add    (_2)  +  (-3)  2  + -5 

proceed  two  units  to  the  left,  and  from  there  three  units  to  the  left. 
_g  2  The  final  position  is  5  units  to  the 

u \'      .        .        \'     '.        \       .     left. 

-5     -4     -3     -2-10       1  Thatis,  (-2)  +  (-3)  =  -5. 

WRITTEN    EXERCISES 
Add  by  means  of  the  number  scale  as  above  : 

1.  3  +  4.  5.-2  +  5.  9.    8  +  3. 

2.  4 +  (-3).  6.    -2 +(-5).  10.    -2  +  9. 

3.  2 +  (-6).  7.-2  +  8.  11.-9  +  5. 

4.  7  +  (-3).  8.    -3  +  (-3).  12.    -4  +  (-7) 
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71.  Algebraic  Sum.  The  result  of  adding  numbers  some  or 
all  of  which  are  negative  is  called  their  algebraic  sum. 

72.  The  addition  of  several  addends  is  similar  to  that  of  two 
addends.  If  both  positive  and  negative  terms  occur,  either  of 
the  following  ways  of  adding  may  be  used,  according  to  con- 
venience ; 

I.   Add  the  like  terms  in  order,. 

II.  Or,  add  the  positive  and  the  negative  terms  separately,  and 
then  combine  these  two  sums. 


12  a 


Sa 

M  Thus,  in  the  column  on  the  left,  adding  upward,  the  par- 

tial sums  would  be  6  a,  a,  and  finally  4  a,  the  result.  Or,  the 
sum  of  the  positive  terms  is  15  a,  and  that  of  the  negative 

^^        terms  is  —  11 «,  and  the  sum  of  these  two  is  4  a. 

73.    To  add  like  monomials  add  the  coefficients  for  the  coefficient 
of  the  sum  and  prefix  the  proper  sign.     Sec.  69. 

WRITTEN   EXERCISES 


Add: 

1.       7  b 

3. 

12y 

5. 

Am? 

7. 

-2x 

9. 

Sxf 

-3b 

-  9y 

— m* 

8x 

10  Ty^ 

20  6 

&y 

25  m« 

-9* 

-20  xy"" 

8.         4s 

4. 

-9?y 

6. 

7b 

8. 

t' 

10. 

20  ?» 

-12  s 

9aPy 

Sb 

2t^ 

30  w 

6s 

-2x'y 

-20  6 

-6«« 

— 19w 

-9s 

Ax'y 

36 

25 1* 

11  ic 

Solve  f or  a? : 

11.  3aj  — 8i»-|-15aj  =  20. 

12.  (dX-\-Sx  —  ^x  —  A:X  —  x=21. 

13.  17a;~5aj  +  3aj  +  2  =  lla;  +  4aj— lOar  +  27. 

14.  22x  —  ^x  —  Qx^4.x  =  5x-{-x-\-2x-\-^. 

15.  2a;  +  3a  +  15a;  — 12aj+6a  =  24a. 

16.  5/+4a?-~2c  +  3a?  +  7c  =  12a;-|-6&4-8c-9aj  — 3c. 
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ADDITION   OF   POLYNOMIALS 

74.  The  addition  of  polynomials  is  similar  to  that  of  de* 
nominate  numbers. 

For  example : 

Denominate  Numbers  Polynomials 

Just  as :  3  bu.  4  qt.  so :       3  6  +  4  qt 

plus      5  bu.  3  qt.  plus      6h  +Sq  • 

equals  8  bu.  7  qt.  equals  8  6  +  7  g 

ORAL  EXERCISES 
1.   Add:  4mi.  3rd.  2  ft.  also,  4m  +  37*  +  2/ 

6  mi.  7  rd.  8  ft.  ern  +  Tr  +  Sf 

State  the  numbers  to  fill  the  blanks  in  the  following  ad- 
ditions : 

2.  S. 

2a+  4&  2a+      b+     c 

3a+  5b  5a~h   36+  2c 

•()a  +  ()&  ()^4-()&+()c 

75.  To  Add  Polynomials:  Arrange  the  like  terms  in  columns 
and  add  as  in  the  case^of  monomials,  using  the  signs  obtained  as 
the  signs  of  the  result. 

For  example  : 

Not  Arranged  '  Arranged 

a+  c  +  6  a+    &  +  C 

~-36+a  +  c  a  —  3b+G 

Here  the  first  column  is  '\-a  +  a  =  -}-2a;  the  second  column  is 
+  6— 3&=:— 26;  the  third  column  is  +  c  +  c  =  4-2c.  The  terms  thus 
obtained  with  their  signs,  namely,  2a  —  2&  +  2c,  constitute  the  sum  of 
the  polynomials. 

76.  The  terms  of  polynomials  may  be  rearranged  before 
adding  because  the  sum  of  two  or  more  terms  is  the  same  in 
whatever  order  the  terms  are  taken.  This  is  called  the  Commu' 
tative  Law  of  Addition. 
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WRITTEN   EXERCISES 


Add: 

1.    5a-3b 

6. 

-7x-{-  Ay 

11. 

a^^Qx^-  9x 

a-    b 

9x-10y 

2a^.4-8a;2-10aj 

2. 

2a-6G 
3c+2a 

3. 

y+ix 

4. 

Sm-l,ln 
6m—    .9  n 

5. 

7.  aj2  +  22/2-    ;22       12.      17/-   pg  +  g' 
g2_3y2^2a?^  -6f±2pq-^ 

8.  a^2_5^^_^    c     13.    2a  +  7  6  4-llc 
2at-Saf^2c  2h-\'  9g 

9.  ^2_|.    ^_^i         14.  120?+  82/  +  I72; 
^_2m^-8  9a;+12g4-13y 

10.  p^-\-   i9  +  8  15.     i^+fg+f^' 

i>'  + 9^)4-6  'rip+9ig4-   r 

77.  Preparatory. 

Find  the  value  of  each  expression  when  each  letter  =  1 : 

1.  a-{-2h.  4.  2a-2&.  7.  3a-c. 

2.  a  +  &  +  c.  6.   6  +  2c  — a.  8.  a4-c^  +  3c. 

3.  c  +  4:d  — 2a.  6.  2a-j-3  6  +  3c.         9.  3&  +  c  +  a. 

78.  Test  of  Addition.  To  test  the  work  of  addition,  sub- 
stitute unity  for  the  letters.  The  value  of  the  sum  must 
equal  the  sum  of  the  values  of  the  addends. 

In  practice  the  work  and  test  are  written  as  follows : 

Solution  Test  ,.  J 

2a-56  -3  ^^^. 


4a4-4&  +8 

6a-    h  +5 


'\  3 


WRITTEN   EXERCISES 
Add  and  test : 

1.      a4-   3&  2.  4ic       -\-z  3.  40m+      n 

11  g  +  10  h  2z-\-y-i-x  5  m  —  39  n 
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4.  17a+  46              8.  -15a;  +  12           12.  40-i^«2 

3a-~166  -   8a?-   3                  5Q  +  |gr^^ 

5.  6a  +  96                  9.  5x^4-30?           13.  45m  — 2?i  +  g 

4a—    6  —3  a;  +7a;^                    5m  +  3y?,  +  g 

6.  6c-\-    d                10.  4a;2/—  2z^            14.  3a2-5a  +1 
3c  +  2d  +  e  5xy-\-10z^                   4a  +8a^-3 

7.  12a  +  56              11.  12t-   6f             15.  5a;+    y-    z 

6a-Sb  St  +  12f                   Sx^7y  +  Sz 

16.  -i-a;+  i2/+  -^s;  18.       x^+      xy  +  3y^ 
^x+l^y+l.lz  6x'-hl0xy-\-5y^ 

17.  l.la-8.964-    c  19.       aj^^    a!22/4-8i/2 
3.9a+   .5b-5G  '  4a?^y+    y^  +  g^ 

20.  5  a—   7  b  23.                i)+   3g 

3XI  +  10&  m  +  3j9+      g+    r 

—  6a  +  186  5m  +  2p             +6r 
-7a  +  126 10_g  +  5_r 

21.  x^—   5x  24.       a^+    4  —    a 

-  4a;2+   3a?  5     -3a2  +  2a 
-12a?2+      a?  ea^^3a-5 

15a?2-12a?  4a-7a2-2 

-10a?2  +  16a;  8 a  -  12  - 15 a^ 


22,      a  +  2b+   3c2  25.    4^+   3^  —  73? 

2a           +66c2  5^_l_   2y-4.v 

9b+      c^  2y—   Sg-7v 

a+     b+      c^  13'y  — lla?  +  2^ 

5a—     b 12  a?— 15^  +  4y 

26.  A  dealer  bought  at  one  time  3  kinds  of  coal,  50  a  tons 
of  the  first  kind,  10  6  tons  of  the  second  kind,  and  12  c  tons  of 
the  third;  at  another  time  he  bought  75  a  tons,  156  tons,  10c 
tons  respectively  of  the  same  kinds.  How  many  tons  did  he 
buy  in  all  ? 
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27.  A  grain  dealer  had  in  one  place  8 m  bu.  of  oats,  '5w  b'u. 
of  wheat,  and  7p  bu.  of  rye ;  in  another  place  12  m  bu.  of  oats, 
56  w  bu.  of  wheat.  How  many  bushels  of  grain  had  he  in  both 
places  ? 

28.  A  contractor  used  three  kinds  of  lumber  in  a  building: 
30  X  feet,  10  y  feet,  16  z  feet  respectively ;  in  another  building 
he  used  of  the  same  three  kinds :  50  x  feet,  39  y  feet,  z  feet. 
How  many  feet  did  he  use  in  all  ? 

79.  The  Greater  of  Two  Numbers.  Of  two  given  numbers 
that  one  is  the  greater  which  can  be  produced  by  adding  a 
positive  number  to  the  other.  The  other  number  is  called  the 
less. 

For  example  : 

11  is  greater  than  8  because  it  is  necessary  to  add  +  3  to  8  to  make  11. 
7  is  greater  than  —  2  because  it  is  necessary  to  add  +  9  to  —  2  to  make  7. 
—  4  is  greater  than  —  9  because  it  is  necessary  to  add  +  5  to  —  9  to 
make  —  4. 

80.  The  symbol  >  is  read  "  is  greater  than,"  and  <  is  read 
"is  less  than." 

For  example : 

8  >  2  is  read   "  8  is  greater  than  2." 

—  1  >  —  5  is  read  "  —  1  is  greater  than  —  5." 

—  5<  —  1  is  read  "  —  5  is  less  than  —  1." 

ORAL    EXERCISES 
Kead  the  following  and  state  why  each  is  correct: 

1.  7>5.  3.    -2>-5.     5.   3<5.         7.    -1<0. 

2.  4  >  -  8.      4.    0  >  -  7.         6.    -  4  <  2.     8.    —  8  <  -  6. 

WRITTEN    EXERCISES 

Determine  which  is  the  greater  in  each  of  the  following 
pairs  of  numbers,  and  write  the  relation  by  use  of  the  sign  > : 

1.  8,  6.  3.    -  5,  6.  5.    -  6,  -  5.  7.    0,  10. 

2.  3,4.  4.    -6,5.  6.    6,-9.  8.    0,-10. 
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81.  Numerical  Value.  The  greater  number  as  above  defined 
does  not  always  have  the  greater  numerical  or  absolute  value 
(Sec.  61).  When  it  is  desired  to  speak  of  the  numerical  values 
only,  the  expression  "numerically  greater"  is  used.  In  dis- 
tinction, the  greater  number  is  sometimes  said  to  be  "alge- 
braically greater." 

For  example : 

4  is  greater  than  —  9,  but  4  is  numerically  less  than  —  9. 

—  6  is  greater  than  —  15,  but  —  15  is  numerically  greater  than  —  6, 

—  2  is  algebraically  greater  than  —  12,  but  numerically  less  than  it. 

ORAL    EXERCISES 

From  the  following  list  select  the  numbers  that  are: 

d.  Numerically  greater  than  —  4. 

e,  Numerically  greater  than  6. 
/.  Numerically  less  than  —5. 

9.    —3.  13.  5. 

10.  2.  14.    -    6. 

11.  -4.  15.    —    i 

12.  3.  16.    -11. 

17.  State  the  absolute  value  of  each  of  the  numbers  in  Ex- 
ercises 1-16. 

SUMMARY 
I.   Definitions. 

1.  Like  terms  or  like  monomials  are  those  which  have  the 
same  literal  parts.  Sec.  64. 

2.  Terms  are  alike  in  any  letter ,  if  they  contain  the  same 
power  of  the  letter.  Sec.  65. 

3.  The  result  of  adding  numbers  of  which  some  or  all  are 
negative  is  called  their  algebraic  sum.  Sec.  71. 

4.  Of  two  given  numbers,  that  one  is  the  greater  which  can 
be  produced  by  adding  a  positive  number  to  the  other.  The 
other  number  is  called  the  less.  Sec.  79. 


a. 

Greater  than  6. 

b. 

Less  than 

-5. 

c. 

Greater  than  —  4. 

1. 

7. 

5.    -18, 

2. 

-10. 

6.    -    1. 

3. 

-   8. 

7.          0, 

4. 

12. 

8.          1. 
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5.  The  symbol  >  is  read  "  is  greater  than,"  and  <  is  read 
"  is  less  than."  Sec.  80. 

6.  Of  two  numbers,  that  one  is  numerically  greater  which  has 
the  larger  absolute  value.  Sec.  81. 

7.  The  terms  of  polynomials  may  be  rearranged  before  add- 
ing, because  the  sum  of  two  or  more  terms  is  the  same  in  what- 
ever order  the  terms  are  taken.  This  is  called  the  Commutative 
Law  of  Addition,  Sec.  76. 

II.   Processes. 

1.  When  the  numbers  added  are  positive  the  sum  is  posi- 
tive ;  and  when  they  are  negative  the  sum  is  negative. 

The  absolute  value  of  the  sum  is  the  sum  of  the  absolute 
values  of  the  addends.  Sec.  67. 

2.  In  adding  a  positive  and  a  negative  number,  a  positive 
unit  and  a  negative  unit  offset  each  other. 

The  sign  of  the  sum  is  that  of  the  addend  having  the  greater 
absolute  value. 

The  absolute  value  of  the  sum  is  the  difference  of  the  absolute 
values  of  the  addends.  Sec.  69. 

3.  The  addition  of  several  addends  is  similar  to  that  of  two 
addends.  ,If  both  positive  and  negative  terms  occur,  either  of 
the  following  ways  of  adding  may  be  used,  according  to  conven- 
ience : 

(1)  Add  the  like  terms  in  order. 

(2)  Add  the  positive  and  the  negative  terms  separately,  and 
then  combine  these  two  sums.  Sec.  72. 

4.  To  add  polynomials,  arrange  the  like  terms  in  columns 
and  add  as  in  case  of  monomials,  using  the  signs  obtained  as 
the  signs  of  the  result.  Sec.  75. 

5.  To  test  addition  use  arbitrary  values.  The  sum  of  the 
values  of  the  addends  should  equal  the  value  of  their  sum. 

Sec.  78. 
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REVIEW 
ORAL   EXERCISES 


Add: 

1.    -6ab 

6.   iirr^ 

11. 

-9pg-^ 

-Sab  . 

2^ 

-7pq' 

2. 

^  12  ac2 

-    Sac' 

3. 

mr^ 

—  mr^ 

0 

4. 

\mv' 

—    mv^ 

7.  12  xyz     '  12.   ^ttt^ 
13  xyz  f  ttt^ 

8.  —     mpq  13.    —  6  a^& 

—  6  mpg  Sa^h 


9.    —  1  mv^  14.        4  aji/^ 

—  2  m?;^  —  7  a;?/^ 

5.        —072/                   10-         4:3  to^  15.        16wv2 

10  0^2/                          -23^;^  —^uv' 
-15  xy                              20  w^  -luv" 

11  xy                          — 10^(;^  25 1(^^ 

16.  lx^-2x-^                              20.  a;2__    5^^    5 
4a^-|,4a;  +  5  2a^-   9a;-    1 

8a^  +  12a; 

17.  4.5m  +  3.27i+     ^  5^             _  20 

»5^ +.li>  14  0.-^-630^  +  17 

18.  a?-{-^a?h-{-^ab'-\-h^               21.  ^'4-    3^-    8 

-14^2_27^-    1 

19.  3aj_42/  +  7;2-9  -23^2_|_      ^_j[5 

8^_22;  +  4aj-3  17^-23^-32 


22.  A  fruit  grower  gathered  4  a  bu.  of  apples,  2  &  bu.  of 
pears,  and  2  c  bu.  of  peaches  in  one  season.  How  many  bushels 
did  he  gather? 

23.  The  same  man  gathered  4  a  bu.  of  apples,  2  6  bu.  of 
pears,  and  c  bu.  of  peaches  the  next  season.  How  many  bushels 
of  fruit  was  this  ?  How  many  bushels  of  fruit  did  he  gather 
in  the  two  seasons  ?  * 
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24.  A  workman  earned  2  a  dollars  in  one  week,  3  b  dollars 
the  second,  and  c  dollars  the  third;  during  the  next  three 
he  earned  3  a  dollars,  5  b  dollars,  and  2  c  dollars.  How  much 
did  he  earn  during  the  first  three  weeks  ?  During  the  second 
three  weeks  ?     How  much  did  he  earn  in  all  ? 

WRITTEN   EXERCISES 

Add  and  test : 

1.  a  +  ^  +  c,  2a  +  &4-3c,  a  +  &,  6&  +  5o. 

2.  10a-f9&4-c,  9a  +  10c,  i-a  +  i^  2b  +  c. 

3.  ,9  X -{- .3  y -{- z,  .la;  +  ,7y,  ^y-^^z,  4:X-{-z. 

4.  3a~26,  4a-f  76,  -6a-&,  14a-216. 

5.  m^-f-5  mp,  7  m^— 8  mp,  —12  m^  +  3p^,  6  m^  —4  mp-^7 p^. 

6.  5aa;  +  ^  2aa;  — 36,  — 8aa;  +  76,  —20ax  —  lSb. 

7.  ia?-i2/,  -f  a^  +  i2/;  .'^^  +  12/;  -.Sx  +  ^y. 

8.  7  +  2a^^  3a;2-l,  4-5aj2. 

9.  4a4-7  6,  2a-6c,  3c  +  S^46  — 7a. 

10.  a;2  +  7aj-4,  3ii;2_5a;^  4aj2-lla;  +  2. 

11.  5t--3  +  7t%  t--3t%  f  +  9t'-15  +  St 

12.  3a&  +  7ac,  5ac  —  2bc,  6bc  +  dab,  S  be  — IS  ac. 

13.  i»+.4,  ic2-.5,  3a;— .7,  ic^  _  .9  _|_  4  ^j. 

14.  22/'-42/  +  ^'-l,  82/-2/3  +  3/-15,  32/-74-112/* 

-l52/^  42/^  +  122/2-6  +  2/',  ll-y'  +  f-Sf. 

15.  A  grocer  had  7  a  dollars  on  hand ;  his  ten  salesmen  took 
in  4  a,  5  c,  2  6,  6  a,  3  a,  7  c,  4  &,  2  c,  5  c,  11 6,  dollars  respectively. 
How  much  had  he  then  ? 

16.  A  merchant  made  the  following  bank  deposits :  On 
Monday  3  a  dollars  in  gold,  4  b  dollars  in  silver,  and  9  c  dollars 
in  notes ;  on  Tuesday  a  dollars  in  gold  and  15  c  dollars  in  notes ; 
on  Wednesday  b  dollars  in  silver  and  12  c  dollars  in  notes. 
How  much  did  he  deposit  altogether  ? 


CHAPTER  VI 

SUBTRACTIO:^^ 
SUBTRACTION  OF   MONOMIALS 

82.  Preparatory. 

Eead  and  supply  the  blanks  : 

1.  Just  as  4  qt.  —  2  qt.= qt.,  so  4a--2a= a. 

2.  Just  as  8  bu.  —  5  bu.  = bu.,  so  8  &  —  5  &  = 6. 

3.  Just  as  I  lb.  —  ^  lb.  = lb.,  so  ^d  —  \d  = d, 

4.  10  c  —  5  c  = c.  7.   10xy  —  7xy  = xy. 

5.  6  a  — 3^a  = a.  8.    12  abc  —  9abc= abc. 

6.  6y^  —  5y^  = » y\  9.    .9  axy  —  .3  axy  = axy, 

83.  Subtraction  is  the  process  of  finding  the  difference  be- 
tween two  numbers,  called  the  minuend  and  the  subtrahend. 

84.  Difference.     The  difference  is  the  number  which  added  to 
the  subtrahend  makes  the  minuend. 

Thus,  the  difference  between  12  6c  and  5  6c  is  7  6c,  because  5  6c  +  7  6(V 
=  12  6c. 

ORAL  EXERCISES 

State  the  differences  of  the  following : 


1. 

20  a 

4.  21aj2 

7. 

90pq 

10. 

40  mn 

15  a 

Ux" 

. 

45  pq 

39  mn 

2. 

47& 

5.    17  be 

8. 

50  zw 

11. 

54  d 

27  b 

9  be 

25  zw 

24  d 

8. 

12  b'c 

6.  39  c2 

9. 

30  xy 

12. 

19  abx 

19  c2 

53 

17  xy 

12a6ar 

^BRA^^ 

/ 

OFTHE 

^ 
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85.  Subtracting  Negative  Numbers.  To  subtract  a  negative 
number,  we  find  the  number  which  added  to  it  makes  the 
minuend. 

Thus :  6  less  -  4  =  10  because    -  4  +  10  =  6. 

—  15  less  —  7  =  —  8  because    —  7  plus  —  8  =  —  15. 

4  a  less  —2a  =  Qa        because    — 2a  +  6a=4a. 

86.  Since  subtraction  is  the  reverse  of  addition,  we  can  sub- 
tract a  number  by  adding  its  opposite. 

For  example,  "to  subtract  3"  and  "to  add  —3"  mean  the  same 
thing.  Likewise  "to  subtract  —  5a"  and  "  to  add  5a"  mean  the  same 
thing.  Consequently  algebraic  subtraction  may  be  regarded  as  a  special 
case  of  addition. 

To  subtract  one  number  from  another,  change  the  sign  of  the 
subtrahend  and  add  the  result  to  the  minuend. 

Thus,  to  subtract       ^^^  change  to  ^^^  and  add. 
'  -lOg  ^      ^    10  g 

The  pupil  should  as  soon  as  possible  accustom  himself  to  make  the 
change  of  sign  mentally. 

ORAL  EXERCISES 
Find  the  differences : 


1. 

18 

6. 

-12m 

11.  ^a 

16. 

-14 

-99 

8m 

^%ja 

-    6 

2. 

(Sab 

7. 

12pq 

12.  4  a; 

17. 

16  & 

6ab 

-~2pq 

l_x 

11  & 

3. 

5x 

8. 

^mv^ 

13.  12  V 

18. 

-14d 

-15x 

I 

- 19  mv^ 

32/ 

-    Id 

4. 

5xy 

9. 

-1.5  s 

14.    -8x 

19. 

^g 

-lOxy 

-3.5  s 

2x 

-3g 

5. 

-Sabc 

10. 

-4.\w 

15.  -8  a; 

20. 

—  Ap 

Sabc 

-^w 

-2x 

~7p 

SUBTRACTION 

t 

21.       2m^ 

23.     23              25.    - 

23 

27. 

23  a^ 

-2m' 

-6 

_6 

-6a^ 

22.  2m^ 

24.  23                26.   - 

23 

28. 

-    t 

2m2 

_6                       - 

__6 

-St 

29.    46-52. 

33.    40  m -46  m. 

37. 

Ittt^- 

-21^^. 

30.    4a— 7a. 

34.    13pg  — ISpg. 

38. 

igt'- 

■gt\ 

31.    8a^-10a^. 

35.   ^mv'^  —  mv^. 

39. 

10  fs- 

-15  fs. 

32.   8a6  — 15a&. 

36.    7rr2-4  7rr2. 

40. 

4.5rt- 

-50r«. 
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SUBTRACTION  OF  POLYNOMIALS 

87.  The  subtraction  of  polynomials  is  similar  to  the  subtraction 

of  denominate  numbers. 

For  example : 

Denominate  Numbers  Polynomials 

Just  as :  5  lb.  4  oz.  so :  5  Z  +  4  5? 

minus  3  lb.  3  oz.  minus  SI  +  Sz 

equals  2  lb.  1  oz.  equals  21  +  Iz 

ORAL  EXERCISES 

Subtract: 

1.   12  bu.  3 pk.  7  qt.  2.   12b  +  3p-\-Tq 

9bu.  2pk.  4qt.  96  +  2p4-4g 

State  the  numbers  to  fill  the  blanks  in  the  following : 
3.    6xy-\-Sy'  4.   5  a  +  3  6^  +  8  c 

Sxy-\-2  y'  a+     b^ -^  5  c 

{>y^{)f  ()+()+() 

Subtract : 

5.   6  a  4- 5  6  8.   20a?  +  5  2/+2J 

a  +  36  9a;  +  52/ 

9.   45a  +  3  6  +  12c 

^a-h    6+   2c 

10.   10a^  +  6  2/'  +  5  2;2 


6. 

16  m  +  2  n 
12  m+    n 

7. 

17  c  +  9  c? 
17  c+    d 

56  ELEMENTARY  ALGEBRA 

WRITTEN   EXERCISES 
Arrange  the  like  terms  in  columns  and  subtract : 

1.  8x-{-12q-^6a  3.   5c  +  6&  + 10  a 
4a+    5  X  -{-  3  q  b  -\-  5  a-\-  5  c 

2.  p -{- S  n -\- 4:5  m  4.   10ait'+     mp-{-5pq 
5m-\-2n-^p  2  pq  -\- ^  mp -{- 5  ax 

88.  To  subtract  a  polynomial  arrange  its  terms  under  the 
like  terms  of  the  minuend,  subtract  each  term  from  the  one 
above  it,  and  use  the  signs  obtained  as  the  signs  of  the  result. 

In  the  example,  the  first  column  is  2  a  —  a  =  a  ;  the 

2  «  —  2  6  -4-     c    s®^^^^  column  is  —  2?>  —  (+0)=  —  2&;  the  third  column 

«_L    0  —  2c    is+c  —  (— 2c)  =  +  3c.     The  terms  thus  obtained  with 

— — -—    their  signs  constitute  a  —  2  &  +  3  c,  the  difference  of  the 

~~  polynomials.     When  either  polynomial  lacks  a  term  to 

correspond  to  a  term  of  the  other  polynomial,  supply  zero  in  its  place. 


89.  Test  of  Subtraction.  Use  arbitrary  values  to  test  sub- 
traction. The  sum  of  the  values  of  the  difference  and  the 
subtrahend  must  equal  the  value  of  the  minuend. 

Solution  Test  :  Let  each  letter  =  1 
3a;-42/+     c  3-4  +  1=     0 

x+    y-Sc  1+1 -3=-l 

2x  — 52/  +  4C  2  — 6  +  4  =  +  l 

In  practice  it  is  sufficient  to  write  the  following : 

Solution  Test 
Sx  —  iy+    c  0 

x-h    y  -Sc  --J.  * 

2ijc  —  62/  +  4c  1 

WRITTEN   EXERCISES 

Subtract  and  test : 

1.  3a  +  &  3.   la  — i&  5.     ip-h^q 

a  —  b  g  +  -16  f  p  —  f  g 

2.  6a  — 3b  4.   3m  — .In  e.    —Tx-j-Ay 
5a  +  76                     6m-.9n  lOx  —  dy 
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7. 

5xy-\-10  z" 

11. 

2a-{-c-2b 
a-{-b  —  2G 

15. 

Sx^  +  2xY-\-z^ 
a?-^2x'f 

8. 

12 1-    6t^ 
9t-12f 

12. 

7x'^2x  +  4: 
2x'-^3x-l 

16. 

4a;  — 32/  +  8 

22/4-5^-1 

9. 

50-igt' 

5x-h7y-Sz 
Sx-h    y-4:z 

13. 
14. 

2z-}-Ax  +  y 
2  aj  +    y  —  z 

17. 
18. 

4a  +  26-9 
8c  +  4a-6d 

0. 

Qc  +  Sd  +  e 
3c  +  2d 

2a;*  +  5a;  -1 
3a^_7a^4.8a; 

19.  A  broker  had  7  a  +  5  6  dollars  in  a  bank  and  withdrew 
a  4-  4  6  dollars.     How  much  did  he  still  have  in  the  bank  ? 

20.  A  coal  dealer  bought  c  carloads  of  coal  containing  40  tons 
each,  and  d  carloads  of  50  tons  each ;  he  sold  5  c  tons  to  one 
customer,  8  d  tons  to  another,  and  12  c  tons  to  another.  How 
many  tons  had  he  left  ? 

90.  Removal  of  Parentheses. 

1.  If  a  parenthesis  is  preceded  by  the  sign  +,  the  terms 
within  the  parenthesis  are  to  be  added  to  what  precedes,  hence 
the  parenthesis  may  be  removed  without  altering  the  value  of 
the  expression. 

For  example  :  a -\-  {h  -{■  c)  =  a  +  h -\-  c. 

a+  (6  —  c)  =  a  +  6  —  c. 
a  +  (—  6  —  c)=a  —  6  —  c. 

2.  If  a  parenthesis  is  preceded  by  the  sign  — ,  the  terms 
within  the  parenthesis  are  to  be  subtracted  from  what  pre- 
cedes; hence  the  parenthesis  may  be  removed  provided 
the  sign  of  each  term  within  the  parenthesis  is  changed, 
each  sign  +  to  the  sign  — ,  and  each  sign  —  to  the  sign  +. 
Sec.  86. 

For  example  :  a  —  (6  +  c)  =  a  —  6  —  c. 

a  —  (6  —  c)  =  a  —  &  +  c. 
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WRITTEN   EXERCISES 
Eemove  parentheses  and  unite  terms  when  possible : 


11.  7g  +  5-(-ll-3g). 

12.  ^(-3x-2y  +  llz). 

13.  _(4a  +  36-6c). 

14.  x-3x^  +  7-(2x^-\-5 

15.  9t-^3-(2t-l), 

16.  5x-12y-(Sx-{-2y), 

17.  4a  +  T&-(2a  +  3&). 

18.  7  —  6  m  —  (1  +  3  m). 
9.    5-3i)+(-18+2i9).    19.   llp4-l-(-p  +  3). 

10.    a-6a;  — (2a4-&aj).       20.    15  x^-\-7  x- (lSx^-3x). 

21.  4m3-7m24-3m-(-2m3-9m2). 

22 .  a2  -  5  a6  +  7  ac  +  6^  _  (4  a&  +  7  a^  -  6  6^) . 

23.  aj2-|-3a;2/-4a;2;  +  72/^-(;s2_3^^  _4^2_2^2)^ 

24.  Calculate  the  value  oi  A—  (2  B—  C)  when 


1.  a-{-(b  —  3a). 

2.  5-(^  +  2). 

3.  3a— (2a  +  6). 

4.  76-(4a-6&). 

5.  a-(26-5a)-4&. 

6.  ll^  +  (-3^-l). 

7.  4:x+7y^(3x-^2y). 

8.  cZ  +  3d52-(2d-d2). 


3x). 


(1) 

(2) 

(3) 

(4) 

(8) 

(6) 

0) 

A  = 

24 

1 

-4 

X 

4d 

a+     X 

p  +  3 

B  = 

3 

-5 

3 

2x 

-6d 

3  a—     a; 

q  +  5 

C  = 

8 

9 

-5 

3x 

3cZ 

ia  +  7x 

2p  +  Sq 

Solve  the  equations : 

25.  2a;-(2  +  a;)  =  6. 

26.  ia;  +  (2-ir)  =  6. 

27.  4a;  — (2a;  +  l)=:5. 

28.  5-(4x  +  2)=4. 


29.  7-(4a;  +  3)=0. 

30.  ey-\-(4.y -10)=10. 

31.  12z-(2  +  6z)  =  16. 

32.  21 +(21-5^  =  0. 


91.  The  methods  of  Sec.  90  may  be  applied  when  there  is 
a  parenthesis  within  a  parenthesis.  In  this  case  the  signs, 
\    U  L  1)  ?  ^^®  commonly  used  to  distinguish  the  different 
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parentheses.  They  may  be  removed  one  at  a  time,  usually  the 
inner  one  first,  although  it  is  likewise  possible  to  begin  with 
the  outer  one. 

For  example  : 

Beginning  with  the  inner  parenthesis, 

6a-{6a  +  36-(2a-5&)}  =  5a-{6a  +  36-2a  +  5  6} 

=:5a-{4a  +  86} 

=5a— 4a— 86 

=  a-Sb. 
Beginning  with  the  outer  parenthesis, 

6a-{6a  +  36-(2a-5  6)}=:6a-6a-36+(2a-6  6) 

=  -a-36  +  2a--56 

=  a-Sb. 

When  the  first  parenthesis  is  removed  the  signs  within  the  second  one 
are  not  changed  because  the  expression  is  taken  as  a  single  term. 

WRITTEN   EXERCISES 

Eemove  parentheses  and  unite  terms  as  much  as  possible : 


2.   7+j4-(5aj  +  2)  +  3aj|.      5.    -- \Ax' -\- (3  x-Bx" -9  x)}. 


3.   2  +  (5a-3a+4a)4-6a.     6.   a  -  3  b- \b-3  a+(3  b-d)l 

92.  Introduction  of  Parentheses. 

The  value  of  a  polynomial  is  not  changed  : 

1.  If  any  number  of  terms  with  their  signs  unchanged  are 
grouped  in  a  parenthesis  preceded  by  the  sign  -f-. 

2.  If  any  number  of  terms  with  their  signs  changed  are 
grouped  in  a  parenthesis  preceded  by  the  sig7i  — .     Sec.  90. 

For  example : 

2a  +  5&-6c=2a  +  (5  6--6c). 
2a  +  5& -6c=:2a-(-66  -{-Qc), 
4ta  —  1m+2x  =  4:a—(7m  —  2x). 

93.  The  fact  that  the  terms  of  a  polynomial  may  be  grouped 
as  stated  in  Sec.  92,  1,  without  changing  the  value  of  the 
polynomial,  is  called  the  Associative  Law  of  Addition. 
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WRITTEN   EXERCISES 
Write  as  a  plus  a  parenthesis : 

1.  af6&  — 4c.     3.  a  — 4&  —  c4-5c?.      5.   a+9&  — 7c+3d 

2.  a-3&  +  7c.     4.   a-8&  +  c--l.         6.   a  +  2&  +  7c-|-4.^ 

7-12.   Write  each  of  the  expressions  in  Exercises  1-6  as 
a  minus  a  parenthesis. 

13-18.  In  each  .of  the  expressions  in  Exercises  1-6  place 
the  terms  involving  h  and  c  in  a  parenthesis  preceded  by  the 
sign  — 

94.  The  sum  or  the  difference  of  terms  alike  with  respect  to 
certain  letters  may  be  indicated  by  the  use  of  parentheses. 

EXAMPLES 

1.  Add  ax  and  hx. 

Addend  ax 

Addend hx 

Sum      {a-\-h)x 

2.  Subtract  (c  +  n)  xy  from  (&  +  2  c)  xy. 

(b+2c)xy 
(c+    n)xy 


(b  +  c  —  n)xy 

WRITTEN   EXERCISES 

Add: 

1.  (a-\-b)x          3.    (a  +  c)xy             5.  {a -\- c)(m^  +  n) 
bx               (a  —  c)  xy  c(m^  +  ^) 

2.  (l+2&)a^     4.    (a  +  &)(p  +  g)      6.        (m- 14:+p)x'^y 

—  bx^  (c  +  d)(p-{-q)  {—  m  -\~  2  n  —  p)x^y 

Subtract : 
7.    (a  +  25)a;P     8.   (2m-'^)x^y        9.  (a ■\- c)(m^ -\- n) 
bx^           (37  —  7i):x?y  (^2a-\-c){w? -^-n) 


SUBTRACTION  61 


(2 


10.    (a+    c)x^     11.    (a-{-c)(x-\-y)     12.    (1+    b+    c)p^q' 

(a  +  2c)x^  2c{x-\-y)  (a-2b-2  )pV 


SUMMARY 


I.   Definitions. 


1.  Subtraction  is  the  process  of  finding  the  difference  between 
two  numbers  called  the  minuend  and  the  subtrahend.     Sec.  83. 

2.  The  difference  is  the  number  which  added  to  the  subtra- 
hend makes  the  minuend.  Sec.  84. 

3.  The  fact  that  the  terms  of  a  polynomial  may  be  grouped 
as  stated  in  6  below  without  changing  the  value  of  the  expres- 
sion is  called  the  Associative  Law  of  Addition.  Sec.  93. 

II.   Processes. 

1.  To  subtract  a  negative  number,  find  the  number  which 
added  to  it  makes  the  minuend.  Sec.  85. 

2.  Subtraction  may  always  be  performed  by  adding  to  the 
minuend  the  subtrahend  with  its  sign  changed.  Sec.  86. 

3.  To  subtract  a  polynomial  arrange  its  terms  under  the  like 
terms  of  the  minuend,  subtract  each  term  from  the  one  above  it, 
and  use  the  signs  obtained  as  the  signs  of  the  result.       Sec.  88. 

4.  A  parenthesis  preceded  by  the  sign  +  may  be  removed 
without  altering  the  value  of  the  expression.  Sec.  90. 

5.  A  parenthesis  preceded  by  the  sign  —  may  be  removed  by 
changing  the  signs  of  the  terms  in  the  parenthesis  without 
altering  the  value  of  the  expression.  Sec.  90. 

6.  Any  number  of  terms  with  their  signs  unchanged  may  be 
grouped  in  a  parenthesis  preceded  by  the  sign  +  without 
changing  jbhe  value  of  the  expression.  Sec.  92. 

7.  Any  number  of  terms  may  be  grouped  in  a  parenthesis 
preceded  by  the  sign  —  without  changing  the  value  of  the  ex- 
pression, provided  that  the  sign  of  every  term  placed  in  the 
parenthesis  is  changed.  Sec.  92. 
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REVIEW 

Subtract : 

ORAL  EXERCISES 

1      5n 

4. 

x+y 

7.    3a-b 

10. 

i>^-^ 

16jn 

x  —  y 

3a  +  6 

p^^g^ 

2.        7  a 

5. 

a-7 

8.    7  a  — 5  b 

11. 

x'-hy 

--9a 

2a-S 

a-2b 

2x'-y 

8    lla  +  10& 

6. 

a  —  x 

9.   3x-5y 

12. 

ax-r-b 

a-f 

36 

a-1 

X-    y 

bx  —  G 

WRITTEN   EXERCISES 
Remove  the  parentheses : 

1.  (a  +  6__c)  +  (a-&  +  c).         5.  2y-{\tx^\y). 

2.  (a  +  b-c)-(a-b-\-c).         6.    {^tx-\y)-{\y-\tx), 

3.  7a-36-(5a  +  3&).  7.  m-\_(a-b)-{G-m)'], 

4.  3a7-.7-(9aj-ll).  8.    m  + [(a-&)  +  (6  +  d)]. 

9.   6aj  +  52/-32~(5a;-32/  +  22). 
10.   6a2-(3a&  +  2ac)-(2ac  +  3a6). 

Subtract  and  test : 

11    3a;2  +  2a^2/^  +  2;2  13.   6c  +  3c^  +  a-35? 

a;^-2a?V  3c~2d-2a 

12.  m  — 3^1+i)  — 7  14.        4aj-f-32/— 40  +  8 

^-.47^— J9  4-8  -7a;  — 3y  — 2^  +  17 

15.  8i»3-9a52+    a;*-a;  +16  +  0?* 
2a;  -7     +5a;^-a;^-a^+6ay^ 

16.  5.65  a  +    7f  &-  27|c+  .76a;-      li^/ 

4j:  g  -  9.38  b  +  2.65  c  -  13^  a;  -  0.375  y 

17.  A  broker  bought  10  m  bu.  of  wheat,  6  n  bu.  of  corn,  and 
bp  bu.  of  barley,  and  sold  bm  bu.  of  wheat,  2  n  bu.  of  corn, 
and  p  bu.  of  barley.     How  many  bushels  of  grain  had  he  left? 


CHAPTER  VII 
MULTIPLICATION 

MULTIPLICATION  OF  MONOMIALS 

95.  Preparatory. 

1.  5.3^  =  (  )i  3.  5.3ft.=(  )ft.      5.  5.3/=(  )/. 

2.  6.3d=()d         4.  7-5a;  =  (  )a;.         6.  6  •  6a6c  =  (  )a6c 
7.   3a.46  =  3.4a6  =  ?  8.   |a.8&  =  iof8a6  =  ? 

9.   4aj«62/*f2;  =  4-6'|  a;?/^;  =  (    )  xyz, 

96.  To  find  the  product  of  two  monomials,  take  the  product  of 
their  literal  parts  for  the  literal  part  of  the  product,  and  the 
product  of  their  coefficients  for  the  coefficient  of  the  products 

97.  Repeated  Factors.  If  the  same  letter  occurs  more  than 
once  as  a  factor  in  the  product,  it  should  be  written  only  once, 
with  the  proper  exponent  (Sec.  32,  p.  17). 

For  example : 

3  a  .  2  a5  =  6  aa5  =  6  a%. 

05253 .  ^52  _  aahhh  -  abb  =  aaa .  bbbbb  =  a^bK 

98.  Involution.  Eepeating  a  number  as  a  factor  is  called 
raising  it  to  a  power ^  or  involution. 

99.  Law  of  Exponents  in  Multiplication.  According  to  the 
above  examples,  the  exponent  of  any  letter  in  a  product  is  the 
sum  of  the  exponents  of  that  letter  in  all  of  the  factors. 

In  symbols,  this  law  is  expressed  : 


a""  •  a 


r  —  ^m+r 
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ORAL  EXERCISES 

State  the  products : 


1. 

f  .  t\ 

7. 

4:  a  '2  ax. 

13. 

(4p2)(8pO. 

2. 

f  '  2/'. 

8. 

4ar^.2a;l 

14. 

{amF'){awF). 

3. 

x^y  '  f.      ^ 

9. 

a^x  •  a^x*. 

15. 

2  aV . 6  aV. 

4. 

8  c  .  8  c. 

10. 

12  ah' 2  ah\ 

16. 

a^ .  a^ .  a^. 

5. 

7  a  *  6  ab. 

11. 

3xy^ '  5  x^y. 

17. 

V^  '  V^  '  v^. 

6. 

a^  •  ai 

12. 

2  a' .  a'. 

18. 

Sx-x'-x". 

WRITTEN   EXERCISES 

Multiply  as  indicated : 

1.  48a&3.10bc2.      4.    16  a2.&.  15  ac.        7.   80^2.4^^3.35^^ 

2.  24  a^&c.  12  c.        5.    36  a;^ .  4  2/ •  3  a;^l      8.   5  a^  -  4.  ah  - 1  hc^, 

3.  214  6  .  6  c^ .  c2.      6.    12  m  .  16  mr  •  r^      9.    27  a^ .  63  ft^ .  4  ah. 

100.   Preparatory. 

1.  A  man  earned  $3  on  Monday  and  $3  on  Tuesday.     How 
many  dollars  did  lie  earn  in  the  two  days  ? 

2.  ^  To  multiply  3  by  2  is  to  take  3  how  many  times  as  the 
addend  ? 

3.  A  man  earned  a  dollars  per  day  for  h  days.     How  much 
did  he  earn  in  all  ? 

4.  To  multiply  a  by  6   is  to  take   a  how  many  times   as 
an  addend  ? 

5.  A  man  lost  $3  on  Monday  and  $3  on  Tuesday.     How 
many  dollars  did  he  lose  in  the  two  days  ? 

6.  To  multiply  —  3  by  2  is  to  take  —  3  how  many  times  as 
an  addend  ? 

7.  A  man  lost  a  dollars  per  day  for  h  days.     How  much  did 
he  lose  in  all  ? 

8.  To  multiply  —a  by  h  is  to  take  —a  how  many  times  as, 
an  addend  ? 
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101.  Multiplication  by  Relative  Numbers.  Multiplication  by 
a  positive  integer  means  taking  the  mnltiplicand  as  an  addend 
as  many  times  as  there  are  units  in  the  multiplier. 

Correspondingly,  multiplication  by  a  negative  integer  means 
taking  the  multiplicand  as  a  subtrahend  as  many  times  as  there 
are  units  in  the  multiplier. 

For  example : 

4  multiplied  by  ~3=  —  4  —  4  —  4=  —  12. 

-  4t  multiplied  by  -  3  =  -  (~  4)  -  (-  4) - (-  4)  =  +  4  +  4+4=12. 
a  multiplied  by  —h=  —  a~a'"h  times  =  —  ah. 

—  a  multiplied  by  —  h  —  —  {—  a)  —  {—  a)  -•  -  h  times  =  +  ah. 

102.  The  law  of  signs  in  multiplication,  which  applies  to 
integral  and  fractional  numbers  alike,  may  be  stated  thus :  If 
both  factors  are  positive  or  if  both  are  negative,  their  prod- 
uct is  positive.  If  one  is  positive  and  the  other  negative,  their 
product  is  negative. 

The  numerical  value  of  the  product  is  the  product  of  the 
numerical  value  of  the  factors. 

In  symbols : 

+  a  times  -{-h  —  +  ah 

—  a  times  -\-  h  =  —  ah 
+  a  times  —  h  =  —  ah 

—  a  times  —  h  =  -\-  ah 

This  law  is  easily  remembered  in  the  form : 
The  product  of  two  factors  of  like  signs  is  positive  and  of  two 
factors  of  unlike  signs  is  negative, 

ORAL  EXERCISES 

State  the  product  in  each  of  the  following : 

1.  5.3.  7.  x(—y),         13.    aX'X,  19.   (— g)^. 

2.  — 5*3.  8.   —x(—y),    14.   —aX'X.  20.  p(—p), 

3.  5(— 3),  9.    ax'b,  15.  — ae^-^r-x:  21.  (—5)1 

4.  —5  (—3).    10.   —aX'b.        16.   —ax(—x).  22.  2mv(—v), 

5.  x-y,  11.  ax{—b).       17.    2mV'V.  2S. -2mv(—v). 

6.  —x-y,         12.   —ax(—b).  18.   —2mV'V.  24.  (—p)(—p)- 
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WRITTEN   EXERCISES 
Copy  and  supply  the  products : 

1.    -a  8.       dy^  15.    —irr^  22.        .9a;/ 

2  —6xy 


2. 

-ab 

2c 

3. 

-x^y 

xy^ 

4. 

-2ab 

Sc 

5. 

-xhj 

a^y 

6. 

a^y 

-xf 

7. 

-5xy 

-xy^ 

9. 

-  5  x^y 

2xy^^ 

10. 

6mn 

4  m^n 

11. 

—  abc 

-abc" 

12. 

-4a&2 

-3a^b 

13. 

—  a^bc 

—  abc^ 

14. 

\mv 

V 

i^r 

16. 

-\-m^q 

—  mq^ 

17. 

-fs 

fs 

18. 

-ab 

-cd 

19. 

-\-nm 

-Ir 

20. 

^-gt 

-^t 

21. 

+  iab' 

-^a'b 

23. 

,lx'y 
-,Sx'y 

24. 

-Apq 
— 4rs 

25. 

—  .5uv 

—  .5vw 

26. 

—  Bab 
-Bab 

27. 

—  4aa^ 

28. 

-Idf 
-Idf 

Multiply : 

29.  —acx,  —2axy,  38.  —a,  —  al 

30.  abxy,  —ex,  39.  -a^"^,  —  aV. 

31.  ac^,  —  B  b(?,  40.  —  4  a^a^n,  \  aof, 

32.  6  a&^,  3  (jL~b.  41.  —  mn^p^  —  15  no^q, 

33.  2a^  —  3&^  42.  12  m%  —  imri^ 

34.  —  4  c,  —  6  a&.  43.  mrfp^  —  15  m^/?;p. 

35.  2a^:^,  -Za'x^y,  44.  -  5  a^^^c,  2 a&^d 

36.  -5aV,  _2aV.  45.  10p^(fr^t,  -\pqhf. 

37.  2ab^c^,3abc^  46.  12a;?/^2^  -faj/^:. 

103.   To  find  the  product  of  several  monomials,  multiply  the  prod- 
uct of  the  first  two  by  the  third,  that  product  by  the  fourth,  and  so  on. 
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104.  The  three  steps  in  this  process  are: 

1.  Find  the  sign  of  the  product. 

The  sigu  is  plus  when  the  number  of  negative  factors  is  even,  and 
minus  when  the  number  of  negative  factors  is  odd. 

2.  Find  the  numerical  coefficient  of  the  product. 

5,  Find  the  literal  part  of  the  product. 

EXAMPLE 

Find  the  product  of  —  2  a,  +  3  &,  —2  ah,  —  4  he. 

1.  The  sign  is  — . 

2.  2.3.2.4  =  48. 

3.  a'b'ab'bc  =  a%H. 

4.  .'.  -  2  a .  3  6  .  -  2  a&  .  -  4  6c  =  -  48  a^hH. 

ORAL  EXERCISES 

1.  a(-&)=?     ^ah'C=?     a'-h'C=? 

2.  -a'b=?     -ah'C=?     -a'h(-c)=  ? 

3.  -a(-6)c=?     -a{-b)c(-d)=  ? 

4.  _a(-6)(-c)=?  2a(-26)3c=?  a(-3&)  (-4c)=  ? 

6.  -x*y(-z)=  ?     Sx(-2y)(-z)=  ?     x(-^6y)3z=  ? 

105.  If  any  factor  is  zero,  the  product  is  zero. 

For  example : 

3.0  =  0;  similarly,  —  x •  0  =  0,  and  x-y  -z*  0  =  0. 
The  truth  of  this  statement  is  obvious ;   a  formal  proof  is  given  in 
Chapter  XXVIL 

WRITTEN   EXERCISES 

Multiply : 

1.  6,  -3,  5.  5.  2x,  -3y,  -2z.  9.  (-6),  (-6). 

2.  —7,3,  —1.  6.  ax,  —hx,  —ex.  10.  (— 4ic),  {—4.x). 

3.  a,  0,  -c.  7.  —  a,  -a,  0.  11.  {—2f,{—af. 

4.  -_6,  -0,  -4.  8.  (-g),(-g),(-g).  12.  o^,  (_  a^)^,  (_  0^)3 

13.  aj^,  {—xy.  16.   2  9ric,  4^ir,  —  (/a;^. 

14.  -052,  (-a;)2.  17^    (-3a&)^  5,  (-3a6)l 

15.  {-2)%  (-3/,  (-1)^.  18.    m^  -n',  (-py. 
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19.  _p3^  _  (f^  pqr,  {-py.  22.    -  6,  -  |,  0,  -  i 

20.  —X,  (— a?)^  (— 2/)^  ^y^'  23.    ao^,  —  6a?^  ab:ii^,  —h^. 

21.  —  a^,  —  2  a,  3  a,  —  4  a^.  24.    —  a,  —  a^,  —  a^,  —  a^ 

25.  Suppose  12  oj^hh  to  be  taken  as  the  product  of  4a&^  and 
3  ah.     Test  this  product  by  letting  a,  b,  and  c  each  equal  1. 

26.  Also  test  it  by  letting  a  =  2,  &  =  3,  and  c  =  5.  Why  did 
not  the  test  applied  in  Exercise  25  reveal  the  error  ? 

27.  Test  the  work  in  Exercises  13-20  above. 

106.  Signs  of  Factors.  It  follows  from  Sec.  102  that,  if  the 
product  of  two  factors  is  positive,  the  factors  must  have  like 
signs ;  but,  if  the  product  is  negative,  the  factors  must  have 
unlike  signs. 

For  example : 

Sax  =  2a'  4:X,  or  (—  2  a) (  —  4  x) . 

-14  62c=(7  6)(-2&c),  or  (-  7&)(26c). 

WRITTEN   EXERCISES 

Write  a  set  of  two  factors  for  each  of  the  following : 


1. 

hVi. 

6. 

TTT^h, 

11. 

Ibax'y''. 

16. 

142/2. 

2. 

W\ 

7. 

f-^. 

12. 

—  7  mn^p. 

17. 

-48i». 

3. 

mx^. 

8. 

\mv^. 

13. 

IGaft^c. 

18. 

21a'V. 

4. 

-TTl^. 

9. 

\nd\ 

14. 

-Sa%, 

19. 

—  mdP. 

6. 

47rrl 

10. 

^ax". 

15. 

14&r2. 

20. 

2  7rrJi. 

MULTIPLICATION   OF  POLYNOMIALS 

107.  To  multiply  a  polynomial  by  a  monomial  multiply  each 
term  of  the  multiplicand  by  the  monomial  and  use  the  signs  ob- 
tained as  the  signs  of  the  product. 

For  example : 

2a~Sb  +  6c 
6a 


12  a2  -  IS  ab  +  30  ac 


108.    Distributive  Law.     The  fact  that  a  polynomial  is  mul- 
tiplied by  multiplying  each  of  its  terms  separately  and  taking 
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the  algebraic  sum  of  the  partial  products  thus  found  is  called 
the  Distributive  Law  of  Multiplication. 

The  formula,  a  (6+c)  =  a&  -f  ac,  expresses  this  law  in  symbols. 

ORAL  EXERCISES 
Eead  and  supply  the  numbers  for  the  blanks : 

1.  3a  +  46              4.   3a  +  4&  .    7.   6a^-\-2b 
_3 __3a Sb 

()a+()6  ()a2+()a6 

2.  5a^  +  2b  5.   10m  +  2n 
10  5mn 


{)ct^+  ()b  ()  m^n  +  (  )  rnn^ 

3.    10  X  -\-  y  6.   4  a^y  -\-   xy^ 

5  Sxy 


18()+,6() 

8.   5m  +  3p2 

3mp 

()m2p-f-()mi)3 

9.    9a^+     f 

5xy 

'      0^  +  02/  {)xy  +  {)x^f  45()+5() 

109.  To  test  the  work  of  multiplication,  use  arbitrary  values 
as  in  Sec.  78,  p.  46.  The  product  of  the  values  of  the  multipli- 
cand and  the  multiplier  must  equal  the  value  of  the  product. 

Unity  is  the  easiest  number  to  substitute  for  the  letters ;  it  tests  the 
coefficients  and  signs  in  the  work  of  multiplication.  It  does  not,  however, 
test  the  exponents  (see  Exercises  25  and  26,  p.  68);  but  this  does  not 
impair  the  test  materially,  since  errors  in  exponents  alone  seldom  occur. 

WRITTEN  EXERCISES 

Multiply  and  test : 


1. 

<xa;  +  4 
3 

4. 

Tax  -f-3a  . 
5x 

7. 

a^-h2ba^ 
3b'x 

2. 

a  +  b 
c 

5. 

8a2  +  262 
ab 

8. 

3m^  +  r2 
4a 

3. 

2a  +  36 
4c     • 

6. 

Tax  +3  6ar^ 
ex 

9. 

mf  -{-V 

vt 

10.  ^x\a-bx).        13.    2x{3x  +  by).       16.    ^q\bq-\-l^f). 

11.  a(2aj34-l).  14.    {Tx-^)2a.         17.   \r(2i^^\T). 

12.  a-b(a^c-b''d).      15.    (4:X  +  5t)2tx.       18.    6t(t^  +  lafy 
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110.  Removal  of  Parentheses.    If  a  parenthesis  used  to  indicate 
multiplication  is  removed,  the  midtiplication  must  be  performed. 

Thus:  7a-5(9a-4  6)  =  7a-45a  +  20&=  -38  a +  20  6. 

*    WRITTEN   EXERCISES 
Remove  parentheses  and  unite  terms  as  much  as  possible : 

1.  3  +  5(6-4).  '  6.   4a-12(7-6a). 

2.  5x  +  3(llx-5).  7.   ^a-x)--a{5  +  x). 

3.  7(4:  a^  2  b) -h  10  b.         8.    —5{2x-l)  +  3(4.x-S). 

4.  6y  —  7(4.y-\-St).  9.' a(6  +  <j)  —  c(a  +  l!>) +  &(a  — c). 

5.  ll-3(7-2i»).  10.   2m- {4m4-7(6m-l)|. 

11.  p|4r  — 3r(l  — a) +5ar|. 

n.   x^la^-2a(2x-3a)\-a\4.x-a). 

13.    ^ioix-^6[x-(y-z)2l-^60ly-(z  +  x)l. 
14.   From 

[m  (3  m  —p)  —2  ti  (4  n  —  3  p)]  x-{-[^m(p  —  m)  —p  (2  n  +p)']y 
take 

3[p^2n-^V|(2n-3i>)]aj-[i)(p-m)  +  2n(2n+i))]2/ 

and  then  find  the  value  of  the  result  for  x  =  n  =  —  p  =  lf  and 
j^=m  =  0.2. 
Remove  the  parentheses  and  solve  the  equations : 

15.  x(x-3)-\'l  —  x(x  —  5)=0, 

16.  ar^  +  3-a;(x  +  4)=16. 

•17.   x\x-l)-x^  +  x'-\-2x  =  12. 

111.  The  multiplication  of  literal  numbers  is  similar  to  the 
multiplication  of  numbers  expressed  by  figures. 

For  example : 

Multiplication  with  Figures  Multiplication  with  Letters             Test 

32  Sa  +  2b                                                   6 

14  g  +  4&                                                      6 

128=   4x32  3a2+  2ab           =a(3a  +  2&) 

320  =  10x32  12ah  +  Sh^=4b(Sa  +  2b) 

448  =  14  X  32.  3a2  +  14a64-8  6'-^=(a-f-4  6)C3a+2  6)      25 
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112.  To  multiply  by  a  polynomial,  multiply  by  each  term  oj  the 
polynomial,  add  like  terms,  and  use  the  signs  obtained  as  the  signs 
of  the  result. 

Thus: 


2  a2  +  5  «  -  2 
«2  -  3  a  +  1 

a 

a  — 
<i  — 

2 
2 

2a*  +  5a3_2a2 

-6a3_i5a2  +  6 

2  a2  4.  5 

2a*-a3-15a2  +  ii 

WRITTEN  EXERCISES 
Multiply  and  test : 
1.    a  +  b                       9.    Sy  —  5 
a-{-b                            22/4-4 

17* 

2a-    b 
c  —  Sa 

'2. 

a  —  b 

10. 

aj  +  a 
x-\-b 

18. 

3x  +  2y 
2x-{-3y 

3. 

a  —  b 
a  —  b 

11. 

Sa  +  x 
a-^b 

19. 

3ab-{-4.b' 
2ab-.3b' 

4. 

c  +  1 
c-1  ^ 

12. 

Aa  +  5' 
x  —  a 

20. 

aj24.3a;_l 
X  +3 

5. 

x  +  2 
x  +  2 

13. 

m  +  3 
3m  +  2 

21. 

a;2_4a;  +  3 
X  -2 

6. 

14. 

m^  —  n^ 
m^-{-n^ 

22. 

aj2  —  ax'  +  6 
X  —c 

7. 

2a-l 
2a-l 

15. 

of  +  1 
x^-l 

23. 

x^  —  ax  +  b 
3x-^a 

8. 

12  +  0? 
12-aj 

16. 

2a+  b 
a  +  2b 

24. 

t^^tu  +  u^ 
t  —u 

25.    a  +  b  —  G 
a  —  b-^c 

29. 

x-{-y  -z 

26.    Sax- 
2a- 

4.by  +  l 
Sb-4. 

30. 

2a-6  +  3c 
2a  +  5-3c 

27.  (a  +  b 

28.  (2  a- 

-3)2. 
5x—4:yy 

31. 

xy  -{-yz-\-xz 
X—    2/+   ^ 
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113.  To  find  the  product  of  expressions  involving  literal  coeffi- 
cients and  exponents,  find  the  product  of  the  coefficients  and  add 
the  exponents  as  in  numerical  cases. 

EXAMPLES 

1.   Multiply  ax  and  (a  —  b)x. 

(a  —  b)x 


a{a  —  b)x^ 
2.   Multiply  a;"  + 1  by  a;"  —  2. 


X2n  _  x«  -  2 

WRITTEN   EXERCISES 

Multiply : 

1.  (5a  +  x)(5a  —  x).  7.  z''{z'' -{-z'). 

2.  (x  —  y)(xr  —  y'^),  8.  (xc  —  l)cx, 

3.  (a?"*  +  ?/'*)(a;  +  2/).  9.  {a  —  h)y'aby. 

4.  (4a;"»  +  3  2/^)(4aj"*-3  2/**).  10.  (G-\-d)  x- (c- d)x, 

5.  (a;"*  — 2/")(a;2"»  — 2/2").  11.  (a"*  + c)(a"*  — c). 

6.  (a^"  +  c2")(a*""  +  c'"'*).  12.  (a  -  3  a&3)(a  +  3  aW). 

SUMMARY 

I.   Definitions  and  Laws. 

1.  Involution  is  repeating  a  number  as  a  factor.  Sec.  98. 

2.  The  law  of  exponents  in  multiplication  is  a'^  -  a""  =  a'"+^ 

Sec.  99. 

3.  The  law  of  signs  in  multiplication  is : 

The  product  of  two  factors  of  like  signs  is  positive  and  of 
unlike  signs  is  negative.  Sec.  102. 

4.  The  fact  that  an  algebraic  sum  is  multiplied  by  multiply- 
ing each  of  its  terms  separately  and  taking  the  algebraic  sum 
of  the  partial  products  thus  found  is  called  the  Distributive 
Law  of  Multiplication,  Sec.  108. 

The  formula  a(b-{- c)=ab-\-ac  expresses  this  law  in  symbols. 
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II.   Processes. 


1.  To  find  the  product  of  two  monomials,  take  the  product  of 
their  literal  parts  for  the  literal  part  of  the  product,  and  the 
product  of  their  coefficients  for  the  coefficient  of  the  product. 

Sec.  96. 

2.  The  product  of  two  factors  with  like  signs  is  positive  and 
of  two  factors  with  unlike  signs  is  negative.  Sec.  102 

3.  To  find  the  product  of  several  monomials,  multiply  the 
product  of  the  first  two  by  the  third,  that  product  by  the  fourth, 
and  so  on.  Sec.  103. 

4.  In  finding  the  product  of  several  factors  ; 

(1)  Find  the  sign  of  the  product. 

(2)  Find  the  numerical  coefficient  of  the  product. 

(3)  Find  the  literal  part  of  the  product.  Sec.  104. 

(4)  If  any  factor  is  zero,  the  product  is  zero.  Sec.  105. 

5.  To  multiply  a  polynomial  by  a  monomial,  multiply  each 
term  of  the  multiplicand  by  the  monomial  and  use  the  signs  ob- 
tained as  the  signs  of  the  product.  Sec.  107. 

6.  To  test  the  work  of  multiplication,  use  arbitrary  values. 
The  product  of  the  values  of  the  multiplicand  and  the  multi- 
plier must  equal  the  value  of  the  product.  Sec.  109. 

7.  To  multiply  by  a  polynomial,  multiply  by  each  term  of  the 
polynomial,  add  like  terms,  and  use  the  signs  obtained  as  the 
signs  of  the  result.  Sec.  112. 


REVIEW 

ORAL  EXERCISES 

State  the 

products : 

1.  4  a; 

3.  7  a 

5.   —9m 

7. 

-2  ax 

9. 

7x'y 

9a; 

4a 

3  m 

+  5a;2 

-     xy 

2.        82/ 

4.-6^ 

6.  5ab 

8. 

-6  ay 

10. 

—  9  am 

-3y 

-2t 

1  ac 

—  4  ay 

^ar 
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WRITTEN   EXERCISES 

Multiply  and  test : 

1.    ax-\-3  S,    l  —  x-\-x^ 

ax -{-5  1  -^-x  —  oc^ 

9.    a+Sx—l 

x  +  2a-\-l 


2. 
3. 

4  a&  +  c 
2ab-\-Sc 

a;2  +  13  aj  -  5 

x-2 

4. 

aj3_7aj24.5a;-3 
2x-4: 

5. 

x^-i-Sjyx  —  Ap^ 
2x''-7px-p^ 

6. 

d'-Sa'y-hSaf-f 
a-y 

10.  a^  +  3aj22/-f  3a;2/2  +  2/8 

11.  2/4-    x^h 
y-\-5  x—  b 

12.  5-^4.p-\-5q 
lH-4p  — 5g 

13.  a  — 6  — c 

a  — ?>  — c 


aP-\'Xy-\'y^  14.    l  +  ^aj-x^ 

a;^  —  xy  + 1/^  l-{-2x  —  a? 


15. 

(2a"  +  3&")(2a"  +  3  6"). 

19. 

affix'^y''  —  x^y^). 

16. 

(7^p-i_si'-i)(r_s). 

20. 

(a  —  b)x  •  (a  +  6)a?. 

17. 

(4  ;23n_22n_|.^n_-|^N^(3^n^l>^^ 

21. 

ab'(c-l)b. 

18. 

(3a;--/)(3a;-  +  2/0. 

22. 

ax''(a-b)a^'(b  +  c)x'. 

23. 

a; -5              *        26.    6^- 

Su 

29.    a^-2a;  +  l 

a;4-6                                ^4- 

2u 

a;  -1 

24. 

2aj  +  3 
a.^-1 

25. 

3a:  4-5 
2a;-4 

27.  3a;2  +  5  30.   a^  +  3aj  +  2 
x-9  a;^  +  a;4-2 

28.  a^  +  ic  +  1  31.    2aj2— aj  +  1 
X  4-1  2  a;  — 5 

32.  (x  —  1)  (x  —  2)(x—  3).  37.  (x^y  —  xy^)  (x  4-  y). 

33.  (a;  4- 6)  (a;- 5)  (a; -'3).  38.  (m^  4- m^  4- 1)  (m^  4- 1). 

34.  (a3-a2-l)(a  +  l).  39.  (1/^  4.  y  4. 2)  (^/^  - 1). 

35.  (m^  —  m  +  l)(m-\-l),  40.  (?/'^  - 3 ?/ 4- 5) (?/2 4- 10). 

36.  (a;^-x2  4-l)(a;2  4.6).  41.  (rs  -  rV)  (rs  4- rV). 


MULTIPLICATION 


75 


SUPPLEMENTARY  WORK 

When  two  polynomials  can  be  arranged  in  descending 
powers  of  the  same  letter,  the  work  of  multiplication  may 
often  be  shortened  by  using  the  coefficients  only.  This  is  called 
multiplication  by  detached  coefficients. 


Thus,  to  multiply  3x2-2ic  +  lbya-l: 


Work  in  Full 
3  x2  -  2  a;  +  1 
x-l 

3  x3  _  2  a;2  _|.  a; 

-3x2  +  2a;-l 
3x3-5x2  +  3x-l 


Work  with  Coefficients  Only 


Test 


3-2  +  1 
1-1 

iC  =  l 

3-2  +  1 
-3+2-1 

3-5+3-1 

0 


The  processes  in  the  two  cases  are  identical  with  the  exception  of  the 
omission  of  the  letters  in  the  second  case.  The  product  of  3  x^  and  ic,  the 
first  terms  of  the  factors,  shows  that  the  first  term  of  the  product  is  3  x^, 
the  next  term  must  contain  x^  and  the  next  a;,  because  the  terms  in  the 
result  must  be  in  order  of  degree.  Thus  we  may  perform  the  operation 
with  coefficients,  and  then  supply  the  proper  letters  and  exponents. 

When  some  powers  of  the  letters  are  missing,  zeros  must  be 
supplied  as  coefficients  of  the  missing  powers  to  keep  a  record 
of  the  places  in  which  the  powers  are  missing. 


Thus,  to  multiply  2x3  —  7cc  +  3by2x-5,  write 


2a:8-7x  +  3  as  2x3  +  0x2-7x  +  3, 
and  perform  the  multiplication  as 
shown  at  the  right. 


2+0-7+3 

2-^5 

4  +  0-14  +  6 
-  10  -  0  +  36  - 


Test 
-2 
-3 


15 


4-10-14+41-16 
(2x-  5)(2a;8  -7x  +  3)  =  4x<-  lOx^  _  14x2  +  41  x  -  15. 


WRITTEN   EXERCISES 
Multiply  by  detached  coefficients  and  test  : 
i,   m^n  3.    a2  +  2a  +  l  5.   2/^  — 2/^  +  5 


2m  — 3n 
x-l 


a  -+1 


4.    x^-Za^^b 

.T  +  2 


2y  +3 

6.   x'^^2x^-{-lx 
2aj-l 
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TYPE  PRODUCTS.     FACTORS  AND  MULTIPLES 
TYPE  PRODUCTS 

114.  Certain  products  are  specially  important  because  they 
serve  as  types  or  models  for  other  multiplications.  They  apply 
to  positive  and  negative  numbers  alike. 

115.  Preparatory. 

1.  Draw  a  rectangle  4  in.  long  and  3  in.  wide;  what  is  its 
area  ?  Call  the  rectangle  a  in.  long  and  b  in.  wide ;  what  is  its 
area  ?  Call  the  length  of  the  rectangle  x  and  the  width  y ;  what 
is  its  area  ? 

2.  Draw  a  rectangle  like  the  one  here  shown,  having  the 

dimensions  indicated  outside.     What  is  the 

-^-2  in.  ><        3  in.        > 

t|  I  I  ^^'^^  ^f  ^^®  square  part?      Of  the  other 

part  ? 

3.  Replace  the  2  in.  by  x  and  the  3  in. 
by  y ;  what  is  the  area  of  the  square  ?  Of  the  other  part  ? 
Write  an  expression  for  the  sum  of  these  areas. 

4.  Using  X  and  y^  what  expression  represents  the  base  of 
the  above  rectangle  ?  The  altitude  ?  The  area  of  the  whole 
figure  ?  How  must  this  result  compare  with  the  result  of 
Exercise  3  ?     Write  the  equation  that  expresses  this  fact. 

5.  Write  the  expression  for  the  area 
of  this  square  of  side  x.  Por  the  area  of 
rectangle  B.  Por  the  difference  between 
these  areas. 

6.  Write  the  expression  for  the  area 
of  the  rectangle  A.  How  does  this  part 
compare  with  the  area  of  the  whole  figure 
less  B?     Write  the  equation  that  expresses  this  relation. 
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116.  Type  I:  x(/ +  z)  =  xy  +  xz. 

Type  II:  x(y  —  z)  =  xy  —  xz. 

For  example : 

a(b  -\-  c)  =  ah  +  ac. 

6ic(3  — y)  =16x  —6xy. 

2  a^(a  -  5  6)  =  2  a3  _  10  a^b, 

-aa6(c2-4a(Z+&)  =-  S  ahc^  +  12  a'^bd  -  Z  ab^. 

WRITTEN   EXERCISES 

Multiply : 

1.  —x(x  +  y).  4.    cx(w  +  z),  7.    4a&(a  +  2&). 

2.  c{a  —  b).  5.    —yix  —  y),  8.    5xy(x^  —  y^). 

3.  a0  +  i^).  6.    ^(w  +  ^a^.  9.   pq(m  —  n), 

10.  —  2a;(3aj2--2a;i/).  17.    (5x  —  acy)(  —  acxy). 

11.  -3a*&^a;(a2-&2).  18.    (Sa^a;- 8aic3)(-3a2aj). 

12.  1 0^2/(1- ^2/^-1)-  19-    (6amP  +  2  67i*)(-6m2/i). 

13.  -4ic2(3a;-2?/).  20.    (da'b^ -3cd')(-'abcd). 

14.  2m^(m-'n^.  21.    a;(2/  +  2;  +  w;). 

15.  Sy(4.x-y).  22.    -3a&(a2-&2^c^. 

16.  (5a2-4&2)(--a262).  23.    7r(ri2  +  r/ +  ^ra). 

117.  Factoring  by  Types  I  and  II.     A  factor  of  every  term  of 
a  polynomial  is  a  factor  of  the  polynomial. 

For  example  : 

The  factors  of  ab  +  ac  are  a  and  b  +  c,  because  a  (&  +  c)  =  a6  +  ac. 
The  factors  of  3 x'^y  —  6 x?/^  —  12 x^y"^ are 3 xy  and  x  —  2y  —  4xy because 
Sxy(x-2y'-4:xy)  =  ^x^y -Qxy'^ -\2xhf. 

ORAL  EXERCISES 
Eead  the  numbers  to  fill  the  blanks : 

1.  {a')b-{a^c={         )(&-c). 

2.  {2x)y-^{2x)z^{        ){y •--%). 

3.  {2a^V^(2a^bc  =  2aX        ). 
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4.  (2 xy) y-(2xy)z  =  2xy{        ). 

5.  {5a)h  —  (pa)G={         ){h  ~  c), 

6.  7.  58 +  7.  29 -7.  87  =  7  (        ). 

7.  (ah)x  +  (ab)2y  =  {        ){x  +  2y). 

8.  7.5a-7.36-7.2c  =  7(        ). 

WRITTEN   EXERCISES 
Write  each  of  the  following  as  a  product  of  two  factors : 


1.  ax  —  hx, 

2.  hn  —  nq, 

3.  x  +  x^. 

4.  ab  —  b. 

5.  7^^3r, 

6.  aj2  — a;^+P. 
19.  ax-\-hx-\-  ex. 


7.  14a-21d 

8.  12mp*  — 16i)V. 

9.  32  ad  +  20  ac. 

10.  48g4-6n 

11.  10  a +  25  6. 

12.  x^  —  Bx^'-^K 

22.    64 


13.  16a2_l2a^ 

14.  15x—9y. 

15.  27  21-30^. 

16.  32  ao;  — 48  ca;. 

17.  IS  be  +  4:5  ab. 

18.  28mg~49i}g. 
3.64  +  8.64. 

23.  ab  —  ac-\-da  —  axy  —  2  ba. 

24.  3ap  +  6  6g-21c(7+12ag. 


20.  2ac  +  8  6c-12c2. 

21.  10iri/  +  15a;2_20a;;2. 

118.   Preparatory. 

1.  Show  by  multiplication  that  x-^-y 
multiplied  hj  x-{-y  equals  a^  -\-2xy  -\-y'^, 

2.  Show    from    Fig.    1    that    the    rec- 
tangle of  sides  X  -{-y      ^ 

and    X  -{-  y,    or    the   y 
square  of  side  x  +  y, 
is  the  square  on  x 
plus  the  square  on  y 

plus  twice  the  rectangle  of  x  and  y, 

3.  Find  (x  —  yf  by  multiplication. 

4.  Find  (x-yf  by  use  of  Fig.  2. 

Note  that  the  whole  figure  is  cc^ ;  the  entire  part  shaded  with  lines  is 
xy  ;  the  entire  part  dotted  is  xy  ;  while  the  small  square  both  ghaded  and 
dotted  is  ?j^. 


c     > 

(2           xy 

♦ 

y        y 

y 

Fig.  1. 


a 


(x-y)2 


Fig.  2. 
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119.  Type  III:         (jr +/)' =  i'' +  2  jr/ -f /. 

In  words : 

The  square  of  the  sum  of  two  numbers  is  the  square  of  the  first, 
plus  twice  the  product  of  the  first  and  second,  plus  the  square  of 
the  second. 

120.  Type  IV:         {x  - yf  =  x^ -2  xy  ^ /. 
In  words : 

The  square  of  the  difference  of  two  numbers  is  the  square  of  the 
first,  minus  twice  the  product  of  the  first  and  the  second,  plus 
the  square  of  the  second. 

For  example : 

(a  +  &)2  =  a2  4. 2  a6  +  52. 

(2  a  -  by  =  (2  ay-  2(2  «)  6  +  62 

(S2  ^  ^2)2  ^  (s2)2  _  2  sH^  +  («2)2 

=  s*  -  2  sH^  +  ^.        " 
232  =  (20  +  3)2  =  202  +  2  .  20  . 3  +  32 
=  400  +  120  +  9  =  529. 

WRITTEN   EXERCISES 
Square  as  indicated : 


1. 

(n  +  uy. 

14. 

(2  a; +1)2. 

27. 

(a^c  +  l)2. 

2. 

{x'^-ff. 

15. 

(2  0.2 +  1)2 

28. 

(4  0. +  1)2. 

3. 

(a +  3  6)2. 

16. 

(20.2  +  3^2)2, 

29. 

332. 

4. 

(m  +  2  7i)2. 

17. 

252  or  (20 +  5)2. 

30. 

522. 

6. 

{^x^-2y)\ 

18. 

412. 

31. 

912. 

6. 

(a +  2)2. 

19. 

822. 

32. 

172. 

7. 

(aHl)2.    . 

20. 

762  or  (80 -4)2. 

33. 

(5  +  2o.)2. 

8. 

(a  -  h)\ 

21. 

(a2-62)2. 

34. 

(m6-  hcf. 

9. 

(0.-1)2. 

22. 

(3a-2  6)2. 

35. 

972. 

10. 

(2  0.-1)2. 

23. 

{t-u)\ 

36. 

462. 

11. 

(x-W- 

24. 

(abc~iy. 

37. 

892. 

12. 

{t^w)\ 

25. 

(mn  + 1^2)2^ 

38. 

112. 

13. 

{x  +  l)\ 

26. 

(2a6  +  6c)2. 

39. 

362. 
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121.   Trinomials  may  also  be  squared  by  Types  III  and  IV 

For  example : 
(a  +  6  +  c)2  =  (^+b  +  c)2  =  (05  +  6)2  +  2  (a  +  6)  c  +  c2 

=  a2  4-  ^ab  +  b'^  +  2ca  +2bc  +  c^ 
=  ^2  +  62  +  c2  +  2  a6  -1-  2  &c  4-  2  ca 
(2x-  y  +  zy  =  (2x^yy  +  2  (2x  -  y)  z  +  z^ 

=  4:X^  —  4:xy  +  y^  -\-  4:xz  ~  2yz  +  z^ 

In  words : 

The  square  of  a  polynomial  is  the  sum  of  the  squares  of  each 
of  its  terms  aiid  twice  the  product  of  every  two. 

WRITTEN    EXERCISES 
Square  the  trinomials  as  indicated : 


1.  {a  +  b  —  cy.  4.  {x  —  y-\-zf.  7.  (mn  +  pq  +  rs^. 

2.  (2a-bTcy.        5.  {x-^w-2^y.        8.  {l-6y  +  yy. 

3.  (a~3y=7)2.         Q    (|a--i&  +  |c)l.    9.  (m'  +  mp-qy. 

122.  Square  Root.  A  square  root  of  a  given  number  is  a 
number  whose  second  power  (or  square)  equals  the  given 
number. 

Thus,  7  is  a  square  root  of  49,  /  is  a  square  root  of  /2 ;  «6  is  a  square 
root  of  a262 ;  a  +  6  is  a  square  root  of  (a  +  by;  and  a62(6  +  c)  is  a 
square  root  of  a264(6  +  c)2. 

We  say  '*a  square  root,"  not  '*the  square  root,"  because,  as  we  shall 
see  (Sec.  125),  each  of  these  numbers  has  another  square  root. 

123.  Evolution.    Finding  a  root  of  a  number  is  called  evolution. 

ORAL  EXERCISES 

1.  Name  a  square  root  of  9.     Of  64.     Of  16. 

2.  If  the  side  of  a  square  is  s,  what  is  its  area  ?  If  the  area 
of  a  square  is  s^,  what  is  its  side  ? 

3.  What  is  a  square  root  of  a^  ?     Of  s^  ?  Of  a'b'  ?     Of  a^y''  ? 
State  a  square  root  of : 

4.  .4  r^.  7.  4  a^b*c\  10.   9  mV. 

5.  25a^b\  8.   S6(x-{-yy.  11.   9  (m-^-nf. 

6.  16a26V.  9.    a\b  +  cy.  12.   9nXa  +  by. 
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124.  Preparatory. 

1.  (+2)(+2)=?  (-2)(-2)=? 

2.  State  a  number  which  taken  twice  as  a  factor  produces  4. 
State  another  number  which  taken  twice  as  a  factor  produces  4. 

3.  According  to  Exercise  2,  how  many  square  roots  has  4  ? 
What  are  they  ? 

4.  Similarly,  name  the  square  roots  of  9;  16;  25;  36. 

125.  Signs  of  Square  Roots.  Every  number  has  two  square 
roots  which  differ  only  in  their  signs. 

Thus,  \/i  =  +  2  or  -  2  ;  because  (+  2) (+  2)  =  4,  and 
_  (_2)(-2)  =  4. 

Va2  =  ^  a  or  —  a;  because  (+  a) (+  a)  =  a^^  and 
(-«)(- a)  =a2. 

It  should  be  noticed  that,  although  eithei:  square  root  taken  twice  as  a 
factor  produces  the  given  number,  the  product  of  the  two  square  roots  is 
not  equal  to  the  given  number. 

126.  The  sign  ±  is  used  to  denote  that  a  number  may  be 
taken  either  positively  or  negatively. 

Thus,  Vi  =  +  2  or  —  2    is  written     V4  =  ±  2. 
Also,  Va2  =-{•  a  OT  —  a    is  written     Va^  =  ±a, 

ORAL  EXERCISES 
State  the  two  square  roots  of  each  number: 

1.  25.  5.    225.  9.   144. 

2.  49.  6.   81.  10.  36. 

3.  121.  7.   625.  11.  aV 

4.  196.  8.   169.  12.   36  a'b^ 

127.  The  square  roots  of  a  monomial  may  often  be  found  by 

factoring. 

EXAMPLE 

Find  the  square  root  of  576  mV. 

By  trial,  576  =  2  •  2  .  2  .  2  .  2  .  2  .  3  .  3  =  2^  .  28  .  3  .  3, 
and  ni^n^  =  mri^  •  mn^. 


13. 

49  a'x\ 

14. 

25  p  Y- 

15. 

igH^. 

16. 

^\  m  V, 

V576  mH*  =  ±  23  .  3  .  m  .  n* 
=  i  24  mn^. 


82  ELEMENTARY  ALGEBRA 

WRITTEN   EXERCISES 
Find  by  factoring : 


1.    V625  mV.  4.    ■\fT2K¥y\  7.    V3136  mV. 


2.  Vll025a;«.  5.    V3025  a^/.  8.    Vl69(a  +  6)2. 

3.  •\/2m  a'h\  6.    V961  a%\  9.    V9216(a;-2/)^. 

128.  Factoring  by  Types  III  and  IV.  The  equal  factors  of 
any  trinomial  that  is  the  square  of  a  binomial  may  be  found 
by  reference  either  to  (X'\-yf  =  x^-\-2xy-{-ify  or  to  {x  —  yy 
=  x^'-2xy  +  y\ 

For  example : 

The  factors  of  m^  +  2  mr  +  r^  are  m  +  r,  m  +  r,  because 
(m  +  r)2  =  (m  +  ^)  (w  +  r)  =m'^  +  2  ?7ir  +  r^. 

The  factors  of  4  a^  —  4  a  +  1  are  2  a  —  1,  2  a  —  1,  because 
(2a-l)2  =  (2a-l)(2a-l)=:4a2_4«  +  l. 

129.  A  trinomial  is  the  square  of  a  binomial,  if  one  term 
is  twice  the  product  of  the  square  roots  of  the  other  two,  and 
not  otherwise.  The  signs  of  the  two  square  roots  must  be 
taken  so  that  their  product  shall  have  the  sign  of  the  given 
third  term. 

ORAL  EXERCISES 
Kead  and  supply  the  blanks : 

1.  x'  +  2xy-^y'=(x-\-y)(        ). 

2.  Ax'-\-Axy-{-y'  =  (2x-hy)(        ). 

3.  l+4m  +  4m2  =  (        )(l  +  2m). 

4.  mV— 2mn  +  l  =  (mn  — 1)(        ). 

5.  9x^-24:xy  +  16y^={Sx-4:y)(        ). 

6.  25a^+^0ab  +  25b'=(5a  +  5h){        ). 

WRITTEN   EXERCISES 
Write  the  equal  factors  of  each  of  the  following: 

1.  c^-2cd  +  dK  3.   4a^  +  4i»+l. 

2.  f--2tu-{-u\  4.   aV-2ax-\-l. 
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5.  25  +  20x  +  4:x\  9.  a^b^c^^2abc  +  l. 

6.  mV  —  2mn^-{-n\  10.  4:X^ -12  xY +  9y*. 

7.  4a262  +  4a62c  +  6V.  11.  a*-2a'b^  +  b\ 

8.  16x^-Sx  +  l,  12.  9a2+12a  +  4. 

Express  each  of  the  following  as  the  square  of  a  binomial,  or 
prove  that  it  cannot  be  so  expressed ; 

13.  f^2t  +  2.  16.   l-Ax-\-Ax^. 

14.  a^-Sa^  +  i.  17.   Qr^-lSr  +  lO. 

15.  z^-^xz  +  ^x?.  18.   a%2-8a6  +  20. 

130.  Preparatory. 

1.  Find  (x-\-y)(x  —  y)  by  multipli- 
cation. 

2.  According  to  the  figure  the  whole 
area  a^  when  diminished  by  i/^  leaves 
what  two  rectangles  ? 

3.  If  these  rectangles  are  placed  end 
to  end,  a  rectangle  is  formed  whose 
width  is  a;  —  2/,  and  whose  length  is  oj  +  ?/. 
From  Exercise  2,  what  does  the  rectangle  (x  —  y)(x  +  y)  equal? 

131.  TypeV:  (x  ^ y){x  - y)  =  x^  - y\ 
In  words : 

The  product  of  the  sum  and  the  difference  of  two  numbers  is 
the  differeiice  of  their  squares. 

For  example : 

(2  a  +  &)(2  a  -  6)  =  (2  a)2  -  62  ^  4  a2  _  52. 
(m2  +  7i2)(m2  ~  n^)  =  (m'^y  -  (^2)2  =  m*  -  n\ 

ORAL  EXERCISES 


-^x-y* 


Multiply : 

1.  (m— 7i)(m+n).  4.  (t-\-u)(t—u), 

2.  (a-'X)(a-i-x),  5.  (x—l)(x-\-l). 
.3.    {p-q)(p+q).  6.  (a;-2)(aj+2). 


7.  (x+b)(x-b). 

8.  (2aj-l)(2a;-fl). 

9.  (2a;-?/)(2a?+?/). 
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WRITTEN  EXERCISES 

Multiply : 

1.  (l+aP)(l^a^.  5.  (a2+&)(a2-5). 

2.  (ax  +  by) (ax  —  by).  6.  (a^  —  3  ax)(a?  +  3  ax). 

3.  (2x'-Sy){2x  +  3y).  7.  (ax-x^){ax  +  a^. 

4.  (2  a2  +  3)(2  a^  -  3).  8.  (i-a:-i2/)a«?  +  i^). 
9.  (a  —  x)(a  +  x)(a^  +  x^), 

10.  (a-a;)(a  +  a;)(a2  +  a.^(a*  +  a;^). 

11.  (l-r)(l  +  r)(H-r2)(l+r^)(l  +  r«). 

12.  (1  -  r)(l  +  r)(l  +  r')(l  +  r^)(l  +  r8)(l  +  r^% 

132.  Two  numbers,  one  greater  than  a  multiple  of  10,  and 
the  other  less  than  this  multiple  by  the  same  amount,  may 
be  multiplied  as  the  sum  and  difference  of  two  numbers, 
according  to  Type  V. 

Thus,  93  .  87  =  (90  +  3)  (90  -  3)  =  902  _  32  =  8100  -9  =  8091. 

WRITTEN   EXERCISES 

1.  31.29  =  (30  +  1)(30-1)=?  3.  35-45  =  ? 

2.  42.38=(40  +  2)(40-2)  =  ?  4.   57-63  =  ? 

5.  21.19  =  ?     9.  44.36  =  ?  13.  99-101  =  ? 

6.  32-28  =  ?    10.  91.89  =  ?  14.  98-102  =  ? 

7.  29.31  =  ?    11.  53.47  =  ?  15.  90.110  =  ? 

8.  66-54  =  ?     12.  16.24  =  ?  16.  127.113=? 

17.  What  is  the  cost  of  21  doz.  eggs  at  19  /  a  dozen  ? 

18.  What  is  the  cost  of  2S  lb.  of  butter  at  32/  a  pound  ? 

-     19.    How  many  oranges  in  146  crates  of  154  oranges  each  ? 

20.  What  is  the  area  of  a  rectangle  whose  dimensions  are 
62  ft.  and  58  ft.  ? 

21.  How  far  does  a  train  travel  in  37  hours  at  the  rate  of  43 
miles  per  hour  ? 

22.  What  is  the  cost  of  102  shirt  waists  at  98/  each  ? 

23.  What  is  the  cost  of  88  yd.  of  carpet  at  92  /  a  yard  ?    . 
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133.  Factoring  by  Type  V.  The  factors  of  the  difference  of 
two  squares  are  the  sum  and  the  difference  of  the  numbers 
whose  squares  are  given. 

For  example : 

The  factors  of  x^  —  y'^  are  x-\-y^  x  —  y,  because 


The  factors  of  a^b'^  —  1  are  ab  +  1,  ab  —  1,  because 

(ab  +  l)(ab  -  1)  =  a^b^  -  1. 
The  factors  of  a^  _  4  ^2^2  ^re  a^  +  2  cd,  a?  —  2cd^  because 
(a2  +  2  cd)(a2  _  2  cd)  =  a*  -  4  d^d^ 

ORAL  EXERCISES 
Kead  and  supply  the  blanks : 

1.  f-v^=={t-v){        ). 

2.  a'--4.yy  =  {a'-2h%        ). 

3.  4.x'-f=^(2x-\-y){         ). 

4.  9a^-42/'  =  (3aj-22/)(         ). 

5.  aV"*  —  2/^»  =  [aa;''^  —  (     )][aa;'"  +  (    )]. 

6.  25s2-49i=^  =  [5s  +  (    )][5s-(    )]. 

WRITTEN   EXERCISES 

Write  the  factors  of : 


1.  1-2/'. 

2.  81t*2_g4^2^ 

3.  121  ^2  _  4 

4.  1-144^^. 

5.  :^f-2^. 


7.  4  a;*  —  y^, 

8.  a^-9&^ 

9.  x^^-y^, 
10.  2/'-i. 


13.  262-242. 

14.  412-311 

15.  322-281 

16.  a2-36&^ 

17.  7632-6632. 

18.  36aj22/2-169^2^2^ 


11.   92^-1. 
6.   144a2&2_49c2.    12.   36  a;^- 49  2/'. 
19.   Calculate  the  area  of  the  shaded  portion  of  this  square,  if 

< S > 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

s^ 

49 
45 

290 
280 

697 
497 

73 

27 

6a 

4a 

24  g 
14  g 

86 
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20.   A  walk  8  ft.  wide  is  laid  around  the  inside  of  tlie  fence 
of  a  square  lot  92  ft.  square.     Find  the  area  of  the  walk. 

21.  It  is  seen  from  Figure  1 
that  the  area  inclosed  by  a  circle 
is  less  than  4  times  the  square 
of  the  radius;  it  is  very  nearly 
•2^2,  or  3.1416  times  the  square  of 
the  radius.  The  exact  multiple 
is  commonly  denoted  by  tt  and 

the  area  of  a  circle  by  iry^.    Using  ^-f-  for  tt,  find  the  area  of  the 

shaded  part  of  Figure  2,  if 


r 
r 


Fig.  1. 


Fig.  2. 


(1) 

(2) 

(3) 

(4) 

(6) 

r  = 

28 
21 

301 
289 

2743 
2643 

4a; 

2a! 

63  d 

134.  Type  VI:  (jr  +  a)  (jr  +  6)  =  jr^  +  (a -f  6)  jr -i-a6. 
For  example : 

(a;  +  5)  (x  +  3)  =  x2  ^  8  aj  +  15. 

(x  -  3 )  (x  +  7 )  =  a:2  +  4  x  -  2 1 . 

(a  +  4)  (a  -  6)  =  a2  _{.  (4  _  6)a  +  4(-  6)  =  a2  _  2  a  -  24. 

(a  +  x)  (a  +  2/)  =  «^  +  (»^  +  2/)«  +  ^V^ 

(3  x  +  c)  (3  X  -  (?)  =  (3  x) 2  +  (c  -  d) 3  a;  -  c(?  =  9  aj2  +  3 (c  -  (Z)x  -  c(?. 

91 .  87  =  (100  -  9)(100  -  13)  =  1002-22  .100  +  9-13 
=  10000  -  2200  +  117  =  7917. 


ORAL  EXERCISES 


State  the  products : 

1.  (a;  +  2)(aj  +  5).    • 

2.  (a  +  3)(a  +  6). 

3.  (6-5)(6  +  2). 

4.  (4aj4-7)(4i»-5). 

5.  (5  +  7n)(5  4-r). 

6.  (4^-5)(45r~9). 


7.  (^-2)(^-3). 

8.  (2/  +  l)(2/-5). 

10.  (7-aj)(7-2/)- 

11.  (a&  +  c)(a&  +  (f). 

12.  (2a~7&)(2a  +  86). 


TYPE   PRODUCTS  87 


WRITTEN  EXERCISES 
Find  the  products : 


1. 

93 .  95. 

5. 

993 .  985. 

2. 

197  .  191. 

6. 

(_3a;  +  ll)(-3a;-6). 

3. 

(a;  +  14)(a;-19). 

•  7. 

(15a;  +  23)(15a;-2o). 

4. 

(2z-3d)(2z  +  5a), 

8. 

(4:W-{-a)(4.w  —  2a). 

135.   Type  VII.     (jr  +  /)3  =  jr^  +  3  jry  f  3  x/  +  /• 

Since  by  actual  multiplication 

(x  +  yy  =  x^-{-S  x'^y  +  3  xy'^  +  y^, 
therefore,     (x  +  ay  =  (  )^  +  3  (  )2  a  +  3  (  )  a^  +  (  )3. 

Also,    .  (a  +  &2)3^(    )3+3(    )?,2  +  3(    )  (62)2  +(2,2)3 

=  (  )+3()+3()  +  (). 
Since  by  actual  multiplication 

(x  -  yy  =  x^-Sx'^y  +  S xy^  -  yS 
therefore,    (m-w)3=(  )3-3(  )+3(  )-(  y. 
Similarly,    {ah  -  cy  =  (aby  -  3  {abyc  +  3  abc^  -  c^ 

=  (  )  -  3  (  )  +  3  a&c2  -  c^. 


Similarly,    (a  -  6  +  c)^  .=  («  _  &)3  +  3  («  -  &)2c  +  3  (a  -  &)  c2  +  c^ 
=  ()  +  3(  )  +  3(  )  +  c3. 


WRITTEN   EXERCISES 
Expand  by  Type  VII : 

1.    (m-{-n)\  9.    (2  a  — 3  by.  17.  (x^'  —  y^'f. 

'2.    (i>-^)^.  10.    a  (a -{-by.  18.  (ia;-!^/)^. 

3.  (a--xy.  11.    ax(x  —  yy.  19.  (x^  —  y'^y. 

4.  (2a4-aj)^  12.    (a&  +  cd)3.  20.  (a^ft  +  a&y. 

5.  (a2  +  &')^.  13.    (a;  +  l)'.  21.  (m^i-py 

6.  (m2-n2)3.  14.    (3x-iy.  22.  (?/i+¥=^)' 

7.  (a  +  2&)3.  15.    (2/'-l)'.  23.  (a  +  &  +  c)l 


8.    {a  —  3cy.  16.    (a"*  +  &"^)^  24.    (2a+6+c)^. 
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136.   Cube  Root.     A  cube  root  of  a  given  number  is  a  number 
whose  third  power  (or  cube)  equals  the  given  number. 

Tor  example : 

4  is  a  cube  root  of  64  because  4  .  4  .  4  =  64. 

o  is  a  cube  root  of  a^  because  a  *  a  *  a  =  a^, 

be  is  a  cube  root  of  h^c^  because  be  *  be '  be  =s  bH\ 

3  a&  is  a  cube  root  of  27  a%^, 

2  (a  -I-  6)  is  a  cube  root  of  8  (a  +  b)\ 

a  (&  +  c)  is  a  cube  root  of  a^  (b  +  c)\ 


ORAL  EXERCISES 

Kama  a  cube  root  of : 

1.   a\                     5.   21aPfm\ 

9. 

125(p-5)«. 

2.   21  a\                6.   8  (a? +  2/)'. 

10. 

xy(b--cy. 

3.   Sa%\               7.   a\h  +  cf. 

11. 

(a  +  by(x-\-yy. 

4    Sojy^^             8.    ^mXm-^'Tif. 

12. 

{x^y)\x^y)\ 

137.   Square  root  and  cube  root  are  used  to  solve  equations. 

EXAMPLES 

1.  Solve:  a;2  =  16.  {!) 

Extracting  the  square  root  of  each  side,  iC  =  i  4«  (S^ 

2.  Solve:  x^—Q4.  =  0.  (1) 

Adding  64  to  each  member  of  (i),  X^  =  64.  (;^) 

Extracting  the  square  root  of  each  side  of  (^),  iC  =  i  8.  (5) 

3.  Solve:  x^-5  =  0.  (1) 

Adding  5  to  both  members  of  (i),  X^  =  6,  (j^) 

Extracting  the  square  root  of  each  side  of  (^),  X  =  db  V6.  *  (5) 

4.  A  cubical  block  of  stone  contains  1728  cu.  in.    What  is 
the  length  of  an  edge  ? 

Solution. 

1.  Let  e  be  the  number  of  inches  in  the  length  of  an  ( 
then,  e3  =  1728. 

2.  Extracting  the  cube  root,  e  =  12, 

3.  .'.  the  block  is  12  in.  long. 
Test.  123  -  1728. 
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5.   A  building  has  3  square  floors,  with  a  total  area  of  4800 
3.  ft.     What  is  the  width  of  each  floor  ? 


Solution. 

Let 

aj  =  the  number  of  ft.  in  the  width. 

(i) 

Then, 

a;2  is  the  number  of  sq.  ft.  in  the  area 
of  one  floor,  and 
3  x2  is  the  number  of  sq.  ft.  in  the  area 
of  the  three  floors. 

W 

Then, 

Sx^  =  4800,  by  the  given  conditions. 

(3) 

Dividing  by  3, 

x2  =  1600. 

.'. 

x  =  iO. 

U) 

Therefore,  the  width  of  each  floor  was  40  ft. 
Test,  x^  =  1600  and  Sx'^=:  4800. 

40 .  40  . 1  sq.  ft.  =  1600  sq.  ft.     3  •  1600  sq.  ft.  =  4800  sq.  ft. 

WRITTEN    EXERCISES 
Solve  each  of  the  following  equations : 
7.   ^2_81  =  0. 
^2- 144  =  0. 
z"^  625  =  0. 
u'- 100=0. 
3^2-75  =  0. 
5w^-500  =  0. 

19.  The  following  is  an  important  formula  of  physics,  in 
connection  with  the  steam  engine : 

4  4 

Substituting  the  numbers  of  the  following  table  in  the  above 
equation,  and  using  -^  as  the  value  of  tt,  find  the  numbers  to 
fill  the  blanks : 


1. 

i»2  =  144. 

7. 

2. 

a;2  =  81. 

8. 

3. 

aj2  =  49. 

9. 

4. 

d«-25  =  0. 

10. 

5. 

0^2-121  =  0. 

11. 

6. 

.^2-169  =  0. 

12. 

13. 

s^-i  =  0. 

14. 

«^-A=o. 

15. 

r^-.25  =  0. 

16. 

«^-i|  =  0. 

17. 

2s2-|  =  0. 

18. 

3x'-il  =  0. 

(1) 

(2) 

(3) 

(4) 

A  = 
X>  = 

d  = 

-¥^ 

440 

12 

-F  . 

24 

15 

7 

20 
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20.  In  the  equation  16  f  =  256,  t  is  the  number  of  seconds 
required  for  a  body  to  fall  2b^  ft.     How  many  seconds  is  this  ? 

21.  A  cubical  pier  was  made  smaller  by  cutting  off  2000 
cu.  ft. ;  its  volume  was  then  6000  cu.  ft.  Find  the  length 
of  an  edge  of  the  original  cube. 

22.  The  area  inclosed  by  a  circle  is  ttt^  (p.  ^Q).  Using 
3.1416  as  the  approximate  value  of  tt,  find  the  radius  of  a 
circle  whose  area  is  12.5664  sq.  in. 

23.  Find  the  radius  of  a  circle  whose  area  is  3.1416  sq.  ft. 

24.  Find  the  diameter  of  a  circle  whose  area  is  28.2744 
sq.  yd. 

FACTORS   AND   MULTIPLES 

138.  Integral  Expressions.  An  algebraic  expression  is  called 
integral  if  it  has  not  the  form  of  a  fraction. 

Thus,  3  a  is  an  integral  expression,  but  -  is  not  an  integral  expression. 

Expressions  are  sometimes  spoken  of  as  integral  with  respect  to  a  letter, 

For  example,  -  is  integral  with  respect  to  a,  although  it, is  a  fraction. 

In  what  follows,  the  terms  "factor''  and  "divisor"  are  to  be  under- 
stood to  mean  "integral  factor  "-and  "integral  divisor." 

139.  Common  Factor.  An  expression  that  is  a  factor  of  each 
of  two  or  more  expressions  is  called  a  common  factor  of  the 
expressions. 

140.  Highest  Common  Factor.  The  highest  common  factor 
(h.  c.  f.)  of  two  or  more  expressions  is  the  product  of  their 
literal  common  factor  of  highest  degree,  and  the  greatest 
common  divisor  of  their  numerical  coefficients,  taken  positively. 

For  example,  to  find  the  h.  c.  f.  of  3  a^h,  —  6  ah'^^  and  9  a6c : 

The  literal  common  factor  of  highest  degree  is  ah.  The  greatest  common 
divisor  (g.  c.  d.)  of  3,  -  6,  and  9  is  3.  Hence  the  h.  c.  f .  of  3  a^h,  -  6  ab^, 
and  9  ahc  is  3  ah. 

Although  —  3  is  also  a  common  divisor  of  3,  —  6,  and  9,  it  is  customary 
to  take  the  g.  c.  d.  with  the  positive  sign. 

If  the  given  expressions  are  factored  so  avS  to  have  the  h.  c.  f .  as  one 
factor,  the  set  of  second  factors  will  have  no  further  common  factor,  other 
than  unity. 
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141.  Ill  the  case  of  monomials,  the  h.  c.  f.  is  seen  by  inspec- 
tion. Its  coefficient  is  the  g.  c.  d.  of  the  given  numerical  co- 
efficients, and  its  literal  part  consists  of  each  letter  with  the 
lowest  exponent  which  it  has  in  any  of  the  monomials. 

If  expressions  not  monomials  are  given,  they  must  first  be  fac- 
tored if  possible,  after  which  the  h.  c.  f.  can  usually  be  seen. 

Thus,  find  the  highest  common  factor  of  «&2  _j.  q,^^^  and  52^  ^  5^2 : 
Factoring, 

ah  +  ahc  =  ab(h+c). 

b^c  +  5c2  =  6c(&  +  c). 

The  h.  c.  f .  is  the  product  of  the  common  factors  b  and  b  +  c,  or 
bCb  +  c). 

WRITTEN  EXERCISES 
Find  the  h.  c.f.  of: 

1.  Sxf,x'y.  5.  3x\2a^,4:iKl^,a?. 

2.  xy,a^y,xf.  6.  3  a^bc^,  15  ab^c',  10  a^b^. 
3  10  a^,  15  a%  5  a.  7.  4  a'b%  8  ab'c',  12  xybc", 
4.  x^  +  xy,(x  +  y)\  8.  10  a'h^  15  ahh\  20  aV 

9.  3  ax^,  —  2  a^x,  aV,  —  3  abx, 
10.  3a^-\-2a%-5ab\2a%^2db\ 

142.  Multiples.  A  product  is  called  a  multiple  of  any  of  its 
factors. 

Thus,  abc  is  a  multiple  of  «,  of  5,  of  c,  of  a5,  of  &c,  and  of  ae. 
Also,  aj*  is  a  multiple  of  ic,  ic^,  a;^^  ^^d  a:^. 

143.  Common  Multiple.  An  expression  that  is  a  multiple  of 
two  or  more  expressions  is  called  a  common  multiple  of  these 
expressions. 

Thus,  12  x^y'^  is  a  common  multiple  of  3  xy  and  6  x^. 

144.  Lowest  Common  Multiple.  The  lowest  common  multiple 
(1.  c.  m.)  of  two  or  more  expressions  is  the  product  of  their 
literal  common  multiple  of  lowest  degree,  and  the  least  common 
multiple  of  their  numerical  coefficients,  taken  positively. 
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For  example,  find  the  1.  c.  m.  of  8  d^^h^  6  ahc,  and  —4  ac^ : 
The  literal  common  multiple  of  lowest  degree  is  a^c^.    The  least 
common  multiple  of  8,  6,  and  —  4  is  24. 

Thus,  the  lowest  common  multiple  of  8  a%^  6  a&c,  and  —  4  ac^  is  24  aP-hc^, 
Although  —  24  is  a  common  multiple  of  8,  6,  and  —  4,  it  is  customary 
to  take  the  lowest  common  multiple  with  the  positive  sign. 

If  the  least  common  multiple  is  divided  by  each  of  the  given  expres- 
sions in  turn,  the  quotients  will  have  no  common  divisor,  other  than  unity. 

145.  In  the  case  of  monomials,  the  lowest  common  multiple 
is  seen  by  inspection.  Its  numerical  coefficient  is  the  least 
common  multiple  of  the  given  coefficients,  and  its  literal  part 
consists  of  the  various  letters  occurring  in  any  of  the  mono- 
mials, each  letter  with  the  highest  exponent  which  it  has  in  any 
of  the  given  expressions. 

If  expressions  not  monomials  are  given,  they  must  first  be 
factored  if  possible,  after  which  the  factors  of  the  lowest  com- 
mon multiple  may  be  seen. 

1.   Find  the  1.  c.  m.  of  ax,  ac  +  ah,  and  acx^  +  ahoi?, 

1.  ax  =  ax. 

2.  ac  -^  ah  =  a(b  +  c). 

3.  acx2  +  abx^  =  ax\h  +  c)  .  • 

4.  .-.  the  1.  c.  m.  is  the  product  of  a,  a;^,  and  6  +  c,  or  ax'^Q)  +  c). 

WRITTEN   EXERCISES 
Mnd  the  1.  c.  m.  of : 

1.  4  ah,  6  ac.  10.  13  a^  - 13  b%  39  ab. 

2.  5  a^,  10  ax.  11.  ax -{- xy,  abc -}- bey. 

3.  6pr,9pq.  12.  pq,  apq  —  bpq. 

4.  7  a?^,  3  xy.  13.  a(b '—  c),  xb  —  xc. 

5.  xyz,  yziv.  14.  17  xP,  51  y^,  17  a, 

6.  abc^,  a^b^c.  15.  (a  +  b)n,  (a  +  b)r. 

1.   x-\'y,ax-\-ay.  16.   3  a^6c,  5  a^&^,  15  a^5^c. 

8.  a^  +  ac,  ab  -\-  be,  17.    (t  —  u)  x,  (t  —  u)  xyz. 

9.  hex  +  bey,  abc.  18.   8  xyz^,  24  x^y%  6  xy^z\ 
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SUMMARY 

I.  Definitions. 

1.  An  integral  expression  is  one  not  in  the  form  of  a  fraction. 

Sec.  138. 

2.  A  common  factor  of  two  or  more  expressions  is  a  factor  of 
each  of  them.  Sec.  139. 

3.  The  highest  common  factor  of  two  or  more  expressions  is 
the  product  of  their  literal  common  factor  of  highest  degree, 
and  the  g.  c.  d.  of  their  numerical  coefficients,  taken  positively. 

Sec.  140. 

4.  A  product  is  called  a  multiple  of  any  of  its  factors.  Sec.  142. 

5.  A  common  multiple  of  two  or  more  expressions  is  a 
multiple  of  each  of  them.  Sec.  143. 

6.  The  lowest  common  multiple  of  two  or  more  expressions  is 
the  product  of  their  literal  ^common  multiple  of  lowest  degree, 
and  the  1.  cm.  of  their  numerical  coefficients,  taken  positively. 

Sec.  144. 

7.  A  square  root  of  a  given  number  is  a  number  whose 
second  power  (or  square)  equals  the  given  number.       Sec.  122. 

8.  Every  number  has  two  square  roots  which  differ  only 
in  their  signs. 

9.  A  cube  root  of  a  given  number  is  a  number  whose  third 
power  (or  cube)  equals  the  given  number.  Sec.  136. 

10.   Evolution  is  the  process  of  finding  a  root  of  a  number. 

Sec.  123. 

II.  Processes. 

1.  In  the  case  of  monomials  the  h.  c.  f.  is  seen  by  inspection. 
Its  coefficient  is  the  greatest  common  divisor  of  the  given 
numerical  coefficients,  and  its  literal  part  consists  of  each 
letter  with  the  lowest  exponent  which  it  has  in  any  of  the 
monomials.  Sec.  141. 

If  expressions  not  monomials  are  given,  they  must  first  be 
factored  if  possible,  after  which  the  h.  c.  f.  can  usually  be  seen. 

Sec.  141. 

2.  In  the  case  of  monomials,  the  1.  c.  m.  is  seen  by  inspec- 
tion.    Its  numerical  coefficient  is  the  least  common  multiply 
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of  the  given  coefficients,  and  its  literal  part  consists  of  the 
various  letters  occurring  in  any  of  the  monomials,  each  letter 
with  the  highest  exponent  which  it  has  in  any  of  the  given 
expressions. 

If  expressions  not  monomials  are  given,  they  must  first  be 
factored  if  possible,  after  which  the  factors  of  the  lowest  com- 
mon multiple  may  be  seen.  Sec.  145. 

III.   Important  Type  Products, 

1.  x(y'h^)  =  ^y  +  ooz,  3.    (x -}- yy  =  aP  +  2  xy -{-y^, 

2.  x(y-'Z)=:xy  —  xz.  4,    {x  —  yy=:x^  —  2xy-\-y\ 

5     (^  +  2/)(a?  — 2/)  =  ^-/- 

6.  (x-\-a){x  +  b)  =  xF-\'(a-\'b)X'\'ab. 

7.  (x-\'yy=o(^'{-3a^y  +  3xy^'{-y^. 

REVIEW 

ORAL  EXERCISES 

1.  Express  in  words  each  equation  of  the  list  in  III  above. 

Taking  3  ax  as  one  factor  of  each  of  the  following  expressions, 
state  the  other  factor: 

2.  12a'^x.     3.  —  15ax^.     4.  2  ax.     5.  —  SOaV^^.     6.  ab^x. 
State  as  a  product  of  two  factors : 

7.  x^  +  3x.  9.  4r2~8n  11.  ab^bc, 

8.  ax  -j-  bx,  10.  9  ab  —  12  ac.  12.   mp—pK 

State  the  square  as  indicated : 

13.  (a  +  x)\  15.  (1  -  xy.  17.  (10  +  3)2 

14.  (x  +  3)2.  16.  (2  a  - 1)^.  18.    (7  -  yy. 
State  the  square  roots  of: 

19.  a^-\-2at-\-  f.  22.  x\  25.  16  ^. 

20.  0^  — 2a;  +  l.  23.  aV,  26.  (a  +  6) V. 

21.  9x^  +  6x  +  l.  24.  ?/2-102/  +  25.  27.  49  a^i/ V. 
State  the  products : 

28.  {a '- y){a -\' y).  30.  (20  +  1)(20  -  1). 

29.  (3  +  ^)(3  — ^).  31.  (3a4-a;)(3a  — a;). 
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State  as  a  product  of  two  factors ; 
32.  x"  -  49.         33.  4  a^  _  y\         34.  400  ~  25.         36.  j?'  -  1 

Name  a  cube  root  of : 
36.  ^a?.  37.    21  y\  38.  (ic-S/.  39.  64^(a-a;)^ 

WRITTEN    EXERCISES 
Write  as  a  product  of  two  factors : 

1.  16aj2_48a?4-36.  4.  5;s2_4^^ 

2.  4  a^a;-  8  aaj?/  + 12  a?xy,        5.  25  a^  +  70  ao;  -f  49  al 

3.  a252_e4^2^2^  g    5a¥-30a%  +  45aV. 

Find,  by  factoring,  the  two  square  roots  of : 
7.  7056.  8.  3136  a;y.  9.  2025  (9  -  6  c  +  c^. 

Solve : 

10.  aj2_ 256=0.        12.  s;^- if  =  0.         14.  f^-^^0. 

11.  y^  =  225.  13.  7a;2_g3^0^      15    5^^2_l25=0. 

Remove  parentheses  and  unite  terms  where  possible ; 

16.  (3a?-l)2  +  2(4r»  +  3)l     18.  (79)2 +  (92)2. 

17.  5(72/-4)-(42/  +  3)l      19.  (ah ^ cf  +  {ab  +  cf. 

20.  {x^^y){x  +  3y)-\-{x^hyy. 

21.  3a;(7y-4)-(2a7  +  32/)2. 

22.  133  .  127  or  (130  +  3)(130  -  3). 

23.  4a(5-l)+2(3a~6)2. 

Find  the  product : 

24.  (1  -  x)(l  +  x)(i  +  a^(l  +  x')(l  +  a^(l  +  c^^{l  +  aF). 

25.  Show  by  multiplying  that 

s(s  —  a){b  +  c)  4- a(s  —  b)(s  -'C)—2 bcs 
is  identical  with 

s  (s  —  &)(a  +  c)  —  &  (a  —  s)(s  '-'C)'^2  acs, 

26.  A  circular  pipe  has  an  outer  diameter  of  12  in.,  and 
an  inner  diameter  of  8  in.  Find  the  weight  of  an  8-foot  sec- 
tion of  the  pipe,  if  one  cubic  inch  of  the  material  of  which 
it  is  made  weighs  If  oz. 
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SUPPLEMENTARY  WORK 

Special  Tests 

Certain  polynomials  have  properties  wliich  aid  in  testing 
the  work  of  multiplication. 

Thus,  in  (x  +  y)  (x^  —  xy  +  y^)  =  x^  -h  2/^»  each  term  of  the  first  factor 
is  of  the  first  degree,  and  each  term  of  the  second  is  of  the  second  degree  ; 
hence,  if  each  term  of  the  product  were  not  of  the  third  degree,  the 
product  would  be  incorrect. 

Expressions  all  of  whose  terms  are  of  the  same  degree 
are  called  homogeneous;  when  factors  are  homogeneous,  their 
product  is  homogeneous,  and  its  degree  is  the  sum  of  the 
degrees  of  its  factors. 

ORAL  EXERCISES 

1.  Without  multiplying  state  the  degree  of  each  term  in 
the  product  of  a  +  b  and  a^  -i-  bK 

2.  Similarly  for  aP  +  xy  and  x  +  y.  Also  for  mn-^n^  and 
m^  +  nK 

3.  Without  multiplying  determine  whether  or  not  a^  +  xy 
+  ^  is  the  product  of  x^  +  xy-i-  y^  and  a?  +  2/» 

WRITTEN   EXERCISES 

Multiply  and  test  first  by  seeing  whether  the  product  is 
homogeneous.  If  it  is  homogeneous,  test  further  by  substitut- 
ing arbitrary  values : 

1.  (a^  +  2b^)(a^-Sb^.  4.   (a  +  aj)V_^. 

2.  (x  +  yXx^'-Sxy+By^.  5.   (a^  —  5ax-\'ix^){a^-i-2aF), 

3.  (a?^f)(a^+exy'^y^.  6.   (x" - 2 xy -h y'K^  +  y^. 


CHAPTER   IX 
DIVISION 

DIVISION  OF  MONOMIALS 

146.  Preparatory. 

1.  4  1b.^2  =  (    )lb.    4yd.-2  =  (    )yd.    42/-^2  =  (    )  y. 

2.  6oz.--3  =  (    )oz.    6ft. --3=(    )  ft.      6f-h2  =  (    )/. 

3.  3a.(?)=6a26,    then  6  a^ft -^  3  a  =  ? 

4.  Sb^'(?)=16ab^,   then  16  aft^-r- 8  62  =  ? 

5.  a''b'(?)=:a'bcd,   then  a'bcd --- w'b  =  ? 

147.  Division.  Division  is  the  process  of  finding  one  of 
two  factors  when  the  product  and  the  other  factor  are  given. 
Division  is  thus  the  inverse  of  multiplication. 

The  problem  18  a^b'^c  -^  3  a^b^c  means  to  find  the  number  by  which 
3  a^^c  must  be  multiplied  to  produce  18  a^b'^c.  To  do  this :  3  must  be 
multiplied  by  6  to  produce  18. 

a^  must  be  multiplied  by  a  to  produce  aK 

&*  must  be  multiplied  by  b^  to  produce  6'^. 

c  multiplied  by  1  produces  c. 

Hence,  the  quotient  of  18  a^b'^c  -^  3  a'^b^c  is  6  .  a  .  fes  .  i^  or  6  ab^ 

148.  Law  of  Exponents.  Since  a^  =  a^  *  a^,  it  follows  by 
dividing  both  members  by  a^  that  —  =  a\ 

Likewise,   from  a"*+'*  =  a"*  •  a**,    it  follows  by  dividing  both 

members  by  a*"  that =  a"^. 

In  words : 

To  divide  powers  of  the  same  base  subtract  the  exponent  of  the 
divisor  from  that  of  the  dividend. 

For  example:  «^  =  a5,  also  «^  =  a^ 

^^  =  .,a,soMlf  =  („^)3. 
97 
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149.  To  find  the  quotient  of  two  positive  monomials  divide 
the  coefficient  of  the  dividend  by  the  coefficient  of  the  divisor,  and 
to  this  quotient  annex  each  letter  with  an  exponent  equal  to  the 
exponent  of  that  letter  in  the  dividend,  diminished  by  its  exponent 
in  the  divisor,  omitting  any  letter  having  the  same  exponent 
in  the  dividend  and  divisor. 

150.  Test  of  Division.  The  product  of  the  divisor  and  the 
quotient  must  equal  the  dividend. 

WRITTEN   EXERCISES 
Divide  and  test : 

1.  65  a^ft-^  13  a&.  6.   120  a&c^  20  a. 

2.  48  x^y  -f- 12  xy,  7.   \  mv^  ^  mv, 

3.  63mV-f-21mn.  8.   ^gf---\t, 

4.  96aW-r-12a6.  9.   |  Tr?-^ -^  ttt^. 
6.   45i)-V-^15p¥.  10.   ^Trd^-^^ird. 

11.   Find  the  numbers  to  fill  the  blanks : 

(1)  (2)  (3)  (4)  (5) 

Dividend:  12  oj^        21  ab        33  ay        4.2 p        36  mn 

Divisor:        3  a;  — —  7p  9  m 

Quotient :    3  b  11  a        

151.  An  Important  Property  of  Division.  From  the  prop- 
erties of  the  equation  (Sec.  20,  p.  11)  it  follows  that  the 
equation : 

Dividend  =  Divisor  x  Quotient 

remains  true  if  both  dividend  and  divisor  are  multiplied 
(or  divided)  by  the  same  number ;  for  this  means  multi- 
plying (or  dividing)  both  members  of  the  equation  by  that 
number. 

In  other  words : 

The  quotient  is  not  altered,  if  both  dividend  and  divisor  are 
multiplied  or  divided  by  the  same  number. 
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For  example: 


24 


:  3,  because  3  •  8  =  24, 


9  .  94. 

and  =— ^  =  3,  because  2  .  8  •  3  =  2  .  24. 


Similarly, 


2  .    8 

24^2. 

8-2' 


:  3,  because  (8  -^  2)  3  =  24  -j-  2, 


or,  performing  the  divisions, 

^  =  3,  because  4  . 3  =  12. 
4  ~ 

The  division  of  both  dividend  and  divisor  by  the  same  number  can  be 
performed  without  rewriting,  by  drawing  a  line  through  the  number 
divided  and  writing  the  results  above  or  below.  Unity  is  not  usually 
written. 

Thus:  12       3 

4 

This  process  is  called  canceling.  Canceling  indicates  that  dividend 
and  divisor  have  been  divided  by  the  same  number. 

All  that  has  been  said  applies  as  well  to  numbers  represented  by  letters 
as  to  those  represented  by  numerals. 

Thus :  2    62 

152.  Signs  of  Quotients.  The  law  of  signs  of  quotients 
follows  directly  from  the  law  of  signs  of  products.  (Sec.  102, 
p.  65.)  If  the  dividend  is  positive,  its .  twQ  -  factors  (the 
divisor  and  the  quotient)  must  have  like  signs.  -If  the 
dividend  is  negative,  the  divisor  and  quotient  must  have 
unlike  signs. 


From  < 


a  =bq 

»  _ 
b" 

a=(-b)(-q) 
-a  =  b(-q) 

it  follows  that  < 

a 

-b 
—  a 

b 

^-a  =  (i-b)q 

-  a 

[  -^ 

=  -q 


-  =  -q 
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By  indicating  only  the  signs  of  the  numbers  involved,  these 
relations  may  be  expressed  as  follows : 

±=+;    ±  =  -;    ^=-;    and  — =+. 

In  words: 

When  the  signs  of  the  dividend  and  the  divisor  are  alilce, 
the  quotient  has  the  sign  plus;  when  they  are  unlike,  the 
quotient  has  the  sign  minus. 

ORAL  EXERCISES 
State  the  quotients : 

1.  -6-r-3.  6.   18-- -12.  11.   ab----a. 

2.  -10^4.  7.    --6-5--4.  12.    -ab-^-b. 
8.    --18-^.12.              8.    ~10>T--4.  13.    -a?b-^-ab, 

4.  16a-j--3.  9.    -18-^-12.        14.    -^xy-^-x. 

5.  10-r-— 4.  10.    —ab-^a,  15.    —^mv^-i-^v. 

16.  a'^a\  ^^     14  a'b  ^^  -b'-+^  32  -65a^f^ 

17.  a^-^a\  '2a  '  b^     '  *      13  ic?/^    * 

18.  b^^^b\  .^     - 12  a"  .^  25m'^n  ^^  -IS aba^y'^ 

19.  h^^b^.  10  a^  —bm"                 9 abxy^ 

20.  a^b-^a\  26  Zl^  30  -^V"-  34     -  6  a^&^+^ 

21.  a^b^-i-a'b.  '  a^'"   *  *  xy""    '          '        3ab' 

22.  m'^nv'.  ^^  3  a^6^  ^^  --pV  .  35     20mVg 

23.  mV-i-mn^.  —3ab^  pqr                   6mn^q 

153.   To  find  the  quotient  of  two  monomials : 

1.  Find  the  sign  of  the  quotient,  by  the  rule  of  signs,  Sec.  151. 

2.  Find  the  numerical  coefficient,  by  dividing  the  given 
numerical  coefficients. 

3.  Find  the  literal  part,  by  dividing  the  given  literal  parts. 

Thus,  in  18  a^h  -^  —  3  a6,  the  sign  is  — ,  the  numerical  coefficient  is 
18  -T-  3  or  6,  and  the  literal  part  is  a^b  -7-  ab  or  a^.     .  •.   the  quotient  isj 
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Divide : 

—2axy 

—  abc:x?y 
—  ex 

-5bc  ' 
10  a.Vy« 

10  mV 

5*     ■ ■• 

^      1.4  a'b 

6. 


1. 


3. 


4. 


WRITTEN   EXERCISES 


IS  a^b\ 
Sa'b  ' 
24:  abc 

1,5  oc^yz  ^ 

—  5a^y 
mVp^ 

—  n  '  —p 

—  a^  •  —be 

—  35  b^c^ 


9. 


10. 


11. 


12. 


13. 


15. 


16. 


17. 


18. 


19. 


20. 


^-2_^^ 

-\pqrf  ' 

a^b^(?x 
—  a?bcx 
-16aVy« 

4y 
21  xf^ 

16  &«ca;« 


"*      .Ta^^ 

7  6V                     *     -4  63caj3 

7.    .                    14 

d'^b' 

106"aj3«+8                         54  ^2y^ 

•      102n^+4-                        -     •       _9^p2^ 

og     -18af+y«+7 

3a;y+3      • 

23.   3a^&V-r--a6c. 

27.   |7^r«-^i7rr. 

24.   2.5aVy-. —  Bax^y. 

28.    1  ttC^^ -T- 1  7rr22. 

25.    55aV-.-lla2a;. 

29.    -27a^yh^-^3xyz\ 

DIVISION 

:  OF   POLYNOMIALS 

154.    Preparatory. 

1.  2)  4bu.    2pk. 
()bu.()pk. 

2)  41b.    2   Qz.         2)  4Z  +  22: 
()  lb.  (  )  oz.            (  )^+(  )z 

2.   3)  9  ft.  6  in. 

()ft.()in. 

3)  9  mi.    6  rd.        3)  9  m  +  6  r 
()  mi.  (  )  rd.           (^)m  +  {)r 

Multiplication 

Division 

Since      (1) 

a—bd  +  5c 

m 

ma  —  mbd  +  5mc 

then,        (2) 

m)ma--mbd  +  5mc 
a  —  bd  +  5c 
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155.   Accordingly, 

To  divide  a  polynomial  by  a  monomial,  divide  each  term 
of  the  polynomial  by  the  monomial,  and  use  the  signs  obtained 
as  the  signs  of  the  quotient, 

WRITTEN   EXERCISES 

Divide  and  test : 

1.  (6a2  +  3a)--3.  6.    (12  a6  +  4  &) -^4  6. 

2.  (12a&  +  46)-^4.  7.   5  a^- 4  a&  +  4  aby  a. 

3.  (6a^  +  3a)-^a.  8.   a^ -5  a' +  3  a^  hj  a\ 

4.  (12ab-\-5b)-^b,  9.    (a^y-\-xy^)^xy. 

5.  (6  a^ +3  a) -4-3  a.  10.    {Sx'y --6  xy)  ^3xy. 

11.  25a'  +  10ab  +  5b'hj5, 

12.  27a^b-9ab^-{-da'b^hy9ab. 

13.  (12  mn  -f  27  mn^p^  -i-  3  mn, 

14.  (6  07^2/  —  4  a^a;  +  6  xyz)  -^2x. 

15.  4  aj*y'*  — 8  a^?/^4-6  oj^^  by  —  2ajy. 

16.  —  3a2  +  f  a6  — 3acby  —  fa. 

17.  oiPy  —  3  05^2/  +  9  oj^/^  by  3  a?y. 

18.  (a:^2/  ~  ^  ^V  +  ^  ^2/^)  "^  ^  ^2/« 

19.  (aV-2a&c2  +  3ac3)--ac2. 

20.  a'c^^2  abc^  +  3  ac^  by  -  ac^. 

21.  (5a^b'-35a'b'-G'-\-2ab'c')-i-5ab. 

22.  (2  mV  —  3  mn^  +  4  m^ii  —  n*)-T-3  n, 

23.  (aV^/  —  3  a'^bx^y  +  3  a&^a^i/^  —  a^Wxy^)  -r-  aa;^^. 

24.  a;^"  +  4  a;^Y  +  ^  o^"?/^"  by  o;^. 

25.  a^^+5  4-a^-^^  +  a"^+i2]3ya^ 

26.  ^3x+6_5^&«+3^3^+3]Qy^x+l^ 

27.  10^»+12  ^  ]^()8«+9  _^  ;l^Q16«+6  ]^y  IQ^n+S^ 
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156.   To  Divide  by  a  Polynomial.     This  process  is  seen  best 
from  examples. 

1.  Divide  x^-{-3xy  +  2y^hjy-{-x. 

Arrange  the  terms  of  the  divisor  Quotient 

and  the   dividend  according   to  the  x  +  2y 

powers  of  the  same  letter  {x  in  this  divisoe  x  +  y)oc^  +  Sxy  +  2y^ 

example).  a;2  4-     xy 

Divide  the  first  term  of  the  divi-  2xy  +  2y^ 

dend  by  the  first  term  of  the  divisor.  2xy  -\-2y^ 

The   result  (in  this  example,    x) 
is  the  first    term  of   the  quotient. 

Multiply  the  entire  divisor  by  this  term  and  subtract. 

Divide  the  first  term  of  the  remainder  by  the  first  term  of  the  divisor. 
The  result  (in  this  example,  2  y)  is  the  second  term  of  the  quotient. 

Multiply  the  entire  divisor  by  this  term  and  subtract. 

Continue  the  process  until  a  remainder  zero  is  reached. 

Problems  in  which  such  a  remainder  can  not  be  reached  will  be  treated 
later. 

Test.  Multiply  the  quotient  by  the  divisor.  If  the  work 
has  been  correctly  done  (including  the  multiplication),  the  result 
will  equal  the  dividend.  Or,  substitute  arbitrary  values  and. 
proceed  as  in  previous  cases. 

2.  Divide  6  a^-17a'b  + 16  6^  by  3  a  -  4  6. 

Solution  Test  (Substitute  a  =  b—l) 

2  a^  —    Sab    —    4  62  Divisor  x    Quotient     =     Dividend 

3  a  -  4  6)(5  a^  -  17  a^b  +  16  6«  (3_4)(2  _  3  -  4)  =  6  -  17  +  16 
6a3-    Sa'^b  -.!.(«.  5)  =5 

—  9a^b  5=5 

-  9a^b  +  ^2ab^ 

-  12  ab^  +  16  63 

-  12  a62  +  16  63 


WRITTEN  EXERCISES 

Divide  and  test : 

1.  a^  +  2ab-\-b^hj  a  +  b.  4.   a^-\-4.xy +  4:y^  hj  x-\-2y. 

2.  a2-f-3a  +  2by  a  +  1.  5.   Sc" -i-T cd-\-2d'hjd  +  Sa 

3.  x^-llx-]-30hj  x-5.  6.   6a2-7a-3by2a-3. 
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8.  3a^  +  ab^2b^hj  3a-'2b. 

9.  6  m^  +  mn  —  2  ri^  by  3  m  -{-  2  w. 

10.  122/2  +  192/-21by  32/  +  7. 

11.  a^  +  3a'b  +  3ab^  +  b^hj  a  +  b. 

12.  96a2-4a&-1562  by  12a-56. 

13.  a^  +  3a25  +  3a62  +  63bya2  +  2a6  +  &3. 

14.  a<  +  a262+&4]3y  ^2_^5^52^ 

15.  a^  — 2a^  — 2a;  +  l  by  a?  +  l. 

16.  3p^-115-Sphjp  +  B. 

17.  3a*-2a-1865  by  a-5. 

18.  14/-13  2/-43/  +  32?/3-f3by  72/2-52^-.a 

19.  21a3-4a2-16--46aby  4a  +  2-3al 

XP+4: 

9  m^  -f  12  mn  +  4  n* 


20. Vn-  25. 

1  —  a^  +  a* 

21.  55^:^.  26. 
a'  +  b' 

22.  -,^^-  27. 
a^^ab-\-  b^ 

23.  .^'-^'    ..  28. 


3m  +  2n 
a?-\-2ab-\-2W* 


a6  +  62  3a64-462 

24.    fl?^-4fl;y  +  4a?^2/^-y«^         ^^^  4a?y  +  l       , 

/^  — ^2  •    2a?y  — 2a;y4-l 

a«-a^-lla^  +  16a^-2a-3^ 
a2~4a  +  3 

6a?*  +  17a^-19a;~4 
•      2aj3  +  3a;2-4a?-l   * 

oo     ^^"  +  ^  ^V"*  -  ^"V"*  —  3  2/^ 

0/^«  ' "    • 

X^  —  y^ 


X3-X2 

+  x- 

-1 

«  +  1)  X*  4-  1 

ic*  +  a;3 

-x^ 

~rK3 

-x2 

»2 

«2 

+  x 

—  X 

+  1 

-a- 

-1 
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157.  In  algebra,  as  in  arithmetic,  the  division  may  not  be 
exact.  That  is,  no  remainder  may  be  zero,  however  far  the 
division  is  carried. 

Thus,  in  the  example  at  the  right,  there  is 
a  remainder,  2.     The  division  might  be  con- 
tinued, the  next  term  of  the  quotient  being 
2 
- ;  but  it  is  customary  to  stop  as  soon  as  a  re- 

X 

mainder  is  reached  that  is  of  lower  degree  than 
the  divisor.  The  integral  part  of  the  quotient 
has  now  been  found ;  it  is  called  the  integral 
quotient.  — 2 

By  using  the  fractional  form  to  indicate  the  division  of  the  remainder, 
the  result  of  the  above  division  may  be  expressed  thus  : 

X    +1  X  +  l 

The  right  member  of  the  equation  is  called  the  complete  quotient. 
Test.  Dividend  =  divisor  x  integral  quotient  +  the  remainder. 

Substituting  x  =  l. 

Dividend  =  Divisor  x  Integral  Quotient  +  Kemainder. 
l+l  =  (l4-l)(l-l  +  l~l)  +  2. 
2=2.0  +  2. 

WRITTEN  EXERCISES 

Find  the  quotient  and  remainder : 

1.  (a^-l)-i-(x-{-l),  5.  (3a,•2-5a;  +  2)-^(a;-4). 

2.  (a'  +  x')^(a  +  xy  6.  (Sy' -^7 y-l)^(2y-{-S). 
x^-{-x-^l  6  ax  —  9  ay  —  4:bx  -^  S  by 

x'-l     *  •                 Sa-2b 

x^-2x'-\-l  2a^-2a^-6a  +  4: 

x'-\-l      '  '             2a-3 

SUMMARY 

I.   Definitions  and  Laws. 

1.  Division  is  the  process  of  finding  one  of  two  factors  when 
their  product  and  the  other  factor  are  given.  Sec.  147. 

2.  Law  of  Exponents  in  division : 

^m+r  ^CL'  =  a"».  Sec.  148. 


3. 
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3.  The  quotient  is  not  altered,  if  both  dividend  and  divisor 
are  multiplied  or  divided  by  the  same  number.  Sec.  151. 

4.  Laio  of  signs  in  division:  When  the  signs  of  the  divi- 
dend and  the  divisor  are  alike,  the  quotient  has  the  sign 
plus;  and  when  the  signs  are  unlike,  the  quotient  has  the 
sign  minus.  Sec.  152„ 

II.   Processes. 

1.  To  find  the  quotient  of  two.  monomials,  divide  the  coefficient 
of  the  dividend  by  the  coefficient  of  the  divisor,  and  to  this 
quotient  annex  each  letter  with  an  exponent  equal  to  the  ex- 
ponent of  that  letter  in  the  dividend,  diminished  by  its  exponent 
in  the  divisor,  omitting  any  letter  having  the  same  exponent 
in  the  dividend  and  divisor.  Sees.  149, 153. 

2.  To  divide  a  polynomial  by  a  monomial,  divide  each  term  of 
the  polynomial  by  the  monomial  and  use  the  signs  obtained  as 
the  signs  of  the  quotient.  Sec.  155. 

3.  To  divide  by  a  polynomial,  arrange  the  expressions  accord- 
ing to  the  powers  of  the  same  letter  and  divide  step  by  step  as 
explained  in  Sec.  156. 

4.  The  product  of  the  divisor  and  the  integral  quotient  plus 
the  remainder  must  equal  the  dividend.  Sec.  150. 

REVIEW 
ORAL  EXERCISES 

1.  Pind  the  numbers  to  fill  the  blanks  : 

(1)  (2)  (3)  (4)                  (5) 

Dividend:     ^Idx'f  - 21  mp      --- 27  a^b 

Divisor :        3  a  9  xy  7  m        —   9  a^b 

Quotient :      Ab^  Sxz  5  xy^         

State  the  quotients  : 

2.  4a^6a.  6  =^^^.  9.    -?^. 
Z.    —ab-i-b. 

4.    -12cx  7.    30m't^  j^     (a  +  x)\ 

—  3c'  .  —5mH^  ■     a  +  x 

-     14a?  -     -24a6c»  ,,     9m''-25 

o*     •  O.     "■ •  Jl.     ~** 

7x  —Sbc  3  m  ~  5 


JB*  — 

y\ 

0?- 

f 

m*- 

-n* 

m^  +  n^ 

x'f 

—  m'n^ 

xy 

—  mn 

a?^- 

-y\ 

DIVISION  107 

,2.    -32«:5*.  .16.   t^.  20. 

4a^  x  —  y 

13.    5!llMi±i?.  17.   ^=>.  21. 

4-7  x+y 

^^    1-Wy  +  Uy\       jg    a^:::^.  22 

1  — 82/  a  +  a; 

x^  '      mp-\-nq  '    x'^—xf 

WRITTEN  EXERCISES 
Divide  and  test : 

^     16a^  2     144  aV  ^ 
8  ace  *    —  16aa^ 

2     -42my^  ^     - 14641  pfg 
6  m^?/  —lip 

5.    (14aar^  +  6aa;)-i-2a.'  6.    (25  ^-40  ^) -- -5. 

7.  (18  aj^^^  _  24  aj32;2)  ^  _  6  a;;2l 

8.  (a%c—  abh  +  2  a6c^)  -^  a6c. 

9.  (—27  m^Y"  —  9  m^2/^«)  ^  9  w*y« 
10.    {  —  26  p^^'q^  + 10  p^"^^^)  -J-  5  p  V- 

Find  the  quotient  and  remaindel',  if  any : 

,,      ir'-l                                      ,^     0^-20.-24- a;-4 
''•    ^^'  ''•    ^33 

,^     a^-7i»24.3a;-l  ,^     a;*-2a;2  +  3a; 

1/4.     — ^  •  lb. • 

aj-3  x^-l 

a;^  +  xzy'^  —  zy-{-z^  ^     8  —  12  a-{-6a^  —  (f 

lo.      — .  17. • 

X  +2/4-2;  2  —  a 

,.     a^-5a2  +  4  _    15a^6+6a6^+8a^+3&^ 

14.      • — •  lo.     ^  t 

•a+2  Sa-b 

^g      -  7  7-^  +  3  ?-^  4-  5  +  r^ 
^^_5r4-2 

^^     18aj^-24aj3^38a;2-68aj4-32 
3a;-2 
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SUPPLEMENTARY  WORK 
Division  by  Detached  Coefficients 

When  both  divisor  and  dividend  involve  a  regular  series 
of  powers  of  the  same  letters,  it  is  easier  to  divide  with  co- 
efficients only. 


Work  with  Coefficients  Only 

1-3  +  1  or  ic2-3«  +  l 


'hui 

s  to  divide  x^-^x'^^-A 

Work  in  Full 

X^-^X-^-l 

X- 

-l)a;3-4a;2  +  4x  -  1 

«3  -  X2 

-3a;2 

-3a;2+3a; 

x-1 

x-\ 

1-1)1-4  +  4-1 
1-1 
-3 
-3  +  3 

1-1 
1-1 


Test.    Letting  cc  =  2, 

(2_l)(4-6  +  l)  =  8-16+8-l. 
-1=-1. 

If  the  series  of  powers  is  not  complete,  zero  coefficients  must 
be  used. 

Thus,  a;3  +  3  5c2  +  1  must  be  regarded  as  jc^  _|_  3/^2  ^  0  «  +  1,  and  the  co- 
efficients 1  +  3+0  +  1  must  be  used  in  the  division. 

WRITTEN  EXERCISES 
Divide  by  detached  coefficients  and  test : 

2.  (aj2_2iK-3)--(a;-3).  *    a-1* 

3.  10-\-x'-lx^{x-2).  ^^        gg-l 

4.  (aj4_;i)^(^2_i)^  •    a^  +  a  +  l* 

5.  (a^  +  3aj2+3a;+l)--(aj+l).  ^^  8a?^  +  l 

6.  (2^_3/+32/-l)-^(2/-l).  *  20^  +  1  • 

7.  (6a; +1  +  9  a;2)^(3a;  +  l).  ^^  ^4^4^3+.6  m2+4m  +  l 
8-  (a*  +  a2  +  l)-(a2-a  +  l).  *              m2  +  2m  +  l 
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Special  Quotients 

The   general   form   of   quotients   represented    by. the  type 
(ic"  ±  y'^)  -i-(x±y)  may  readily  be  seen  by  division. 

Thus,  considering  (x"  +  y")  -^  (x  +  y) ,  we  have 
X  +  yjo^  -^2/** 

--  x^~^y  —  a;"~^y^ 
4-  x"-22/2 

By  inspection,  what  do  you  think  the  fourth  term  of  the  quotient  will 
be  ?    The  fifth  ?    Verify  your  opinion  by  continuing  the  above  division. 

WRITTEN    EXERCISES 
Find  the  quotient  and  remainder  if  any : 

1.  (a^-l)^(x-l).  5.    (x*-y')-^(x  +  y). 

2.  (x^  +  l)'i-(x-l).  6.    (x*  —  y*)^(x-y). 

3.  (aJ«  +  l)-^(a;  +  l).  7.    (a^  +  /) -(a;+2/). 

4.  (x'-l)^(x+l).  8.    (aj7-j./)-^(aj  +  2/). 

x  —  y  '     x  —  y  '     x-{-y 

10.    ^'  +  ^'-  12.    £!±^.  14.    2!+!.'. 

x-y  '     x--y  '     x  +  y 

15.  Substitute  5  for  n  in  the  above  division  of  the  general 
type,  and  compare  with  the  result  of  Exercise  7. 

16.  Substitute  6   for   n   similarly,   and   compare   with  the 
result  of  Exercise  14. 

17.  Substitute  7  for  n,  and  compare  with  Exercise  8. 

18.  Take  n  =  5  and  y  —  1,  and  compare  with  Exercise  3. 
Discuss  similarly  the  following  type  quotients : 

19.  (x^  +  y-)-i-(x-lj). 

20.  (x--y-)^(x  +  y), 

21.  (it--2/»0-(aj-2/> 
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Table  of  Results.  The  following  table  shows  for  what  values 
of  n  the  division  is  exact  in  the  type  (ic"  ±  2/")  -^{x±y): 

a.  (oif  4-  y'')-i-(x  -f-  2/),  if  n  is  odd. 
b'  (x'^  +  2/")  -i-(x  —  y),  for  no  n, 

c.  (x'^  —  y'^)  -T-{x-\-  y),  if  n  is  even. 

d.  (a?"  — 2/")-^(^  — 2/)>  for  every  n. 

ORAL   EXERCISES 
Name  a  factor  of  each  of  the  following : 

1.  Q^  —  y\  5.   x^-\-a^.  9.   a}^—h^\ 

2.  aj'^  +  a^.  6.   x^^-1,  10.  32a^-l, 

3.  Q^-h\  7.    x^^-y^\  0T(2xy-l. 

4.  l-a;^.  8.    aj^^^y^^^  11.   16  a;* -81. 

The  factor  of  the  first  degree  having  been  found  by  inspec- 
tion, the  other  is  a  regular  series  of  powers  that  can  be  written 
directly;  it  has  alternate  signs  in  the  cases  (a)  and  (c),  and 
plus  signs  in  case  (d). 

For  example : 

32a&-l  =  (2a)6- 1 

=:(2a-l)[(2a)4+(2a)3.  1  +(2a)'^  .  12+2a  •  l^+l*] 
=  (2a-l)(16a4  4.8a3  +  4a2  4.2a+l). 

Test.   32  -  1  =  1  (16  +  8  +  4  +  2  +  1). 

a;io  _  7.10  has  both  X—  r  and  sc  +  r  as  factors,  but  it  is  better  first  to 
factor  as  a  difference  of  two  squares. 

a;10  _  ^10  ^  (x5)2_  (r6)2=  (x5  _  r^)  (SC^  +  1^) 

=  (ic  —  r)(5C*  +  rx^  +  r2x2  +  y-^x  4-  r*)  •  («  +  r)  (x^  -  rx^  -\-r'^x^ 

—  A  +  r*). 

WRITTEN    EXERCISES 


Factor : 

1.    32  a' -h'. 

5. 

a' -hi 

9. 

(a._32/)^  +  l. 

2.   128a7  +  l. 

6. 

1  -  m^o. 

10. 

aj^— 2/^  (four  factors). 

3.    32-243^. 

7. 

x^  —  a^ 

11. 

(a  +  by-ia-by. 

4.    (c-dy  +  1. 

8. 

l-(a  +  6y. 

12. 

(x-yy-(x-\-yy. 

CHAPTER  X 
EQUATIONS 

ONE  UNKNOWN 

158.    An  equation  involving  one  unknown  to  the  first  degree 
is  solved  by  the  properties  of  the  equation.     Sec.  20,  p.  11. 

f  '  EXAMPLES 


1.   Solve:                       2x-7=-15. 

W 

Adding  7  to  both  members  of  (1),                    2  X  =  —  8. 

(S) 

Dividing  both  members  of  (^)  by  2,                     X  =  —  4. 

(.S) 

Test.                                               2- -4-7  = -15. 

2.   Solve:                       4^+7  =  6^-31. 

« 

Subtracting  7  from  both  members  of  (i),          4:t  =  Qt  —  SS, 

w 

Subtracting  6 1  from  (3),                                —  2  «  =  —  38. 

W 

Dividing  (5)  by -2,                                             t  =  19. 

(.4) 

Test.  4  •  19  +  7  =  6  .  19  -  31. 

76  +  7  =  114  -  31. 

83  =  83. 

ORAL  EXERCISES 

Solve: 

1.  Ax  =  S.  5.  2/  +  3  =  5.  9.  2^-8=0. 

2.  5  X  =  -  15.  6.  2/  -  2  =  7.  10.  4  ^  + 12  =  0. 

3.  _6a;  =  18.  7.  2/-8=-10.  11.  6-3^  =  0. 

4.  --7aj=~28.  8.  2/  +  8=-5.  12.  18  +  6^  =  0. 

WRITTEN   EXERCISES 

Solve : 

1.  3a;  +  5  =  26.  3.   2-x  =  3-hx.         5.   6^  +  9  =  2^-27. 

2.  4a;  +  7=-5.        4.   5i+7=-8.  6.   3-2^  =  3^-5. 

Ill 
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^     ^      ^_g  IQ.  x-{-a  =  2x. 

^  17.  3^— a  =  5a. 

8.    -+3  =  0.  18.  ay  +  5a  =  Sa. 

19.  5(a:-4)=6(aj  +  l). 

^-    -^  +  l  =  -4-  20.  -3(a;  +  7)  =  2(l-3aj). 

10.  15i)  +  29  =  4p-4.  21.  a(x-b)=3ab. 

11.  l-72^  =  8z^  +  16.  22.  (x-A)(x-^A)=x^-Sx. 

12.  4s~7  =  3~s.  23.  (a; - 1)^  =  (aj - 3)^. 

13.  2x-{-ll-7x  =  4.x,  24.  (aj_5)(aj  +  8)=(a;-7)2. 

14.  5?^-13  +  8i^  =  17.  25.  2/ (9 2/ -5)  =  (3  2/  +  !)'. 

15.  4aj  +  8  =  2-9a?-10.  26.  ^^ _ i  =  (^ ^. 4)2^ 

159.   Equations  may  be  used  in  solving  business  problems. 

EXAMPLE 

1.  A  commission  merchant  remitted  $475  as  the  proceeds 
of  a  sale  of  500  bu.  of  potatoes  after  deducting  his  commission 
of  5  %.    For  how  much  did  he  sell  the  potatoes  ? 

Solution.     1.  Let  x  =  the  number  of  dollars  received  for  the  potatoes. 

2.  Then,      a;  —  .05  a;  =  the  amount  remitted. 

3.  .*.  X—  .O^x  =  475,  according  to  the  problem. 

4.  .-.  .95x  =  476. 

5.  Dividing  by  .95,  x  =  500. 

6.  .'.  the  potatoes  sold  for  $  500. 
Test.     500  -  .05  .  500  =  475. 

This  merely  tests  the  correctness  of  the  work  after  step  3 ; 
it  does  not  test  the  correctness  of  the  equation  in  step  3;  to 
do  this  the  result,  500,  must  be  tested  in  the  conditions  of  the 
problem  itself. 

Thus,  (1)  5%  of  $500  =  125,  (2)  1 500  -  $25  =  $475,  the  proceeds. 
If  equation  3  had  been  incorrectly  written,  the  result  found  in  step  6 
might  have  been  a  correct  solution  of  equation  3  without  giving  the  cor- 
rect proceeds. 
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WRITTEN  EXERCISES 
Solve  and  test : 

1.  An  auctioneer  was  paid  2  %  of  the  amount  sold ;  the 
proprietor  realized  $1470.  For  how  much  were  the  goods 
sold  ? 

2.  A  dealer  sold  a  refrigerator  for  $22  at  a  gain  of  10  ^o- 
What  did  it  cost  the  dealer  ? 

3.  A  merchant  sold  a  damaged  fur  coat  for  $  51  at  a  loss  of 
15  %.     What  did  the  coat  cost  him? 

4.  A  lawyer  remitted  $  760  after  deducting  a  fee  of  5  %  for 
collecting  a  debt.     How  much  did  he  collect  ? 

5.  The  amount  of  a  certain  principal  at  4  %  simple  interest 
for  2  years  is  $  220.     What  is  the  principal  ? 

6.  The  total  amount  of  insurance  in  force  in  New  York  City 
and  Buffalo  in  a  recent  year  was  $  2,700,000,000 ;  Buffalo  had 
•^  as  much  as  New  York.     How  much  had  each  ? 

7.  The  trade  route  from  San  Francisco  to  New  York  will 
be  5240  mi.  via  the  Panama  Canal ;  this  will  be  62  %  shorter 
than  the  route  by  Cape  Horn.  What  is  the  length  of  the 
latter  route? 

8.  The  trade  route  from  Yokohama  to  New  Orleans  will  be 
9250  mi.  by  the  Panama  route ;  this  will  be  38  %  shorter  than 
the  route  by  Cape  Horn.    What  is  the  length  of  the  latter  ? 

9'.  Japan  recently  gave  American  manufacturers  an  order 
for  2000  cars  and  locomotives;  they  ordered  19  times  as  many 
cars  as  locomotives.     How  many  of  each  were  ordered? 

10.  The  amount  of  condensed  milk  produced  by  New  York 
and  Illinois  is  |  of  that  produced  by  the  rest  of  the  country ; 
the  total  amount  produced  in  the  country  annually  is  about 
154  million  pounds.  How  many  pounds  are  produced  by  the 
two  states  together  ? 

11.  The  United  States  produces  3  times  as  much  cotton  as 
the  rest  of  the  world ;  the  total  cotton  production  in  a  recent 
year  was  14  million  bales.  What  was  the  number  of  bales 
produced  by  the  United  States? 
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12.  North  Carolina,  South  Carolina,  and  Georgia  produced 
together  3  million  bales ;  South  Carolina  produced  twice  as 
much  as  North  Carolina  and  ^  as  much  as  Georgia.  How 
many  bales  did  each  produce? 

13.  Mississippi  and  Texas  together  produced  4  million  bales ; 
Texas  produced  If  times  as  much  as  Mississippi.  How  many 
bales  did  each  produce? 

14.  The  United  States  consumes  |  as  much  cotton  as  does 
the  rest  of  the  world..  How  many  bales  is  this,  when  the 
whole  world  consumes  14  million  bales  annually  ? 

15.  Three  electric  lights  have  together  a  strength  of  280 
candle  power.  The  second  has  40  candle  power  more  than  the 
first,  and  the  third  double  that  of  the  first.  Find  the  strength 
of  each. 

TWO   UNKNOWNS 

160.  Problems  involving  more  than  one  unknown  often 
require  more  than  one  equation  in  their  solution. 

EXAMPLES 

1.  A  street  car  of  a  certain  make  has  48  seats,  some  single 
and  some  ^uble ;  the  seating  capacity  of  the  car  is  56.  How 
many  single  seats  are  there  ?     How  many  double  seats  ? 

Solution.     Let  x  =  the  number  of  single  seats 

and  y  =  the  number  of  double  ones. 

x  +  y  =  4S,  .  (i); 

+  2  2/  =  56.  (^ 

_     luation  (1)  froc 
equation  ( 
stituting  t 
y  in  equation  (i), 


Then,  J 

[x 


Subtracting  equation  (1)  from        -,,  _  e  /©n 

equation  (^),                              </  —  o»  KO) 

Substituting  this  value  of     a*  _|_  g  =  48  fA'S 

.-.  X  =  40.  (5) 

Therefore  there  were  40  single  seats  and  8  double  ones.  (6) 

Test.  40  +  8  =  48. 

40  +  2  .  8  =  66.  4 

2.    A  salesman  sold  15  suits  for  $164;  some  of  the  suits 

were  sold  for  $  10  and  the  others  for  $  12.  How  many  were 
there  of  each  kind  ? 
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Solution.     Let                                   x-  the  number  of  suits  at  %  10 

and           ,                                                 y  —  the  number  of  suits  at  %  12. 

Then,                                 (           ^  +  ^  =  ^^' 

1 10  a;  +  12  2/  =  164. 

(2) 

Multiplying  (i)  by  10,            10  X  +  10  ?/  =  150. 

w 

Subtracting  (5)  from  (^),                        2  1/  =  14. 

U) 

.-.  2/  =  7. 

(5) 

Substituting  7  for  y  in  (i),                           X  =  8. 

(^) 

Therefore,  there  were  8  suits  at  $10,  and  7  suits  at  $12. 

Test.                                                8  +  7  =  15, 

10-8+  12.7  =  164. 

In  step  (3),  equation  (i)  was  multiplied  by  10  to  make  the  coefficient 
of  X  the  same  as  that  in  equation  (^).  Then,  by  subtracting  equation  (3) 
from  (^),  an  equation  in  one  unknown  resulted.  All  sets  of  two  equa- 
tions with  two  unknowns  can  be  solved  in  a  similar  way.  See  steps  (5) 
and  (4)  of  the  following  example. 

3.  Salesmen  A  and  B  sell  hats  at  two  prices.  A  sells  10  of 
the  first  kind  and  5  of  the  second,  and  his  sales  amount  to  $  45 ; 
B  sells  6  of  the  first  kind  and  8  of  the  second,  and  his  sales 
amount  to  $  47.     Find  the  price  of  each  grade  of  hat. 


Solution.     Let 

X  =  price 

of  first  kind  of  hat 

and 

y  =  price 

of  second  kind. 

Then, 

10x4-    5  2/ =  45, 
\   6x+    8  2/ =  47. 

{2) 

Multiplying  (1)  by  3, 

30x4-  15?/ =  135. 

(5) 

Multiplying  (2)  by  5, 

S0x-\-40y  =  235. 

(^) 

Subtracting  (5)  from  (^), 

26  y  =  100. 
2/  =  4. 

(fi) 

Substituting  in  U)  or  (^), 

x  =  2i. 

Supply  the  test. 

1                     WRITTEN  EXERCISES 

Solve  for  x  and  y : 

1.    07 +  2/ =  4, 

2.    x-\-y  =  T, 

3x  +  5y^lS. 

3x 

+  10y  = 

=  42. 
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3.  2x  +  y  =  9,  6.   2x-\-6y  =  S4:, 
x  +  2y=12.  6x-hSy  =  62. 

4.  7x-\-y  =  14:,  7.    2a?  +  42/  =  38, 
x  +  9y  =  64..  3x-\-y  =  27. 

5.  2x  +  3y  =  22,  8.    x  +  10y  =  ll, 

5x  +  4.y  =  AS,  ^^  +  iy  =  T\' 

9.   A  salesman  sells  suits  at  $12  and  $15.     He  sells  12 
suits  for  $  165.     How  many  does  he  sell  at  each  price  ? 

10.   Solve  the  same  problem  for  the  following  numbers : 


(1) 

(2) 

(3) 

(4) 

(5) 

Price  of  first  kind  of  suit 
Price  of  second  kind  of  suit 
Total  number  of  suits  sold 
Total  amount  of  sales 

$14 

$18 

8 

$132 

$25 

$40 

18 

$670 

$15 

$25 

16 

$300 

$16 

$20 

12 

$220 

$28 

$35 

13 

$420 

11.  If  15  bicycles  and  10  tricycles  are  worth  $320,  and  10 
bicycles  and  6  tricycles  are  worth  $202,  find  the  price  of  each. 

12.  Solve  the  same  problem  for  the  following  numbers : 


(1) 

(2) 

(3) 

Number  of  bicycles 
Number  of  tricycles 
Value 

8,         5 
8,         7 

$188,  $220 

6,         3 

2,         7 
$180,  $270 

•5,         1 
2,         8 

$154,  $274. 

161.  In  the  work  of  solving  the  preceding  problems  the 
process  has  always  been  to  combine  the  given  equations  so  as 
to  obtain  an  equation  involving  only  one  of  the  unknowns. 

The  other  unknown  is  said  to  have  been  eliminated. 

162.  Independent  Equations.  Equations  which  express  dif- 
ferent relations  between  the  same  unknowns  are  called  in- 
dependent equations. 
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Thus,  X  —  y  =  1  and  x  -\-  y  =  1  are  independent  equations  ;  for  one 
expresses  the  difference  between  two  numbers,  x  and  y,  while  the  other 
expresses  the  sum  of  the  same  two  numbers. 

X  —  y  =  1  and  2x  —  2y  =  2  are  not  independent,  for  the  second  when 
divided  by  2  is  the  same  as  the  first. 

163.  Simultaneous  Equations.  Two  or  more  equations  are 
said  to  be  simultaneous  when  all  of  them  are  satisfied  by  the 
same  values  of  the  unknowns. 

164.  Systems  of  Equations.  Two  or  more  equations  con- 
sidered together  are  called  a  system  of  equations. 

Thus,  each  of  the  exercises  of  p.  116  contains  a  system  of  equations. 

165.  Equations  in  which  the  unknowns  are  involved  to  the 
first  degree  only  are  called  equations  of  the  first  degree. 

166.  Method  of  Addition  and  Subtraction.  All  systems  of 
two  independent  simultaneous  equations  of  the  first  degree  in 
two  unknown  quantities  can  be  solved  by  the  method  used 
in  the  problems  above,  which  has  been  called  the  method  of 
addition  and  subtraction. 

167.  TTie  method  of  addition  and  subtraction  consists  in  multi- 
plying one  or  both  of  the  given  equations  by  such  numbers  that 
the  coefficients  of  one  of  the  u7iJcnowns  become  equal.  Then  by 
subtraction  this  unknown  is  eliminated,  and  the  solution  is  reduced 
to  that  of  a  single  equation. 

If  the  coefficients  of  one  unknown  are  made  numerically  equal, 
but  have  opposite  signs,  the  equations  should  be  added, 

EXAMPLE 

Solve:  Ux-Sy  =  5,  (1) 

[6x-i-2y  =  14:.  {2) 

Multiplying  (1)  by  2,  8  a;  -  6  y  =  10,  (5) 

and  (^)  by  3,  18  iC  +  6  2^  =  42.  (^) 

Adding  (3)  and  (A),  2Q  x  =  52,  (5) 

and  Xz=z2.  (6) 

Substituting  2  for  f<5  in  (^),  2/  =  !•  (7) 

Test  as  usual. 
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WRITTEN   EXERCISES 


Solve  and  test : 

1.   2aj  +  2/  =  5, 

8. 

2x  +  Sy  =  ^, 

x  —  y  =  l. 

3x  +  2y  =  l, 

2.   Sx-\-2y  =  7, 

9. 

i  ^  +  i  2/  =  4, 

x-2y  =  3. 

|a^  +  |2/  =  5. 

3.  2x  +  y  =  lh 

10. 

,3x  +  .2y  =  A, 

x  —  y  =  0. 

.2x  +  ,3y  =  .4. 

4.   3x-\-2y  =  2, 

11. 

4  i»  +  2/  =  34, 

^  +  2/  =  f 

Ay  +  x  =  16. 

5.    x-{-5y  =  S5, 

12. 

^x-y  =  l, 

5x  +  y  =  31. 

3i»  +  42/  =  29. 

6.   4  a? +  3  2/ =  18, 

13. 

2aj  +  32/  =  4, 

2x  +  2y  =  10. 

3i^'-22/=:-7. 

7.   x  +  2y  =  0, 

14. 

2a;  +  32/-8  =  0, 

4:X  —  Sy  =  4:. 

7i«_2/_5  =  0. 

15.  In  a  recent  year  the  value  of  the  hay  crop  in  the  United 
States  exceeded  that  of  the  cotton  crop  by  $30,000,000;  the 
two  amounted  to  $1,180,000,000.     Find  the  value  of  each. 

16.  The  value  of  the  cotton  crop  exceeded  that  of  the  wheat 
crop  by  $50,000,000;  the  two  amounted  to  $1,100,000,000. 
What  was  the  value  of  each? 

17.  If  the  value  of  the  eggs  marketed  had  been  increased  by 
Y^^  of  itself,  it  would  have  equaled  the  value  of  the  wheat 
crop ;  the  two  amounted  to  $  1,045,000,000.  What  was  the 
value  of  the  eggs  marketed  ? 

18.  If  the  value  of  the  sugar  produced  had  been  increased 
■^^  of  itself,  it  would  have  equaled  the  value  of  the  barley 
crop ;  the  two  amounted  to  $  108,000^000.  What  was  the 
value  of  each? 

19.  The  value  of  the  oat  crop  exceeded  that  of  the  potato  > 
crop  by  $  144,000,000 ;   the   two  amounted  to   $  420,000,000. 
Find  the  value  of  each. 

168.  Method  of  Substitution.  The  method  of  addition  and 
subtraction  can  be  used  to  solve  all  systems  of  two  simultane- 
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ous  equations  with  two  unknowns,  but  occasionally  problems 
occur  in  which  other  methods  are  shorter.  The  most  useful 
of  these  is  the  method  of  substitution. 


EXAMPLES 

1. 

Solve: 

[5x^    2/  =  l. 

From  equation  (3), 

y  z=  5x  —  1, 

(5) 

Substituting  in  (i),            3  a; 

+  10a;-2  =  6. 

W 

.-.  13a;  =  8, 

(5) 

and  X  =  y«j. 

(«) 

From  (6)  and  (3), 

y  =  il    Verify. 

(7) 

2. 

Solve : 

f4a;-32/=9, 
,5a;==ll. 

a) 

From  equation  (^), 

»=-v-. 

(5) 

Substituting  in  (2), 

¥-3y  =  9. 

(■#) 

.■.y  =  -^.    Verify. 

(5) 

169.  The  method  of  substitution  consists  in  expressing  one  un- 
known in  terms  of  the  other  by  means  of  one  equation  and  sub- 
stituting this  value  in  the  other  equation,  thus  eliminating  one 
of  the  unknowns. 

This  may  be  the  shorter  method  when  an  unknown  in  either 
equation  has  the  coefficient  0,  +  1,  or  —  1, 


WRITTEN   EXERCISES 

Solve  by  substitution : 


1.  a; +  2/ =  75, 
'dx-3y  =  15. 

2.  5  a; +  2  2/ =  31, 
x  =  12y, 

3.  3a?  +  22/  =  12, 

x-^y  =  b. 

4.  x  +  2y  =  l, 


■'iy- 


5.  07 +  3  2/ =  11, 

3  a;  +  2/  =  9. 

6.  07  — 4  2/ =  8, 

o;  +  2  2/  =  14. 

7.  2/ +  15  07  =  53, 
o;  +  3  2/  =  27. 


9.   3oj-5 
42/  =  - 

10.  x-\-y  = 
x  +  Ty 

11.  x-[-y== 
Sx-hy 


2/ =  31, 
10  o;. 


9 


8.    5x  —  7y  =  —  S5iy     12.    0J-f2^ 
2a;  —  ^  =  1^.  5x  —  2 


12, 
=  24. 

=  10, 
2/  =  2. 
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13.  2aj-2/  =  l,  15.   3ia5  =  |2/  +  l, 
3?/-a;  =  2.  x-y  =  2i, 

14.  x  =  5y  —  56,  16.    a; +  5  2/ =  40. 
2x=z7y.  i»-7^  =  -32. 


? 

i 


SUMMARY 


I.   Definitions. 


1.  Equations  that  express  different  relations  between  the 
same  unknowns  are  called  independent  equations.  Sec.  162. 

2.  Two  or  more  equations  are  said  to  be  simultaneous 
when  all  of  them  are  satisfied  by  the  same  values  of  the 
unknowns.  Sec.  163. 

3.  Two  or  more  equations  considered  together  are  called  a 
system  of  equations.  Sec.  164. 

4.  Equations  in  which  the  unknowns  are  involved  to  the 
first  degree  only  are  called  equations  of_  the  first  degree. 

Sec.  165. 
II.    Processes. 

1.  To  solve  equations  of  the  first  degree  in  one  unknown 
quantity,  apply  the  properties  of  the  equation.  Sec.  158. 

2.  To  solve  independent  simultaneous  equations  of  the  first 
degree  in  two  unknowns,  apply  the  method  of  Addition  and 
Subtraction  or  the  method  of  Substitution. 

3.  The  method  of  addition  and  subtraction  consists  in  mul- 
tiplying one  or  both  of  the  given  equations  by  such  numbers 
that  the  coefficients  of  one  of  the  unknowns  become  equal. 
Then  by  subtraction  this  unknown  is  eliminated,  and  the  solu- 
tion is  reduced  to  that  of  a  single  equation.  Sec.  167. 

4.  If  the  coefficients  of  one  unknown  are  made  numerically 
equal,  but  have  opposite  signs,  the  equations  should  be  added. 

Sec.  167. 

5.  The  method  of  substitution  consists  in  expressing  one  un- 
known in  terms  of  the  other  by  means  of  one  equation  and 
substituting  this  value  in  the  other  equation,  thus  eliminating 
one  of  the  unknowns.  Sec.  169 


EQUATIONS 

REVIEW 

WRITTEN 

Solve  and  test  : 

EXERCISES 

1.   5800  +  0^  =  20  a;. 

6.   x-\-y=:29, 

2.    a;  +  34  =  4(aj  +  4). 

2x  +  5y  =  103. 

3.   41  +  a;  =  3(5  +  a?). 

7.   aj  +  2/  =  480, 

4.    (x-\- If- 0^=25. 

12  a; +  20^  =  7520, 

5.     .  +  .+  |+.+  f|: 

=  5425. 

8.   x  =  4.y-{-76, 
X-  y  =  430. 
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9.  If  a  tennis  ball  rebounds  to  |  of  the  height  from  which 
it  was  dropped,  from  what  height  must  it  be  dropped  to  re- 
bound 3f  ft.  ? 

10.  How  high  will  the  same  ball  rise  on  the  second  rebound  ? 
On  the  third? 

11.  A  tower  and  flag  staff  are  together  100  ft.  high;  the 
staff  is  \  of  the  height  of  the  tower ;  find  the  height  of  each. 

12.  A  house  and  lot  are  worth  $3500;  the  house  is  worth 
6  times  as  much  as  the  lot ;  find  the  value  of  each. 

13.  The  part  of  a  bridge  pier  under  water  is  f  as  high  as 
the  part  out  of  water;  the  whole  height^ is  45  ft.;  find  the 
height  of  each  part. 

14.  The  area  of  the  United  States  is  3,025,600  sq.  mi. ;  if 
this  area  were  diminished  by  600  sq.  mi.,  the  result  would  be 
25  times  that  of  the  British  Isles.     What  is  their  area  ? 

15.  Japan's  annual  exports  in  a  recent  year  were  valued  at 
approximately  $  150,000,000  ;  this  was  a  gain  of  400  %  on  their 
value  ten  years  before.     What  was  their  value  at  that  time  ? 

16.  It  is  estimated  that  the  part  of  the  population  of  the 
United  States  living  on  farms  is  f  of  the  rest  of  the  population. 
Taking  the  total  to  be  80  millions,  how  many  live  on  farms? 

17.  The  average  creamery  of  the  Eastern  states  produces 
only  I"  as  much  butter  as  the  average  creamery  of  the  Western 
states ;  two  average  Eastern  creameries  and  three  average 
Western  creameries  together  produce  42,000  lb.  annually. 
What  is  the  annual  output  of  each? 
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18.  The  whole  amount  of  cheese  produced  annually  in  the 
United  States  is  about  280,000,000  lb. ;  the  amount  produced 
by  Wisconsin  and  New  York  is  |  of  that  produced  by  the  rest 
of  the  country.  How  many  pounds  are  produced  by  these  two 
states  ? 

19.  If  a  certain  vat  held  1000  lb.  of  milk  more,  it  would 
hold  3000  qt.  Taking  the  weight  of  1  qt.  of  milk  to  be  2  lb., 
what  is  the  vat's  capacity  in  pounds  ? 

20.  There  are  60  lb.  in  a  bushel  of  wheat  and  196  lb.  of 
flour  in  a  barrel.  Wheat  loses  18%  by  weight  in  being  ground 
into  flour.  How  many  bushels  of  wheat  are  required  to 
make  a  barrel  of  flour? 

21.  The  income  from  a  certain  investment  is  devoted  to 
scholarships  of  two  grades;  the  higher  grade  receives  $200 
more  than  the  lower  per  scholarship.  When  there  are  7  stu- 
dents holding  the  lower  grade  and  7  holding  the  higher,  the 
income  exceeds  the  expense  by  $100;  but  the  income  is 
exactly  sufficient  to  provide  8  scholarships  of  the  higher  grade 
and  5  of  the  lower  grade.  Find  the  amount  of  the  income,  and 
the  amount  of  each  grade  of  scholarships. 


CHAPTER  XI 

FRACTIOlSrS 

PRELIMINARY  DEFINITIONS   AND   LAWS 

170.  Meaning  of  Fraction.  In  arithmetic  the  fraction  y\  is 
taken  to  mean  either  4  of  the  12  equal  parts  of  a  unit,  the 
quotient  of  4  -f- 12,  or  the  ratio  of  4  to  12. 

All  three  questions : 

What  part  of  12  is  A? 

Wliat  is  the  quotient  of  4: -i- 12? 

What  is  the  ratio  of  4:  to  12? 

are  answered  by  one  fraction,  -^-^, 

171.  Fractions  in  Algebra.     In  algebra,  similarly,  the  symbol 

-  stands  for  a  of  the  b  equal  parts  of  a  unit,  or  for  the  quo- 
b 

tient  of  a-i-b,  or  for  the  ratio  of  a  to  5;   but  it  is  usually 
regarded  as  an  indicated  division. 

Symbols  like  -,   — ,  and    ^~^^    are  therefore  usually  read 
-^  b'  275'  4g+p2  ^ 

^^a  divided  by  &,"  ^^19  divided  by  275,"  and  ^'a-^x  divided  by 

4  q  +p2."     For  brevity,  they  may  be  read  "  a  over  5,"  "  19  over 

275,''  and  the  like. 

172.  The  dividend  and  the  divisor  of  the  indicated  division 
are  called  the  numerator  and  the  denominator  of  the  fraction ; 
together  they  are  called  the  terms  of  the  fraction. 

173.  A  fraction  is  said  to  be  in  its  lowest  terms  when  its 
numerator  and  denominator  have  no  common  factor. 

ORAL  EXERCISES 

1.   State  three  meanings  for  -.    For  -.    For  -.   For  ^^±1. 

5  7  6  c 

128 
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2.  What  is  the  numerator  of  the  fraction  that  represents  the 
ratio  of  a  to  5  +  c  ?  What  fraction  represents  the  ratio  of 
c  +  d  to  c  —  cZ  ? 

3.  What  fraction  denotes  the  division  of  mhy  pq? 

WRITTEN   EXERCISES 

1.  A  traveler  spends  a  dollars  the  first  week,  h  dollars  the 
second  week,  and  c  dollars  the  third.  What  fraction  expresses 
his  average  expense  per  day  ?  If  a,  h,  and  c  are  all  equal, 
what  is  the  daily  average  ? 

2.  The  ages  of  three  students  are  a,  a  -f  2,  a-{-Qf  years 
respectively.  What  fraction  represents  their  average  age  ? 
If  a  =  15,  what  is  their  average  age  ? 

3.  A  passenger  train  running  p  mi.  per  hour  and  a  freight 
train  running  /  mi.  per  hour  in  the  opposite  direction  leave 
the  same  place  at  the  same  time.  What  represents  their  dis- 
tance apart  in  one  hour?  What  fraction  expresses  the  number 
of  hours  before  they  will  be  d  miles  apart  ? 

4.  A  passenger  train  running  p  mi.  per  hour  is  behind  a 
freight  train  running  /  mi.  per  hour  in  the  same  direction. 
How  much  does  the  faster  train  gain  on  the  slower  per 
hour  ? 

5.  According  to  Exercise  4,  when  the  passenger  train  is  d 
miles  behind  the  other,  what  fraction  represents  the  number 
of  hours  before  it  will  overtake  the  other  ? 

174.  The  Sign  of  a  Fraction.  Every  fraction,  taken  as  a 
whole,  has  a  sign  before  it,  expressed  or  understood,  in  addi- 
tion to  the  signs  that  the  numerator  and  the  denominator  may 
contain. 

175.  The  Law  of  Signs  in  Fractions.  The  sign  of  the  quotient 
is  changed  if  the  sign  of  either  the  divisor  or  the  dividend  is 
changed  (Sec.  152,  p.  99) ;  hence. 

To  change  the  sign  of  either  the  numerator  or  the  denominator 
is  equivalent  to  changing  the  sign  of  the  fraction. 
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2—2  2 

Thus,  if  -  is  changed  to  — ,  the  latter  is  the  same  as  — -. 
3  3  3 

2  2  2 

Similarly,  if  -  is  changed  to  — ,  the  latter  is  the  same  as  — . 

rf  — 3  3 

If  the  signs  of  both  numerator  and  denominator  are  changed^ 
the  value  of  the  fraction  is  unchanged. 

Thus,  11^  =  ^,  also  &(-«)^-&C-a)^^ 


b 


^b     b  c?(-c)      ~d(-c)      c-d 

ORAL  EXERCISES 

State  expressions  equal  to  these,  and  having  no  negative 
signs  in  the  numerator  or  denominator  of  the  fractions ; 

1—3              o— 4                ^— 3a  „     —at 

1.    •  3.    •  5.    •  7.    — ~  • 

5  -7  -2y  3 

Am    -•  4.    •  6.    ■•  o. 


—  9  X  —d  —  am 

9.    JZ£-.  13.  i 17.   Sa(-2b)^ 

-3y  (-3)(-5)  5t 

10.    (-3)(-^).  14.  -^i-.  18. 


4:h 


5  (-3)5  (-3)(-5x) 

jj    (-a)(-b)  _-»^,  j9    {-2)(-Sx) 

c  ■  p{-q)  (-«)(-&) 

(-2)(3a:).  2(-3a;),  ^^x_. 

(_a)(-6)  «(-&)  5(-3  2/) 

Express  with  denominator  x  —  y: 

21.  .^L.  23.    ^=^.  25.    ^^^^ 

22.  (-3X-m).        24     (-2a)(-5  6)  ^^^    36(a-5), 
Express  with  numerator  m  —  ri 

27.  nii!!^.  29.  n:^.  31.  I:::^^. 

2  — 3g  a-6 

28.  .Z^i^L..  30.     ,     >-^» 32.        ^-'^ 


2a!  +  3y  (-5a;)(32/)  _3(a;-a) 
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33.   Are  the  fractions  — ^^,  equal?     How  is  one  re 

a—h   b— a 

lated  to  the  other  ? 
Compare  similarly: 

34.  ^and5^;       ±IZ±- 2.nd.  ^^ . 

-2  2  -c-d  c  +  d 

35.  ^(-^)(-4and^;    (^  ^H"  ^)(-^)  and  ^. 

e/  ef  ef  ef 

36.  £(ziMzi^and^:    ^ZlMlZ^and^. 


WRITTEN   EXERCISES 

For  each  of  the  following  write  an  equal  fraction  preceded 
by  the  sign  +  and  having  the  same  denominator  as  the  original 
fraction : 

1.    — 


2.    — 
3. 
4.    - 

^^*         4a;  +  5       ""'        3  +  4a;      "'       a^-3     '^^'       1-t 

21-40.  For  each  of  the  fractions  in  Exercises  1-20  write  an 
equal  fraction  preceded  by  the  sign  +  and  having  the  same 
numerator  as  the  given  fraction. 

Find  the  value  of  each  of  the  following  fractions  whec 
a  =  —  I  and  &  =  —  -^ : 

41.    -——*  42.     : — •  43.     — — -•  44.     • 

5  -.45  -.26  a-^ 


—  X 

y 

5. 

hx 
3g 

9. 

a 

13. 

a  —  b 
2m 

X 

-2/ 

6. 

-3m 
8      • 

10. 

-1 
b 

14. 

a  —  b 

a  +  b 

—  a 
-26 

7. 

2d 
9c* 

11. 

1 

-6 

15. 

4:X-3 

2a-l 

4a 
lb 

8. 

1 
3* 

12. 

a  +  6 
3a; 

16. 

2a-5 
3- 2  a 

3a  +  26 

.    11 

a         5m  — 

■1^ 

,9.   -2-1= 

■^.    9. 

0.    ^  +  '^ 
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Find  the  value  of  each  of  the   following  fractions   when 
x  =  —  2  and  y  =  S: 

45.     ^.         47.     ^^^.        49.     1^.  51.     ^-. 

—  y  x  +  y  y-'X  x^+y^ 


X 


^^-y,     sn   ^-f      Ko    -^^-y. 


46.    2^.       48.    ^^^-^=^'      60.   :i-::^^.       52. 

Ay  xy  xy  x  —  2y 

176.  If  the  numerator  of  a  fraction  is  of  the  same  degree  as 
the  denominator,  or  of  higher  degree,  the  fraction  may  be  re- 
duced to  an  integral  expression  or  to  an  integral  expression  and 
a  fraction  (mixed  expression). 

To  do  this,  divide  the  numerator  of  the  given  fraction  by  the 
denominator. 


For  example : 


/V.2     I    1  fjfi  . 

^  —  —  1  — ,  a  mixed  expression, 


20a;2-6a;  +  3^20x2      5a;         ^^o^;      ^  ^     ^ 
lOic  lOx      lOx     lOx  2     10a;' 

2a;  +  3         2  4         8     8(2a;  +  3)' 

and   — ^L:^ =  a  —  &,  an  integral  expression. 


WRITTEN   EXERCISES 
Reduce  to  integral  or  mixed  form : 

at  +  ^  af                     s(p  +  uy  a^  —  Sa^ 

a                                 pu  a  — 2 

^     w-w^^                  ^     25a'b\  ^2     36a;y+5, 

w                               5  ab  '         9x 

g     27ct-k                 g     375  xY\  ^^     2a^+3a'4-l 


9.     «I±A\  14.    ^±|±i. 

^     '"''^      '  a  +  b  x^ 


-m^) 


5.     L-^.  10.    — — .  15.     — , 
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177.  Mixed  expressions  are  changed  to  the  fractional  form 
by  reversing  the  process  of  Section  176.     That  is, 

Multiply  the  integral  part  by  the  denominator  of  the  fraction 
and  add  the  product  to  the  numerator  of  the  fraction.  The  sum  is 
the  numerator  of  the  result. 


For  example : 


X  X  X 


WRITTEN   EXERCISES 

Change  to  fractional  forms : 

1.  a  +  2&  +  -.           5.    17x*  +  3a^  +  -.            9.  p''-—. 

d                                        x^  pv 

2.  x+^'                 6.    a'-\-2ah-{-b^-{--,        10.  1--. 

3z                                                  b  w 

3.  a'  +  ^^.                7.    a^  +  ^^+-^-             11.  P  +  ^' 

5a^                                     x-^1  100 

4.  x^-]-2xy-\--.         8.    0^  +  2 -i— .             12.  vt  +  -, 

y                              XT  — 2  V 

178.  Principle  of  Reduction.  TJie  value  of  a  fraction  is  unal- 
tered if  both  numerator  and  denominator  are  multiplied  or  divided 
by  the  same  number. 

This  property  follows  from  Sec.  151,  p.  98, 


For  example : 

2  ~  "  '        2  . 2  "  4 
6  6-4-3      2 


?=  3  and  2:^  =  12  ^3_ 


179.   To  Reduce  Fractions  to  Lowest  Terms,  divide  both  numera- 
tor and  denominator  by  all  factors  common  to  them. 
The  division  may  be  indicated  by  canceling. 

For  example,   ^  0M=^)  jg  reduced  to  —  by  dividing  both  numerator 
and  denominator  by  a  +  a,  their  only  common  factor. 


FRACTIONS 

1 

ORAL 

EXERCISES 

Eeduce  to  lowest  terms ; 

1.  A. 

A           ^^ 

4.    — • 

ac 

mnp 
mnq 

10. 

ab^c 
ad'c 

2.    ,-V 

ah  ^ 
ac? 

a^x 
«2/ 

11. 

abc 
amn 

3.    if 

12  a:^ 

a6m^ 

12. 

x(x  +  y)^ 
2{x-^y) 

180.    Law  of  Exponents.     The  law  of  exponents  in  division 
(Sec.  148,  p.  97)  applies  to  fractions. 

For  example : 

—  means  m  factors,  each  a,  in  the  numerator,  and  r  factors,  each  a, 
W 

in  the  denominator.  They  can  be  canceled  from  both  numerator  and  de- 
nominator, one  by  one,  until  they  are  exhausted  in  either  the  numerator 
or  the  denominator. 

ORAL  EXERCISES 

Reduce  to  lowest  terms,  and  express  without  negative  signs 
in  the  numerator  or  the  denominator  of  the  fraction  itself : 


1.    ^.  6.    .Z_^.  9.    __M_..  13. 


a? 
a?' 

5. 

-y' 

2f 

36' 
4  6» 

6. 

-a? 

7. 

-12p' 
16/ 

m' 

8. 

20  r^ 
-15r 

3.    =iS-         7.    =^^-        11.    -^.  15. 


4-    — „•  8.    -^^^^.         12.    -,^-  16. 


-2c* 

—  a 
-a* 

-9' 

^.-f 

3  a' 

10^ 
10^1  * 

24a 
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WRITTEN   EXERCISES 

Reduce  to  lowest  terms  and  express  without  using  negative 
signs  in  the  numerator  or  denominator  of  the  fraction : 

\  —alP"  *      2^  '     m 

a^c?  ^         '      m  '      24:  xY^ 

3  ab^c^  ^     mas 


3.     - 


11.    <-&^)(-^. 


6a%(^  ma  3a^b{-c^) 


181.    Sometimes  the  common  factors  are  made  more  apparent 

by  factoring  either  the  numerator  or  the  denominator,  or  both. 

For  example : 

ax  —  ay  _  a(x  —  y)  _  a 
ex  —  cy      c{x  —  y)      c 

a^  —  m^   _  (a  -^  m)(a  ~  m)  _  a  +  m 
4t(^a  —  m)  4  (a  —  m)  4 

—  5a;  —  10a     _  —  5 (a;  +  2  g)  _     -  5    _  _       5 
x^-i-4:ax  +  4:a^        (x+2ay^     ~x  +  2a~     x-\-2d 

WRITTEN   EXERCISES 

Reduce  to  lowest  terms  : 


.  6. .  11.    ^. 

o  —  a  0  —  a  'y  —  oc 

3x-3y  ^      a-t  ^^         d^-9 


Ix-ly  a'-f  (^2^6^  +  9 

ab  —  ac  ^  a^-\-ax  ^  (a^  —  x^)z^ 

3  b  — 3c  ab  -\-bx  '    (a  —  x)2y 


4g  +  4aj  x^  —  x  a^  —  b^ 

1  —  y^  ^  -^     g^4-2gp4-j9^^  m^  — 2mr4-9-^^ 

a -{-ay  '         ab  ^bp  '  m^  —  i^ 
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182.  The  same  factor  may  he  introduced  into  both  numerator 
and  denominator  of  a  fraction  without  altering  its  value.    Sec.  178. 

For  example  : 

-7     3.7      21*  r  (-l)r  -r* 

2  =  ^^'^  —  _^  .  also  ^  +  ^  =  (^+  a;)(a  +  x)  _  (a  +  xy 
X     a^-x     a^x*  a  —  x      (a  +  ic)  (a  —  x)       a"^  —  x'^' 

ORAL   EXERCISES 

For  each  of  the  following,  state  an  equal  fraction  having 
the  denominator  a^b: 

1.    A.  2.    ^.  3.    -^.  4.    ^.  5.    2l. 

a6  a-  —6  a  1 

State  an  equal  fraction  having  the  denominator  12  aH^, 

6.  -^.         8.    ^.  10.     ^.       12.    -^.     14.    -^. 
12  a^               a2  1  -aH'  4.  at 

7.  :=^.         9.    — ^.  11.    .=1^.    13.'-^.       15.    =^. 
6at'                1  4  12f  3aH 

WRITTEN   EXERCISES 

Write  equal  fractions  having  the  denominator  a  (b^  —  x^)  : 

3  2     ct  —  ^      o     djb  +  x)  b  —  x  —3 

*6^  — cc^*       *6+i»        *      b  —  x  '       a    '  a{x—b)' 

183.  When  several  fractions  have  the  same  denominator, 
that  denominator  is  called  their  common  denominator.  The 
common  denominator  must  evidently  be  a  multiple  of  the  given 
denominators.  When  it  is  their  l.c.m.  it  is  called  the  lowest 
common  denominator  (l.c.d.)  of  the  given  fractions. 

184.  To  reduce  fractions  to  their  lotvest  common  denominator, 
find  the  I.  c.  m.  of  their  denominators  and  multiply  the  numerator 
and  denominator  of  eacK  fraction  by  the  quotient  of  its  denomir 
nator  andlhe  I.  c.  m. 
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ORAL 

EXERCISES 

Reduce  to  lowest 

common 

denominator 

1. 

2 
3' 

6 

4. 

4 
3' 

—  a 
6b' 

2. 

3a 

5 

'2a 

5. 

"2 

1     X 

3. 

b 
4.a 

c 

6. 

2 

3( 

X     -5b 

a^'    6ac  ' 

7  -1  & 

^*     a  '  a'' 
rs     b    a 
^'    a'  6' 

9     =1    iL 
•    3a'  26' 


WRITTEN   EXERCISES 
Change  to  fractions  having  the  L  c.  d. : 
-       2       3        1  rr        G 


Sx'  4ic^'  Gcc^*  *    a—c'  a  +  c 

2  -    A   ^  8          ^              2 

b'  3c'  2d*  '    ax  +  a:"  ax  -  a^' 

3  ^             ^             6  q      ^  +  ^     a  — 0? 

2&a;'  afeic?/'  3  aca;*  '    a  —  x'a-{-x' 

.     X    y    z  4a^              xy 

'   a    b'  G  '    3(a  +  by  6(d'-b')' 

x'       y^       z'  Q^           y^ 

'    2a6'3ac'46c"  '    d'-Vb^'  a''-b'' 

6.    .-^,  .-^.      J  12        ^           ^          «^" 


l__a;'  l-i»2'  •    a-6'  a  +  6'  a2-62 

1  i»-l 


13. 
14. 


8(1 -a;)'  8(l+aj)'4(l+a;2y 
111 


4a3(a  +  6)'  4a3(a-&)'  2a\a^-b'^ 


ADDITION   AND   SUBTRACTION  OF  FRACTIONS 
185.  Preparatory. 

1.  What  is  the  sum  of  |  and  i  ?     Of  |  and  4  ? 

2.  How  must  fractions  be  expressed  before  being  added  or 
subtracted  ? 

3.  What  is  the  sum  of  -  and  -?     Of  —  and  -^? 

b  b  abc  abc 
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2 


4.   Subtract  —  from  ^.     Also,  —  from  - 
be  be  pq  pq 

186.   To  Add  or  Subtract  Fractions.     1.   Find  the  Le,  d,  of  the 
given  fraetions.     This  is  the  denominator  of  the  result. 

2.  Reduce  the  given  fractions  to  fractions  having  the  I,  c.  d, 

3.  Fi7id  the  algebraic  sum  of  the  numerators  of  the  fraetions 
resulting  from  step  2.     This  is  the  numerator  of  the  result. 


Add  -^^  and    ^  ^ 


EXAMPLE 


a  —  x  a-\-x 

1.   The  1.  0.  d.  is  (a  -x)(a  +  x)=a^-  x^. 
_a a(a  +  x)  _a'^  +  ax 


a  — 

X      a^-x^ 

a2 

-a;2 

3. 

.     3a    _Sa(a  —  x) 
a  +  x        a^-x^ 

^3 

a2  _  3  aa; 

a2  _  x2 

4.   .-.      « 
a  — 

,     Sa 
X     a  — 

«2  +  ax     3 
X     a^~x^ 

a2. 
a2. 

-3«x 

-CC2 

4a2-2aaj 
a2  _  x2 

Add: 

ORAL  EXERCISES 

. 

1     ^    i-. 
■    13'  13 

3. 

5    9 
2U* 

5. 

5&    96 
3c'  2c 

2.    '-,  1 

a    a 

4. 

5       9 
2a'  4a' 

6. 

4c      5  c 
3a:'  12a; 

Add: 

WRITTEN   EXERCISES 

^       a     b 
ax    X 

6. 

1        5 
6z'  12z 

11. 

4           5 
l_a;'  1  +  aj 

a      c  ^ 
be    xy 

7. 

a    b  ^ 

X    y 

12. 

2^-4       1 
(^+3)^'  ^  +  3 

3.     ™,£. 
n     q 

8. 

1     5^ 

aj2'  xy 

13. 

c    e-{-x 
a      2a 

4.    ^P,     P. 
iq'  2q 

9. 

b     w  ^ 
a'  p 

14. 

a+a?    3a;  +  e5a 
a— a;'  2(a  — a?) 

6.  ^l. 

mn    pq 

10. 

3        5 

a'  a  +  1 

15. 

1— j9     4p-f-5 
3i;+2'  9t'4-6 
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Subtract  the  second  fraction  from  the  first: 


18.    - 


3   2 

19. 

5 

~x' 

x^ 

3a   2h 

20. 

7 
a' 

4 

ab 

1     1  ^ 
X  3ic* 

21. 

a 

c  ^ 
d 

16.      T 


17.    ^\  — 


22. 


23. 


24. 


4a?         2a; 
a4-5'  3(a+5)* 

7  5 
l_a;'  (l-a;)2* 

8  2 
m  +  l    m  — 1 

187.    Signs  before  Fractions.     Since  the  sign  before  the  frac- 
tion relates  to  the  fraction  as  a  whole,  the  wliole  numerator  is 
added  or  subtracted,  as  the  case  may  be,  the  bar  of  the  fraction 
having  upon  the  numerator  the  effect  of  a  parenthesis. 
For  example : 

a     d  —  e  __a—  (d  —  e)  __a  —  d  -^  e 

c         c  c  ~'         c  * 

a     d-e  -\-f_a~  (d-e+f)  _a^d-\'e^f^ 

c  c  c  c 


a 


2  a       5  a  —  7  ax     ax  - 


X+1        X-1  iC2-l 


■  a  ,2  ax  +  2  a 


6a  —  7  ax 


x2  - 1         x^-1  x^-1 

_ax  —  a+  C2ax  +  2a)  —  (6a  —  7  ax) 

x^-l 
_ax  —  a  -\-  2  ax  +  2  a  —  6  a  -h  7  ax 

10  ax  —  4:  a  ^ 
x^-1 


WRITTEN  EXERCISES 
Perform  the  operations  indicated : 


1. 


2. 


3. 


5       4^ 

7a; 


X 


X  ■ 


■xy     x—xy 


4  2 
x+y     x—2y 

z  2z 

1_3~£ 
x        x^ 
x-2y     2x'^y 

5  "^      3      ' 


6 


7. 


8. 


w 


2  m^q  2  mq^ 
Sa'b  5ab\ 
5  x^y     3  xy 

±^y^4txbc. 
ab     be 


9.    ^ 


d 


-3ac?+|c^. 


10-    |^-^  +  15a;2/. 
5  a;      10  y 
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^     i&i-Scf.  x_       x  +  y   ^ 

•    2xy^        3?  2y^3(x-y) 

12.  -J-  +  -1-.  24.    ^_&i±^. 
a  — 0     a-f-0  ab  be 

13.  «  +  ^_A_6a.  25.    a±&  +  &±£  +  c  +  a. 
3     5     15  a  6  c 

14.  JL+36+JL.  26.    5^r^  +  izz^  +  ^^. 
&^c^     a^c"*     a6V  ab  ac  bo 

15.  «_^  +  ^  +  a^6.  27.    -i 3  +  -    2« 


b     a     ab  a  —  x  {a-\-xf 

16  ^^  ^^^  28  1         I   ^  — 1 

•    oj^-a^     a*  +  a;**  '    (ic^  + 1)2  "^  a^  + 1 ' 

, \-n •  29. • • 

q  ^q  2(a;-l)     3(ic  +  l)      aj^ 

18     ^__i^ ?-.  30     ^^  —  y^     y^  —  z^     z^—x^^ 

y     xy     wy  a?  y^  z^^ 

19.     ?  +  ^+«.  31.     ,rA^  +  ,      ^  •        " 


6     c     (i  2(a-&)    2(a+&)     a?+l^ 


20.    a  + 


6  adici/     3  aca?  aj^  +  2/^     ^  —  y'^ 

21.  EZ^+^HI.  33.    ^^ +      ^      . 

0^2/         ^^^  (ot  —  &)(^  —  c)      a^  —  6^ 

22.  -^ 5LZ^.  34.    _^ y. 

2  6      2(a  +  6)  x^-f     ix-{-yf 

35.    55 Jr ^ + 

(b  —  c)(b  —  a)      (G  —  a)(c  —  b)      (a  — 6)(a  — c) 

188.   Preparatory. 

Eead  as  the  sum  or  difference  of  two  fractions : 

4  a-\'X 
a  +  9* 

aj+1 


1.  '"+'^. 

3 

o    a  +  5 

.    «  — 5 

5.    • 

a 

7, 

2.   30^  +  5?/. 
4 

4    6  +  a; 
5 

3-a 
^-     lb' 

8. 

10 
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189.  Separating  Fractions  into  Parts.  It  is  sometimes  desira- 
ble to  separate  fractions  into  two  or  more  addends,  by  revers- 
ing the  process  used  in  the  addition  of  fractions. 

For  example : 


1. 

a  -\-b  _  «  ,   6^ 
c      ~  c      c 

2. 

ax  +  6y  _    ax          5 y 
10  ay    ~  10  ay      10  ay 

lOy      2a 

3. 

6ay-4:bc^     Icy  +  16  b 
12  ab               12  be 

_  bay       4:bc^        Icy        16  6 
12  a6      12  a6      12  6c      12  6c 
_  52/        c2        1y         4 
126      3a      126      3c 
_  __   2/   _  c2         4 
66      3a      3c 
=  _l/X  +  c^  +  4\ 
3V2  6       a      c) 

4. 

(a  +  «)2  -  3(a  -  x)  _(a  ■}-  xy  _S(a  -  x)  _a  +  X         3 

a2  —  a;2                a 

2  — a;2        a'-^-ic^       a  —  x      a  +  x 

__     a      .      X 

3 

a—x     a—x 

a  +  x 

WRITTEN   EXERCISES 

Write  each  fraction  as  the  algebraic  sum  of  two  or  more 
fractions,  reduce  the  fractions  to  lowest  terms,  and  unite  those 
.  with  the  same  denominator : 

5  a? 4-  8y  '                       ^  a^x  +  4 h^y 

10  a     *  '  12ay     ' 

egg -3  62^  g  a-\-x     a%  —  5dx^ 

14:  ab  '  y              aby 

21a2a;     '  •  *    30(^  +  1) 

^^    9y-14a^  ^  15^~2aa;     ^, 
6  cc^/  ^xz 

7y-Sx     4:ay-9ax-^15y     ^^2^2 
•         8y  Say 

Q     a62  4.  8  6  4-  8  g     6  6c  - 18  ac  -  6  ab 
Sab  6abc 


FRACTIONS  137 

a'-l  '    a^-.2ab'hb^ 

12     4(l4-r)+3r(l-r)      7 a(l -\- r)  -  6r(l -r) 
1  —  r^  a  —  ar^ 

MULTIPLICATION   OF   FRACTIONS 
190.    Multiplying  Fractions.     The  product  of  two  or  more  frac- 
tions is  the  product  of  their  numerators  divided  by  the  product  of 
their  denominators. 

For  example  :  2    5  _  2  -  5  _  10 , 

5'  7~3.7~2l' 
m     p  _'mp    ^j  ,  a    c     3  e  _  3  ace 


n     q      nq  b    d      4:       4  bd 

a  ^  —  b  _  a  '  —  b  _  —  ab  _  _  ab-^ 
c      d         c  'd         cd  cd 

191.  Since  every  integer  or  integral  expression  can  be 
regarded  as  a  fraction  with  denominator  1,  the  above  dej&nition 
of  product  also  includes  the  case  where  one  of  the  factors  is  an 
integral  expression. 

For  example :  o  .  5  _  3    6  _  3  -  5  _  15^ 

*6~1  '  6~1  .6~  6* 

a   ^  _  ^    c  _ac 
b'    ~  b'  1~  b' 

In  simplifying  the  result,  canceling  may  be  helpful. 
For  example  :  2 

4a     Ub^44    %4lf^S 

lb'    a^       :^^'  iia      a 
If  necessary,  factor  before  canceling. 
For  example : 

^         ^1      ^ _^  .     3.>r    _       Zx 
34*ax  +  x2     2.>r*f(a  +  a;)  ~2(a +  x)* 
a;2  _  4     9  ^  0  q  ^  q2  ^  (a.2_  4)(9  4.  6  ^  ^  ^2) 
3  +  a  '      6  «  +  10  (3  +  a)(5  x  +  10) 

^(a;-2)(3>K^)(3  +  a)^ 
6(3.-K^)(^^4-^) 

^(a;-2)C3  +  a), 
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Multiply : 

4&    1 
*    Sx'  5' 
x"    x^ 
^'    5     4* 


ORAL  EXERCISES 


4. 


1 

a^ 

1 
a'' 

^      a       c 
4.b    3d 

3 

*  1' 

6.   6a.  i^. 
5g 

7.    p3.^ 


8      ^  .  2- 


4a 

6« 


Multiply  each  of  the  following  in  turn  by  12,  and  reduce  to 
lowest  terms : 


9. 


10. 


8 
Sax 

11.  ^. 

ac 

13.     '?  • 

6ahy 

15.  f '^ 
12  c 

4 

2  by 

12.  ii^. 
3x 

16.  ^* 
24s 

J 


Multiply  Exercises  9-16  above  in  turn  by : 
17.   3  a.         18.   2  b.         19.    xy.         20.   4:  ax. 

Multiply : 


21.  3cy. 


22.   5  .  ^ 
a    6 

23. 

^  .  -^.        24.    ^  . 

a'    26                 n 

en 

. 

26.    §  .  ±. 
X    16 

Multiply : 

WRITTEN   EXERCISES 

x'     x' 
'   a'  *  a'' 

3    4a;.   22/. 
5  a     3a6 

5. 

a^b  ^  3a\ 
cd      &d 

^     a^~+^   .    a' 

6. 

Multiply  and  reduce  to  lowest  terms 

,      7       39  a2 
*   13a      49 

. 

11         ^     .   ^^. 

3c  *  ad' 

15. 

q'     bp 

^    ^x"      a\ 
a      Ibx 

12.  £.!l. 
y2    w 

16. 

a 

.    a     cb^ 

13.  z^.'^y"'. 

zw 

17. 

1          be 

b'  ad 

<?     {x  +  yf 

•    q     3i>3 

14     ^.^  +  ?/. 
2/      bxy 

18. 

X     f     f^_ 
y    z'     vf 

9.    -  .  — 


10 
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19-    ^V~-  23.   4^.a6.  27.    3&c.^. 

20.  ^  .  ^.  24.    i  .  ^.  28.    -  a^  .  ^1^- 
a^d^    cd                       bx     d  ab 

21.  ^.xy.  25.   2^.i2^.|^.  29.   i.^fi^. 
xy^                                 a       c       2b  x        obc 

552.   ^  .  3mx.  '26.   a  .  i  .  ^.  30.   =4^  ■  =^. 

3x  be    a  <f  d 

31    _i_. -J_.  38.    (a^-l)        ^ 


a^b^xy^    abx^y  a  +  1 

a6^c     a7?/V  g^  aj  —  1 

33     3mVg     6a;Vg^  ^^    l4-6a  +  9a^         It 
4  x^a:^     5  m^ns  21  2  +  6  a 

34,    .  —  .  -^.  41,    .  • 

cd^     ey    ab  aj2-10a;  +  25        8ci 

35.  (0^+3)  .  ^^.  42.    ^-^^  .  ^^^^^  +  < 
^-^     a;-3  a-4      a2  +  6a  +  9 

4aj       2(a-t-5)  .^     7a;  +  14    2a-3     aj4-2 
'*^*    a  +  5         30^3  l-5a    (a:+2)2    6a-9 

3^^    am  -  6m  ^       2  ^^^       a      ,    1  -  a^    .  2  +  2/. 
c  +  1        ar  ■ 

45.    f'-  +  -Y.  51.    [-^^ 


^^    yj 

46.    T— „  +  l].         52. 


\y    ^J 


47.      -  +  ^     .  53. 


48     f  1  +  -V  54. 


XJ 

49.  (-—1).  55. 

50.  (--iV.  56. 


X      yJ' 


■  br 

a;-l 

2a'{-  ay    1 -{-  x 

M)" 

57. 

V     yJ\     yi 

(^-0" 

58. 

(Wi  +  n\(--n 
\n        J  \n 

e-j- 

59. 

l^y} 

(!-)■■ 

60. 

-Hi-t) 

(i-T- 

61. 

H-iy 

l-e-i> 

62. 

^<h-^} 
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192.  Powers  of  Fractions.  Any  poiver  of  a  fraction  equals 
that  power  of  the  numerator  divided  by  the  same  power  of  the 
denominator. 


For  example : 


V     V         (3)2       9* 

\b)   ~h'  h 

(^V— -     - 
bj  ~b'  b 


63* 


\~bbcl       (- 


to  n  factors. 

a  '  a  '"to  n  factors  _ 
6  .  6  ...  to  w  factors 
^3a;2)3  _     27  ar>ot^ 


0^ 


•5  6c)3      -125&8c8      "l25  63c8* 
q2  4-   6a  +  9^(a4-3)2^/a  +  3\2 
a;2_i0a:  +  25      (« -  5)2     [x-bj 

■2mr  +  r^ 


fm  +  r\ 2_  (m  +  r)^  _  m^  +  ^ 
\w  —  r/       (m  —  r)2     m^  —  2 


2  mr  +  r^ 


WRITTEN   EXERCISES 
Write  without  parentheses : 


1. 


2.      -. 


3. 


4.       1  + 


(' 


13. 


14. 


15. 


y. 


'-!)■ 


/-  abxy 
\(?dy  )' 


5. 


6.       - 


t) 


7. 


-  3  dbc 
4:m^n 


f     2a?- SV 


aZ>  \ 


a+^y 


16. 


17. 


18. 


9. 


10. 


11. 


12. 


/2aa?Y 
/2a^ 


a     b 
a  +  &c 


^+4 
9  w 
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Write  each  of  the  following  as  a  power  of  a  fraction : 
19.    ?^^4^.  23. 


•    a;^-2a^?/  +  a^^''  '      g*  - 20 g^ -|_  100  * 

a;2  -I-  4  g;  +  4  g^- 9a^  + 27a-27 

^^       a^-4a&  +  4&^  ^^         a^-2a;  +  l  _ 


9a2-12a&  +  4  62  oj^  +  2  a;^?/ +  aj^^/^ 

DIVISION   OF   FRACTIONS 

193.    Reciprocal.     If  the  product  of  two  numbers  is  1,  each 
is  called  the  reciprocal  of  the  other. 

Thus, 
5  and  \  are  reciprocals  of  each  other,  because  5  •  J  =  1. 

-  and  -  are  reciprocals  of  each  other,  because  -  •  -  =  1. 
ha  ha 

ORAL  EXERCISES 

State  the  reciprocal  of : 


1. 1. 

^■1- 

5.  mp. 

'■f 

2.   i. 

a 

^■k 

6.   ^«. 
56 

8       ^^ 

194.   Division  of  Fractions.     In  the  division  of  fractions  as  in 
the  division  of  integral  expressions : 
Divisor  times  quotient  equals  dividend. 

Consequently,  to  divide  |  by  J  means  to  find  a  number,  call  it  g,  such 
that 

J  times  q  equals  f , 

or,  iq  =  i- 

To  find  q,  we  multiply  both  members  of  this  equation  by  f ,  the  reciprocal 
of  |,  obtaining 

9  =  ?-f 
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Similarly,  -  -r-  -  means  to  find  a  number  g,  such  that 
b     d 

d    ^      b 

Multiplying  both  members  by  - ,  the  reciprocal  of  - ,  we  have 

c  d 

c     b 
In  words : 
To  divide  by  a  fraction  is  to  multiply  by  its  reciprocal. 


^  ,    .  WRITTEN   EXERCISES 

Divide : 

1  i^i.  9  p.^iiL. 

a  '  3  ■   7  g  ■  14  g 

2.   l-^§.  10.   ^-^. 

a     a  m      q 

3.  Ih-1.  11.  ^^y. 

a     b  y     ^ 

4.3^5.  12.    J_^l. 

a     b  Sab     ab 

.    a  .  1  ic2  .  a; 

6     6  2/     r 

n   *  &  pq   '  p 

J?L^JL  11^    ma;  ,  m 

*  2  6  '  3  d  '    ny   '  n 

ft    _m__^5_m  -^    5^_L.^ 

*  5  7i  '  21n*  *    62  •  5* 

25.  iL^l=:?  29. 
6a;     ca; 

26.  ^^^=?  30.    ^^^f^  = 
3c2/       C2/ 

27.  --^-j--^L_=?  31. 
a;-2/      a;  +  2/ 

28.  3^^_^^=9  32. 
2  a2<     2  2;^+« 


17. 

3a2     2a 
2  6^  *  3  6* 

5a;2     a;2 

18. 

2/'    *  y 

19. 

15  m'     5 

n*^      *  n' 

20. 

ab     6 
c    •  c'' 

21. 

6a  ^  a 
6       a; 

22. 

7a2       14 

5  6   *  5a62 

23. 

yh  .  yz 

XW        X 

24. 

m'   .10  m 

xyz  '    Sx 

ac 

bd  ' 

a6_,^ 
cd 

4a 

X 

3a6 

,6a'b      p 

5a^G 

'  5  aV      ' 

4  a262   .  4  a6  _  ^ 
15  cW  *  3  c-d 

FRACTIONS 

2x  .  4a7_^ 

a     6     c    e.a___^ 
'    b'  c'  e' f  '  f 

2  a?  .  SxyG__^ 

2g    a^^'b^'^c^''  .  a^'b^'c''  _^ 

yz    '    zH 

xyz      '  x^y^z^ 

Sabx  .  6aV      . 
dc"    '  lOcb' 

?                 39.    ^.^^^=? 

2y  .  a    9ar^_^ 

,                       m^n    Ti'^^p  .  mnp  __  9 

3x  '  b    4:y^ 

p^q     (fr        qr 
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33.    ^-v-^  = 

34. 

35. 

36. 

41.  The  width  of  a  room  is  /  ft.  How  many  yards  wide  is 
it  ?  The  room  is  to  be  covered  with  carpet  f  of  a  yard  wide. 
How  many  strips  will  be  required,  running  the  long  way  of 
the  room  ? 

42.  According  to  Exercise  41,  how  many  strips  would  be  re- 
quired if  the  carpet  were  -  of  a  yard  wide  ? 

b 

43.  A  cook  uses  I  pounds  of  sugar  in  making  some  cakes. 
If  each  cake  requires  ^  of  a  pound,  how  many  cakes  are  made  ? 

Answer  the  same  question  when  -  of  a  pound  is  used  for  each 
cake. 

44.  A  lamp  which  holds  |  of  a  quart  is  filled  from  q  quarts 
"  of  kerosene.     How  many  times  can  this  be  done  ? 

45.  How  many  times  can  a  lamp  holding  —  of  a  quart  be 
filled  from  q  quarts  of  kerosene  ? 

195.  Since  every  integral  expression  can  be  regarded  as  a 
fraction  with  denominator  1,  the  process  of  division  includes 
also  the  case  where  one  of  the  fractions  is  an  integral  expres- 
sion. 


For  example : 

-f^6=-|^f=-f4  =  -A. 

a    ^^^   a     ,  c^   a    ^l^    a     ^^ 
—  b            —b     1      —be      —be 

--^.     Sec.  175. 
be 

3  a2x           3  ^N  _  3  a25c       1     _     ax 
by    '  ^                  by      -Sa         by 

Sec.  175. 

Z            1          X  ■ 
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WRITTEN   EXERCISES 

Perform  the  divisions  indicated  and  reduce  the  results  to| 
lowest  terms : 

^     Sa^x  ,  2  c.  13     ^g-f  3&  ,      c-d 

by     '       ' 

2.    2a -^^i^.  14. 

h^c        c 


c  +  d 

2a 

-3b 

a 

0?- 

a-f 

-a  ^ 

■X 

a 

+  x 

4 

x'-d 

f  , 

2x 

+  3?/ 

3.       ,   ,    -^  a^ .  15.  , 

bx"  a'-h^  a-b 

4     a^-\-h^  .  a^b  ^^         4  a^       ,         xy 
a^-b^  '  a-b  '    3(a  +  6)  '  6(a2-62)' 

^     2ab  ,     2b  ^^         a"      ^     2ab 


3c2      -a^c  *  d'-b''  '  (a-bf 

9x^y    .3  xy^  ^  ^^  g^-^^  ^       g^x 

12  mn^  '  4  m^n  '  a-{-x    '  —  (a-^xy 

-bo?  ^     3a  ,.  a^-b\        b^c 


19. 


1  cW      21c'b  *  --6c    *  -6(0; +  6) 

g     -To^y  ,     1  xy  \  ^q  2aa;-a;^  ,  a;^-a^ 

122^     *  —  42;t^  *  g(x  +  a)    '    x-\-a 

9        5a6^     ,  —  5a^6  —  (a;  +  ay  .  a;  — g 

-21  cc?  '     7cW  '  •  x^J^a?      '  x  +  a 

-  ^     — 15  mn^  .  3  mV  _  ^^  _  1           />.  _  1 

-l-U. -T — •  Aim, 


25a'b  Bab  x^-3x-}-2     x-2 

11  ^  g^  .     4  a  a?  —  2xy—3y'^  ,  x—3y 
a^b^  '  a  —  b                                '     x^-{-2xy-^y^    '    x-\-y 

12  g  — ^  .  a?  —  ^^  24     a^—ay  .      ct'^  —  y^ 

y  —xy  m  —  n       —  (a  —  yy' 


FRACTIONS   APPLIED   TO   EQUATIONS 

196.   Preparatory. 

1.   If  ^  of  a  number  is  3,  what  is  the  number  ?     How  is  it 
found  ?     If  (^)  x=3,  what  does  x  equal  ? 
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2.  If  f  of  a  number  is  6,  what  is  the  number  ?  How  is  it 
found  ?     If  (f )  x  =  6j  what  does  x  equal  ? 

3.  (1)2/  =  10 ;  what  does  y  equal  ?     (|)p  =  15 ;  p  =  ? 

197.  Fractions  in  Equations.  In  solving  problems  by  the 
use  of  equations  the  processes  with  fractions  are  often  used. 

EXAMPLE 

f  of  the  distance  from  Buffalo  to  New  York  City  is  330  mi. 
How  far  is  Buffalo  from  New  York  City  ? 

Solution. 

Let  X  be  the  number  of  miles  in  this  distance.  (i) 

Then,  f  x  =  330.  (S) 

Dividing  both  members        ^       4     oqa  /©\ 

of  (^)  by  I,  « =  3  •  ^^"-  W 

.-.  X  =  440. 
Therefore,  the  distance  from  Buffalo  to 

New  York  is  440  miles,  (^) 

Test:  |  .  440  =  330. 

WRITTEN   EXERCISES 

1.  A  tennis  ball  is  dropped  and  rebounds  |  of  the  distance. 
From  what  height  is  a  ball  dropped  that  rebounds  2|  ft.  ? 

2.  A  church  and  its  tower  are  together  180  ft.  high;  the 
church  is  one  half  as  high  as  the  tower  alone.  Find  the  height 
of  each. 

3.  The  depth  of  a  ship  below  the  water  line  is  f  as  great  as 
the  height  of  the  captain's  bridge  above  the  water ;  the  bridge 
is  45  ft.  from  the  bottom  of  the  ship.  What  is  its  height  above 
the  water  ? 

4.  The  arms  of  a  lever  as 
shown  in  the  picture  are  a  ft.  ^(^  W 
and  b  ft.  long,  and  p  pounds 
of  force  are  required  to  raise 
a  body  of  weight  w.  It  is 
known  that  the  product  of  one  arm  of  a  lever  and  its  corre- 
sponding force  is  equal  to  the  product  of  the  other  arm  and 
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its  corresponding  force.     Thus  pb  =  aw,  from  which  j9  =  — . 

h 

What  force  is  required  to  raise   500   lb.,    if   a  =  2,  6  =  10  ? 

Also,  if  a  =  8  and  6  =  40  ?     Also,  if  a  =  9  and  &  ==  36  ? 

5.  Find  p  according  to  Exercise  4,  when  6  =  a ;  how  do  the 
force  and  weight  compare  when  the  arms  of  the  lever  are  equal  ? 

6.  Eind  p  when  &  =  3  a  ;  J9  is  what  part  of  w  in  this  case  ? 

7.  What  is  the  ratio  oi  p  to  w  when  the  ratio  of  &  to  a  is  5  ? 

Solve  for  X  and  test : 


8. 

#aj4-4  =  i  +  10. 

12. 

I^-|  =  A^  +  |, 

9. 

|a^-l  =  f  +  8. 

13. 

|«^-f  =  ^  +  4. 

10. 

aaj  +  &c  =  ^  +  l. 

c 

14. 

|aj^3  =  |x-|-2. 

11. 

0 

15. 

-+i-i-f- 

198.    In  solving  equations  which  contain  fractions  it  is  usu- 
ally best  to  clear  of  fractions  first. 


-> 


EXAMPLE 


a  1                                              ^     11  — a;     19  — a;  /^x 

Solve:  X -_=___.  (i) 

Multiplying  both  members      f>  „      6(11  —  X)  _6(19~a;)  ,^. 

by  the  I.e.  d.,  6,  "  **'  3  "  2  * 

Simplifying,  6a: -  2  (11  -  a;)  =  3  (19  -  «),  (.?) 

and  6x-22 +  2aj  =  57  — 3  a;. 

Uniting  terms,  11  a;  =  79.  {4) 

.-.a:  =  7  A. 

Test  :  ^  -  11^^  =  l^^liJ ,  because  each  =  ?5  . 

11  3  2      '  11 

199.    To  clear  an  equation  of  fractions  multiply  both  members 
by  the  I.  c.  d,  of  all  of  the  fractions. 


Solve  and  test : 
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WRITTEN  EXERCISES 


^'    2^4     6"  ^'342-4  ^■'• 

•  12        8  4  ^  3        9       6^2^ 

^_^_1  ,  ^_^  7     a?     cc  — 8_  g; 

•  3~4~2     5~6*  '    5        4     ~20* 

^^^_2^    ^-3^       g    ^^4.  2 (20 -aj)  =  10. 
2  3  4  10         6\  / 

200.    A  fraction  that  is  not  given  in  its  lowest  terms,  should 
first  be  reduced. 

EXAMPLE 

Solve:  ^gJb|^+l  =  6.  (f) 

Simplifying  the  first  fraction,     — —  +  -  =  6.  (;^) 

Multiplying  both  members   of 
(^)  by  the  l.c.d., 

x  —  2  X  ^  ^ 

Canceling  common  factors  in  (3) 

from  numerators  and  denomi-     X  (1  +6a;)  +  X  —  2  =  6x(x  —  2^.      (^) 

nators, 
Removing  parentheses,  X -\- 6  X^  -{■  X  —  2  =  6x^  —  12x.       (5) 

Simplifying,  14x  =  2.  (6) 

.-.     X  =  f  (7) 

Test.  )0 +  !)+!=   KY)    4.7,016  =  6. 

(1)2-2.^      f     Ki-2) 

WRITTEN   EXERCISES 

Solve  and  test : 

3      x  —  1 
«    a^-3 


A«. 

x- 

-1-^ 

-p  -«. 

3. 

-2_ 

-4      a; 

2 

-2 

4. 

2/ 
2 

f-1 
2/  +  1 

=  y. 

5. 

1      5      2aj-l 

a;     a;2          x" 

6. 

a;_l      aj  +  1      0^-1 

7. 

2             4             7 

w  —  2      w-{-2     w^  —  4: 

8. 

3        5             1 

X     x  +  6     ar^  +  6a; 
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201.    The  foregoing  processes  apply  also  to  fractional  equa^ 
tions  with  two  unknowns. 


Solve  for  x  and  y : 


EXAMPLE 

'aj  +  l_ 


2/4-1 
x-1 


2/-1 

Clearing  (1)  of  fractions,      2iC  +  2i=?/+l,  or2x  —  ?/=  —  1- 

Clearing  {2)  of  fractions,       4x  —  4=?/—  1,  or4x  —  y  =3. 

Solving  (5)  and  (4)  as  in  o  «v,/i  ..        k 

Sec.  166,  p.  117,  X  =  2  and  2/  =  5. 


{3) 
(5) 


WRITTEN  EXERCISES 


Solve  for  x  and  y : 
1.    ^  +  .  =  3, 
a;  +  ^  =  ll. 

^-    3+  2   -*' 


5  a; 
6 
6 


■22/=-13. 


3.    -  +  5?/  =  18, 


--2/  =  l.        . 

X 

3       4  ' 

5  =  5. 
^     4 

5  =  1. 
2/      4 

3      aj 


Q.    x-^ 


_5  y  _5  X 
4~3"T~"T' 

K^+2/)  +  ia^*-32/)  =  12. 


x±jl_ 
x-y 

^x-\-by  = 


4, 
3 


8. 


9. 


10. 


11. 


3x-\-12y  _^ 
1^-x     -^' 


x  +  Ay  _ 
l  +  42/~ 


4  (3  a;  -  2  y)  ^       8 


6  (a;  +  2y) 


10' 


1  +  ^  = 

3a;     6?/ 

=  0. 

20       4 

0, 

?_^-4 
2     6       ■ 

2/ 

2/  +  1      1, 
a; 

3 

2 

I 
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y     A  6  X     Ay 

x  +  y  +  6  =  ^.  Il  .  4=_13 

2x 

14.  Twice  the  number  of  pounds  of  meat  consumed  annually 
per  inhabitant  in  Great  Britain  is  186  %  of  the  consumption 
per  inhabitant  in  the  United  States.  If  the  latter  is  160  lb., 
what  is  the  consumption  in  Great  Britain  ? 

15.  The  number  of  pounds,  as  in  the  previous  problem,  for 
the  United  States  falls  39  lb.  short  of  being  three  times  the 
number  for  Germany.     Find  the  latter. 

16.  An  average  workman  should  eat  daily  a  certain  weight 
of  starchy  foods,  16  %  of  that  weight  of  fats,  and  20  %  of  that 
weight  of  albuminous  foods  (protein).  The  total  weight  of 
these  three  foods  consumed  daily  should  be  at  least  1^  lb. 
What  weight  of  each  is  required? 

17.  18%,  by  weight,  of  wheat  is  lost  (as  bran,  etc.)  in 
grinding  into  flour.  How  many  60-pound  bushels  of  wheat  are 
used  in  making  246  lb.  of  flour? 

18.  The  weight  of  bread  is  1331  %  of  the  weight  of  the  flour 
used  to  make  it.  According  to  Exercise  17,  how  many  one- 
pound  loaves  of  bread  can  be  made  from  10  bu.  of  wheat  ? 

19.  The  area  of  Tennessee  is  f  of  that  of  New  York,  and 
the  sum  of  their  areas  is  91,000  sq.  mi.     Find  the  area  of  each. 

20.  The  area  of  Virginia  is  if  of  that  of  Pennsylvania,  the 
area  of  Kentucky  is  |-  of  that  of  Pennsylvania,  and  the  sum  of 
their  areas  is  127,000  sq.  mi.     Find  the  area  of  each  state. 

21.  The  area  of  Oklahoma  is  f  of  that  of  North  Carolina, 
that  of  Maryland  is  y\  of  that  of  Oklahoma,  and  the  sum  of 
their  areas  is  103,000  sq.  mi.     Find  the  area  of  each. 

22.  The  area  of  New  Hampshire  is  y^-  of  that  of  Maine. 
12  times  the  area  of  New  Hampshire  diminished  by  3  times 
the  area  of  Maine  is  9000  sq.  mi.     Find  the  area  of  each. 
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23.  A  certain  number  is  twice  another;  their  difference 
divided  by  their  sum  equals  the  smaller.     Find  the  numbers. 

24.  What  fraction  becomes  equal  to  |  if  the  numerator  and 
the  denominator  are  each  increased  by  1,  and  equal  to  |  if 
they  are  each  diminished  by  1  ? 

Suggestion.    Let  -  be  the  fraction. 

y 

25.  A  fraction  whose  value  is  f  assumes  the  value  |  if  the 
numerator  and  the  denominator  are  each  increased  by  8.  Pind 
the  fraction. 

26.  A  fraction  becomes  equal  to  -|,  if  the  numerator  and  the 
denominator  are  each  increased  by  3 ;  and  equal  to  ^,  if  the 
numerator  and  the  denominator  are  each  diminished  by  3. 
Find  the  fraction. 

27.  A  certain  capital  is  invested  in  two  kinds  of  securities, 
one  paying  4%,  the  other  4|^%  ;  f  of  the  capital  is  invested  in 
the  first  kind  and  the  rest  in  the  second ;  the  total  income  is 
$  75.     What  is  the  capital  ? 

28.  A  man  has  an  annual  income  of  $1100  from  capital  in- 
vested partly  at  5%  and  partly  at  6%.  The  amount  at  6  % 
was  repaid  and  reinvested  at  4  9^,  and  thereafter  his  annual 
income  was  $  800.     Find  the  amounts  originally  invested. 

SUMMARY 
I.   Definitions  and  Laws. 

1.  A  fraction  answers  the  questions : 
What  part  is  one  number  of  another? 

What  is  the  quotient  of  one  number  divided  by  another  f 
What  is  the  ratio  of  one  number  to  another  ?  Sec.  170. 

2.  In  algebra,  a  fraction  is  usually  regarded  as  an  indicated 
division.  Sec.  171. 

3.  The  dividend  and  the  divisor  of  the  indicated  division 
are,  called  the  numerator  and  the  denominator  of  the  fraction. 

Sec.  172. 
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4.  A  fraction  is  said  to  be  in  its  lowest  terms  when  its 
numerator  and  denominator  have  no  common  factor.    Sec.  173. 

5.  Every  fraction,  taken  as  a  whole,  has  a  sign  before  it, 
expressed  or  understood,  in  addition  to  the  signs  that  the 
numerator  and  the  denominator  may  contain.  Sec.  174. 

6.  When  several  fractions  have  the  same  denominator,  that 
denominator  is  called  their  common  denominator.  Sec.  183. 

7.  Every  integer  or  integral  expression  may  be  regarded  as 
a  fraction  of  denominator  1.  Sec.  191. 

8.  If  the  product  of  two  numbers  is  1,  each  is  called  the 
reciprocal  of  the  other.  Sec.  193. 

9.  Jjaw  of  Signs.  The  sign  of  the  fraction  is  changed  if 
the  sign  of  the  numerator  or  of  the  denominator  is  changed. 
The  sign  of  the  fraction  is  unchanged  if  the  signs  of  both 
numerator  and  denominator  are  changed.  Sec.  175. 

10.  The  law  of  exponents  in  division  applies  to  fractions. 

Sec.  180. 

11.  Multiplying  or  dividing  both  numerator  and  denominator 
of  a  fraction  by  the  same  number  does  not  change  the  value  of 
the  fraction.  Sec.  178. 

12.  The  same  factor  may  be  introduced  into  both  numerator 
and  denominator  of  a  fraction  without  altering  its  value. 

Sec.  182. 
II.   Processes. 

1.  If  the  numerator  of  a  fraction  is  of  the  same  degree  as 
the  denominator  or  of  a  higher  degree,  the  numerator  may  be 
divided  by  the  denominator.  Sec.  176. 

2.  A  mixed  expression  may  be  changed  to  the  fractional 
form  by  multiplying  the  integral  part  by  the  denominator  of 
the  fractional  part  and  adding  the  result  to  the  numerator  of 
the  fractional  part.  Sec.  177. 

3.  Fractions  may  be  reduced  to  lowest  terms  by  dividing 
both  numerator  and  denominator  by  all  of  their  common 
factors.  Sec.  179. 

11 
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4.  To  reduce  fractions  to  their  lowest  common  denominator^ 
find  the  1.  c.  m.  of  their  denominators  and  multiply  the  numer- 
ator and  denominator  of  each  fraction  by  the  quotient  of  its 
denominator  and  the  1.  c.  m.  Sec.  184. 

5.  To  add  or  subtract  fractions  reduce  them  to  fractions 
having  the  1.  c.  d.  and  add  or  subtract  the  numerators  of  the 
resulting  fractions.  Sec.  186. 

6.  The  product  of  two  or  more  fractions  is  the  product  of 
their  numerators  divided  by  the  product  of  their  denominators. 

Sec.  190. 

7.  Any  power  of  a  fraction  equals  that  power  of  the  nu- 
merator divided  by  the  same  power  of  the  denominator. 

Sec.  192. 

8.  To  divide  by  a  fraction  is  to  multiply  by  its  reciprocal. 

Sec.  194. 

9.  An  equation  is  cleared  of  fractions  by  multiplying  both 
members  by  the  1,  c.  d.  of  all  the  fractions  occurring  in  the 
equation.  Sec.  199. 

REVIEW 

ORAL  EXERCISES 

1.  A  man  earned  d  dollars  per  week  of  6  days.  How  many 
dollars  did  he  earn  per  day  ?     In  c  days  ?     In  d  days  ? 

2.  An  automobile  traveled  m  miles  in  5  hr.  How  far  did  it 
travel  in  1  hr.  ?  How  far  would  it  go  in  r  hours  at  the  same 
rate  ?     Ind  days  of  r  hours  each  ? 

3.  If  T  tons  of  coal  are  delivered  in  one  day  by  5  teams, 
what  is  the  average  number  of  tons  per  team  ?  How  many 
tons  would  7  teams  deliver  in  the  same  time  ?     t  teams  ? 

4.  If  200  tons  of  coal  are  delivered  in  1  day  by  n  teams,  how 
much  is  this  per  team  ?  How  many  tons  would  15  teams 
deliver  in  the  same  time  ?     q  teams  ? 
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WRITTEN  EXERCISES 


f2 

1.   Find  the  value  of  -^  when  /=  25,  s  =  15. 


2.  Find  the  value  of  -^  when  /=  20.5,  s  =  15.5. 

f-s 

3.  Find  the  value  of  ^^^  when  F=SO,  /S'=10,  f=10,  s=5. 

f-s  '^ 

4.  Find  the  value  of  ^^  when  m= 10,000,  ^=90,  ^=300. 

5.  A  cyclopedia  consists  of  y  volumes  of  p  pages  each  and 
treats  of  a  subjects.     How  many  subjects  is  this  per  page  ? 

6.  One  capitalist  owns  -  of  a  factory,  another  owns  -  of  it, 

-i  a  b 

and  another  owns  -  of  it.   What  part  of  it  do  the  three  men 
together  own  ? 

7.  If  the  present  value  of  the  factory  of  Exercise  6  is  d 

dollars  and  it  changes  to  -  of  what  it  is  now,  what  will  be  the 

b 

value  of  the  part  owned  by  these  three  men  ?   Of  the  part  owned 
by  each  man  ? 

8.  Answer  the  questions  of  Exercise  7,  when  a  =  2,  6  =  3, 
c  =  6,  and  d=  $18,000. 

Eeduce  to  an  integral  or  mixed  expression : 
9     ^  +  6  j^Q     6a;^  +  5  3c^—a^ 


QC^+C  x-i-5 

Keduce  to  fractional  form : 

12.    «+-.  13.    a;  +  l ^.        14.    c  +  -^. 

c  aj+1  a-\-b 

Add: 

15.    ^-1.,  16.    J^-l,  17.    2LZ1^4.^. 

X     2x'  12a     4*  *         c  2g 


18. 


x-2y_2x-y_^  20.    -^4 


Sy  122/  1  +  a;      1-a:      l-a;^ 


19.    1  +  Ui.  21.    -^  +  -    ^  ^ 


a     b      c  x-\-a     x  +  b     x-{-c 
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7  +  4      3a;-2      a;2-2aj-17 


22. 


aj  —  2        ic  —  3        a?^— 5a;4-6 


23  ^-^        1^1^^ 


I  (a^  +  l)(a^^-.V^  +  l) 


Multiply: 

X          —y  —ha^—b" 

5  ax  ^  xy  —  y^  «-       a?^  — 9    ^  x^  — 16 

3cy     x^  —  xy'  '   x^-\-4:X    x^  —  3x' 

ax      ^  a^  —  x^  22         4a:^      ^  6  (a^  —  6^) 

*    (a-a;)2  '    -a&  *  *    3(a  +  6)'       — a;i/ 

2g     a;2-2a;y  +  ?/  ^  1              ^^     -4a&  ^     9c^cg     ^  -21c 

aj  +  ?/           x^  —  y^'  *       6  c        —  7  a^6     12  a6c' 

29     ^  +  2     a^  — 1  -        g  — &        g^  — 4&^ 
a;  — 1    a^  — 4 

Divide : 

35.  .^'^g.  39.     f^l-f^l 

36.  ^^^^t^E,  40. 
hd      he      y      2/^ 

37.  a±h^{a_±hl^  ^^ 
a—h  '     a—b' 

gg     a;^4-5a;4-6  ,  x  +  5  ^^ 


a'  + 

2ab 

a'- 

ah 

fax' 

H 

^bxj- 

fa- 

-bV 

.fa'- 

-V^ 

2 

\ 

U- 

■y) 

•W- 

-fj 

)• 

/m- 

-A 

'     /.- 

-m^ 

4 

\m- 

-p) 

U- 

-Pj 

) 

X 

x  +  af 

x'^1  aj  +  1  1  +  aJ      (l  +  i»)' 

43.  The  number  128  is  the  sum  of  two  numbers  such  that 
I  of  one  equals  2^^  of  the  other.     What  are  these  numbers  ? 

44.  A  certain  kind  of  woolen  cloth  1  yd.  wide  shrinks  -^-^  of 
its  length  and  ^  of  its  width  in  washing.  How  many  yards 
must  be  bought  in  order  to  have  38  sq.  yd.  of  cloth  after 
shrinking  ? 
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SUPPLEMENTARY  WORK 

Addition  of  Fractions 

Fractions  in  which  the  letters  are  symmetrically  involved 
are  often  easily  added. 

EXAMPLE 

»  -j-j  ab I be I ca /^v 

(^c-a){G-b)      (a-b){a-c)      Q)-c){b-a)  ^  ^ 

The  1.  c.  d.  is  (a  -&)(&-  c)  (c  -  a) .    Sec.  184,  p.  131. 

Since  —  (a— 6):^6— a,  and —(c  —  &)  =  &— c, 

ab ab(b  —  a) 

(3) 


(c- 

-a)(c- 
6c 

-b)- 

(c- 

-a)(6- 
be(e 

c)(a- 
-6) 

•6) 

(«- 

-6)(a- 

-c) 

(a- 

-  6)(6  - 

.c)(c- 

a) 

ca 

ca(a 

-c) 

(6  -  a)(6  -  c)      (a  -b  )(6  -  c)(c  -  a) 

ab             ,             be              ,             ca  ri:\ 

+  71 7^71 IT  (^) 


{c  —  a)(c—b)      {a  —  b){a  —  c)      {b  —  c)(b  —  a) 

_ab(b  —  a)-\-  be (c—  b)-\-  ca(a  —  c)  _^ 
{a —  b)(b  —  c){c  — a) 

The  numerator  and  the  denominator  are  identical  when  expanded. 
It  may  be  noticed  that  the  second  fractions  in  steps  (;^),  (^),  and  {4)  are  of 
the  same  form  and  that  all  may  be  inferred  when  the  first  has  been  found. 

Test  by  substituting  a=l,  6  =  2,  0  =  3. 

WRITTEN   EXERCISES 
Add: 

a  c  «  1  1 


1. 


c(a—b)      a(b  —  a)            (a  — 6)(c  — a)      (6  — a)(c  — 6) 
a  . b ,  c 


(b  —  c)(c  —  a)      (G  —  a)(a  —  b)      (a—b)(b  —  c) 

a-\-b         ,           &4-C          ,          c-j-a 
■  4-  7 —/ r:  H —  


(b-c)(c-a)      (c-a)(a-b)      (a-b)(b-c) 
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5.\         1  .  +  ..        i         .+.  1 


(a_2>)(a_c)      (b-c)(b-a)  (c-a)(c-b) 

^          a(&  +  c)        I       b(c-{-a)  c(a+b) 

{a  —  b)(c  —  a)      {b  —  c){a  —  b)  (c  —  a){b—c) 

^               a'                         b'  .             c' 

*  •     7  7w T  "T" 


(a  —  b)(a  —  c)      (b  —  c)(b  —  a)      (c  — a)(c  — 6) 


x(x-y){x-z)      y(2/-z){y-x)      z{z-x){z-y) 


Fractions  may  sometimes  be  added  more  easily  by  adding 
them  in  an  order  different  from  that  in  which  they  were  given. 

EXAMPLES 
1  1  —1  1 

1.   In  adding -H -H --\ it  is  especially 

a— 1     a  — 3     a  +  1     a4-3 

easy  to  add  the  first  and  third  fractions ;  then  the  second  and 
fourth ;  and,  finally,  the  results  thus  obtained. 
Thus, 

_1 1     _a  +  l~«  +  l_     2 


a~l     a  +  l  a^-\  a^-l 

1      ,      1      ._  a  +  3  +  a-3        2a 


a -3     a  +  3  a^  -  9  a^-O* 

2       ._2q    _^2a2-18  +  2a8-2a^2Ca84-a^~a-9) 
a^^l     flr2_9  («2_i)(^2_9)  (a2_i)(a2_9)   • 

2.   In  adding  -?^  + -A_  +  _^^  4.  4?-?^^  the  first  and 

second  are  easily  combined,  then  that  result  is  easily  added  to 
the  third,  and  finally  that  result  to  the  fourth. 

Thus: 

3  3     _     6a 


a-h     a+6     a^-h'^ 
6a      ,      6a     _  12a3 


a2  _  52    '    «2  ^  52       Q54  _  5 

12a3     ,  _12a8    _    24a7 


a*  -  6*     a*  +  &*     a^  -  i 
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WRITTEN   EXERCISES 

1,  Add  the  fractions  in  the  examples  above  in  the  ordinary- 
way  ;  that  is,  find  the  1.  c.  d.  of  the  several  fractions  and  add 
ah  once. 

Add  by  successive  combinations,  as  above : 
2.   -^  +  -  1  2a 


a  —  ic     a-^-x     a^  +  ic^ 
13  3  1 


a  — 1     a  — 2     a-^2     a-f-l 
2  2  4a 


a  —  h     a-\-h     a?-{-W 
1         g  — 6 1 a  +  & 


a—h         G         a+b         c 


p  +  1     jp  — 2     p4-2     i>  +  l 

7.   Add  several  of  the  preceding  problems  in  the  ordinary- 
way.     Which  method  is  shorter  ? 

Complex  and  Simple  Fractions 

Since  a  fraction  indicates  division,  the  division  of  two  frac- 
tions may  be  indicated  in  fractional  form. 

^^^^'  f  -f-  ^  may  be  written  1., 

a 

<  and  -  -^  -  may  be  written  — 

j .  b     d  c   ' 

d 

Complex  Fractions.  If  either  the  numerator  or  the  denomi- 
nator of  a  fraction  is  fractional  in  form,  or  if  both  are  so, 
the  fraction  is  called  a  complex  fraction. 

For  example : 


a-hb 
c 

2 

7   ' 
8 

31 

2  +  a 

ic  +  2 

3 

Sx 
42/ 

d 

7x 
12  y 
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Simple  Fractions.  In  distinction  from  complex  fractions, 
simple  fractions  are  those  in  which  neither  the  numerator  nor 
the  denominator  is  in  fractional  form. 

A  complex  fraction  may  be  reduced  to  a  simple  fraction 
either  by  performing  the  indicated  divisions,  or  by  multiplying 
both  numerator  and  denominator  by  the  1.  c.  m.  of  their  respec- 
tive denominators.  In  each  case  any  operations  indicated  in 
the  numerator  or  the  denominator  should  be  performed  first,  as 
far  as  possible. 

EXAMPLES 


a?~f 

1.    Srmphfy:     ■ 

x-^y 

a'-b' 

x^-y^ 

a  +  b  _x^-y^  ,    x  +  y  _ 
x-^y       a  +  b      cfi-b'^ 

a 

+  6 

x  +  y 

-y)(a-b). 

a^-b^ 

2.    Simplify:       ^^^. 

by 

a    .    b      a+b 

axy(a+b) 

ax     ax       ax 

ax 

_y(a  +  b)^ 

b  +  c       b  +  c 

axy(b + 
ay 

cX     x{b  +  c) 

WRITTEN 

EXERCISES 

Reduce  to  simple  fractions : 

24  a;                 7  a 

1 

1_1 

1.       2/   .          3.    ^'    . 

5. 

a—b. 

J   ^    y 

x-y 

6x                 21b 

a-j-b 

12  ab 

2.4                4,    m^  —  9 

8                     m  +  3 

6. 

35  cd 
25  d' 

8.    1-49^^ 

7^  +  1 

16  ac  3  ah 
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9. 


10. 


11. 


12- 


a^-1 
5  a 

Wa'b 


2  +  ax-\--^ 
ax 


3b 


13. 


14. 


3b 


3b     a-3 
o^.b 


a' 


a'x" 

-1 

1 

1 

x  —  y 

x-\-y 

U-. 

x- 

-y 

2  ax 

a-^-x 

—  a 

1 1 

1 

1 
X     a- 

-2x 

17. 

a 
b 

b 
a 

1 


a'     ab^br 
a-{-x     a  —  x 


a-^x 


16. 


1+^-^ 


a-\-x     a  —  x 

a  —  x     a-{-x 

a^  —  3ab 

x^-l 

9b^-6ab-^a^' 

1-^x 


b     a 

ab  .be     ca 


a      b^ 

7  '  O 


18. 


19. 


c       a       b      r(a-\-b  +  cy       ^1 
a,      _6^  ,  _c_      \_ab  4-  6c  +  ca        J 


be     ca     ab 

x*-^oc^  —  x  —  l    2/^  —  1 


■r 


x^  —  x 


1- 


1- 


Simplify  and  solve  for  x: 


20. 


23. 


13a;  +  2 


5x-\-ll' 


5x 


7-hx 


21. 


4a;4-l 


=  -  3.     22. 


5  + 


12       48 


7-1" 


Xf\-2 

'"36"' 

ic  +  2 


24. 


7-3^ 
5+9a; 

8 
5  +  9a; 


34-a; 

.^•  +  l" 

a;-l 
7-3a; 

48 

=  lc 


4  +  6a; 


CHAPTER  XII 
RATIO,  PROPORTION,  AND  VARIATION 

RATIO 

202.  Ratio.  The  quotient  of  two  numbers  of  the  same  kind 
is  often  called  their  ratio. 

The  following  examples  illustrate  the  use  of  the  word  *' ratio"  : 

The  ratio  of  12  qt.  to  4  qt.  is  3. 

A  solution  consists  of  sulphuric  acid  and  water  in  the  ratio  of  2  to  3. 
This  means  that  |  of  the  whole  is  sulphuri-c  acid  and  |  is  water. 

Sterling  silver  requires  a  little  other  metal  (alloy)  to  harden  the  silver 
in  it ;  the  ratio  by  weight  of  the  amount  of  pure  silver  to  the  entire  mass 
is  usually  925  to  1000.    This  means  that  j%%^q  of  the  whole  is  silver. 

If  a  body  moves  uniformly,  the  rate  of  motion  in  feet  per  second  is 
the  ratio  of  the  number  of  feet  moved  to  the  number  of  seconds  required. 

The  specific  gravity  of  a  solid  is  the  ratio  of  its  weight  to  the  weight  of 
an  equal  volume  of  water. 

The  rate  of  interest  on  an  investment  is  the  ratio  of  the  number  of 
dollars  of  interest  received  to  the  number  of  dollars  invested. 

The  birth  rate  per  annum  in  a  city  is  said  to  be  23  when  the  ratio 
of  the  total  number  of  births  in  a  certain  year  to  the  total  number  of  in- 
habitants at  the  begin- 
V    ning  of   that   year  is 
^QQP^  J«    that  of  23  to  1000. 

A  road  bed  is  said 
to  have  an  8%  grade  when  the  ratio  of  the  vertical  rise  to  the  horizontal 
distance  is  that  of  8  to  100. 

203.  Ratio  is  commonly  expressed  by  a  fraction. 

Thus,  the  ratio  of  2  to  3  is  written  J ;  the  old  form  2  : 3  is  less  con- 
venient in  calculation. 

In  division  the  divisor  may  be  abstract  or  concrete.  If  it  is  abstract,  the 
quotient  is  of  the  same  character  as  the  dividend.  If  it  is  concrete,  the 
dividend  must  be  concrete  and  expressed  in  the  same  unit,  and  the  quo- 
tient is  abstract. 
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Consequently,  the  ratio  of  12  qt.  to  3  qt.  is  4,  the  ratio  of  12  to  3  is  4. 
We  cannot  speak  directly  of  the  ratio  of  12  gal.  to  3  qt.  ;  we  must  first 
express  both  numbers  in  the  same  unit,  as  48  qt.  to  3  qt. 

Similarly,  when  we  speak  of  the  ratio  of  the  distance  to  the  time,  we 
mean  the  ratio  of  the  corresponding  abstract  numbers,  as  in  Sec.  202. 

WRITTEN   EXERCISES 

1.  How  much  pure  silver  in  200  oz.  of  sterling  silver  (Sec.  202)? 

c  X       925 

Suggestion.      = • 

200      1000 

2.  A  silversmith  buys  46^  oz.  of  pure  silver;  how  much 
sterling  silver  (Sec.  202)  can  be  made  from  it  ? 

Suggestion.      The  equation  is — 5  = . 

X       1000 

3.  What  is  the  rate  per  second  of  a  train  which  travels 
uniformly  635  ft.  in  5  sec.  ? 

4.  The  weight  of  a  piece  of  gold  is  94.5  oz.,  and  the  weight 
of  an  equal  volume  of  water  is  5  oz.  What  is  the  specific 
gravity  (Sec.  202)  of  the  gold  ? 

5.  There  are  4053  births  in  a  certain  city,  making  its  birth 
rate  21  (Sec.  202).     What  is  the  population  of  the  city  ? 

6.  If  the  population  of  a  city  is  j9  and  the  birth  rate  is  &,  in- 
dicate the  number  of  births. 

7.  The  top  of  a  mountain  pass  is  1200  feet  vertically  above 
the  level  of  the  base ;  the  top  is  reached  by  a  zigzag  road  5  mi. 
long.     What  is  the  average  grade  of  the  road  ? 

8.  A  road  m  miles  long,  measured  horizontally,  ascends  to  a 
height  of  /  feet  above  the  level  of  its  starting  point.  Indicate 
the  average  grade  of  the  road. 

9.  Two  men,  A  and  B,  divide  $963  of  profits  so  that  A's 
part  is  to  B's  in  the  ratio  of  2  to  1.    How  many  dollars  has  each? 

Solution.     1.  Let  cc  be  the  amount  A  receives. 

2.  Then,  963  —  x  is  the  amount  B  receives. 

X  2 

3.  .'.     — =  -,  the  ratio  of  tlie  shares,  as  given. 

963  —  X      1 

4.  Clearing  of  fractions,  a;  =  2  (963  -  x),  and  x  =  642. 

5.  .*.     A  receives  ^642  and  B  receives  $321. 
Test.  $642  +  $321  =  $963,  and  fff  =  f. 
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10.  Two  partners,  A  and  B,  divide  $575  in  the  ratio  of  2  to 
3.     How  many  dollars  does  each  receive  ? 

11.  Supply  the  blanks  in  the  table : 


Substance 

w  =  weight 
of  substance 

W  =  weight  of 

an  equal  volume 

of  water 

Specific  gravity  =^ 

(1) 

(2) 
(3) 
(4) 
(5) 

Lead 

Oak 

Tin 

Coal 

Alcohol 

5Q.5    oz. 
12.75  oz. 
153.3    lb. 
18       tons 
13.6    oz. 

5  OZ. 
15  OZ. 

211b. 
10  tons 
17  oz. 

12.  It  is  known  that  in  triangles  whose  corresponding  angles 
are  equal,  the  corresponding  sides  have  the  same  ratio. 

In  Fig.  1,  what  is  the  ratio 
of  a  to  a'?    Of  20  to  x ?    Find 
X.    What  is  the  ratio  of  y  to 
Fig.  1.  '"'  180?     Find  2/.. 

13.  What  is  the  ratio  -  as 

shown  in  the  diagram  of  an 

If 
approach  to  a  bridge  ?  —  has 

the  same  value.     Find  h'.  Fig.  2. 


PROPORTION 

204.   Proportion.     An  equation  between  two  ratios  is  called 
a  proportion. 


Thus,   2  =  5,      Sa^6h_       25^5 
3     9       7a      146        6       1 


5  3  •       ,. 

-  =  -  are  proportions. 

6  X 


A  proportion  is  usually  read  in  one  of  two  ways :  For  example,  -  =  - 


is  read  "  3  is  to  5  as  a  is  to  x,"  or  "  the  ratio  three-fifths  equals  a  over  x.'' 
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205.  The  numbers  forming  one  of  tlie  ratios  are  said  to  be 
"proportional  to"  the  numbers  forming  the  other. 

Thus,  12  and  9  are  proportional  to  20  and  16,  because  ^/  =  f  |. 

206.  The  terms  "proportional"  and  "proportionally"  are 
used  with  the  meaning  "in  the  same  ratio." 

For  example : 

The  express  rate  from  Chicago  to  New  York  is  $2.50  per  100  lb., 
the  excess  above  100  lb.  being  charged  proportionally.  This  means  the 
charge  for  the  excess  has  the  same  ratio  to  the  excess  as  2.50  has  to  100. 

Of  two  men  in  business  one  furnished  |  of  the  capital,  and  the  other 
J  of  it.  They  divided  their  gain  of  $9000  in  proportion  to  their  capitals. 
This  means  that  they  divided  the  |9000  into  two  parts  having  the  ratio  of 
2  to  1. 

ORAL  EXERCISES 

Explain  these  statements  according  to  Sec.  206 : 

1.  In  Mr.  Brown's  store  sugar  costs  ^  more  than  in  Mr. 
Wilson's  and  other  things  in  proportion. 

2.  A  train  travels  so  that  the  distance  traveled  is  propor- 
tional to  the  time. 

3.  Two  families  of  3  members  and  5  members  respectively 
camp  out  together  at  an  expense  of  $160;  they  divide  this 
amount  in  proportion  to  the  size  of  the  families. 

307.  The  expression  pro  rata  is  often  used  with  the  same 
meaning  as  "proportionally''  or  "in  the  same  ratio." 

For  example,  A  and  B  hire  an  automobile  for  a  trip  and  agree  to  pay 
I  and  I  of  the  rental  respectively,  and  other  expenses  occurring  on  the 
trip  pro  rata.  This  means  that  the  other  expenses  are  to  be  divided 
between  A  and  B  in  the  same  ratio  as  the  rental  of  the  automobile. 

WRITTEN    EXERCISES 

1.  In  the  example  in  Sec.  207,  the  other  expenses  are  $40. 
How  many  dollars  of  this  must  A  pay  ? 

2.  A  man  hires  a  piano  at  $  5  per  month  of  30  days  ;  and  is 
to  pay  pro  rata  for  any  part  of  a  month.  What  does  he  pay, 
if  he  keeps  the  piano  51  days  ?    d  days  ? 
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3.  Three  farmers  share  in  the  purchase  of  a  steam  thresher. 
A  pays  $400,  B  pays  $600,  and  C  pays  $1000.  In  the  course 
of  the  year  the  thresher  is  rented  to  other  farmers  27  days 
at  $10  per  day,  and  the  earnings  divided  among  the  owners 
pro  rata.     What  does  each  receive  ? 

4.  If  the  thresher  of  Exercise  3  is  rented  d  days  at  r  dollars 
per  day  and  the  earnings  divided  pro  rata,  what  does  each 
owner  receive  ? 

5.  It  costs  B  dollars  to  repair  the  thresher,  and  the  cost  iSj 
divided  pro  rata  among  the  owners.     What  does  each  pay  ? 

6.  If  the  rental  in  Exercise  4  just  defrayed  the  repair  in 
Exercise  5,  express  d  in  terms  of  B  and  r.  If  the  repairs  cost 
$150,  and  the  daily  rental  was  $12,  for  how  many  days  was  it 
rented  ? 


Note,  It  will  be  noticed  that  there  is  no  new  mathematical  process  in  j 
Ratio  and  Proportion.  But  the  pupil  must  be  familiar  with  these  terms,  I 
because  they  are  names  used  for  quotients  and  the  equality  of  quotients  ' 
not  only  in  mathematics,  but  also  in  other  sciences  and  in  business. 

ORAL  EXERCISES 

Eind  the  value  of  x  in  the  following  proportions: 

2_4  2     5  —  ^  Q     a;_3a  .     ^_-l 

•    3~x  *    5""15*  *    b~  3b  '    3^6' 

WRITTEN   EXERCISES 

1.  Find  X  in  the  proportion  -^  =  — -•  (1) 

Solution  : 

Multiplying  both  members  by  15,     X  =  »  (^2) 

25 

Simplifying  the  fraction  in  (^),  X  =  96.  (3) 

1       14 

2.  Find  X  in  the  proportion  -  =  '—■  •  (J.) 

X         4t^ 

Solution  : 

Clearing  of  fractions,  7  X  42  =  .  14  iC.  '  (^) 

Simplifying  («),  »  =  — jj-  ^  3100.  (5) 
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8.    Solve  the  proportion  -  =  —  for  h.     For  h\    For  V, 
c       I 

4.  Solve  the  proportion  ^  = —  f or  ».  For  P,   For  W.  For  w, 

P        10 

5.  Solve  the  equation  ^=--forp.  Ford.   For  &'.   Forj?'. 

p'     b 

6.  In  Exercise  5  what  is  the  value  of  p',  H  p  =  15,  b  =  28, 
and  &'  =  30.5  ? 

7.  Two  partners,  A  and  B,  in  business  divide  $  9000  between 
them  in  the  ratio  of  2  to  1.     How  much  does  each  receive  ? 

8.  At  $2.80  for  8  hours'  work,  overtime  paid  proportionally, 
how  much  does  a  workman  receive  for  2^-  hr.  overtime  ? 

9.  After  rents  rose  \  and  other  things  in  proportion,  a 
family's    expenses    for   one   month   were    $132. 
What  were  their  expenses  before  the  rise? 

10.  The  height  to  which  the  mercury  rises  in  a 
barometer  is  proportional  to  the  pressure  of  the 
air  on  the  mercury.  Let  the  heights  at  two  read- 
ings be  h  and  h',  and  the  corresponding  pressure 

p  and  p^ ;  then  ^  =  — .     Express  p  in  terms  of  h, 
h\  and  p\ 

11.  In  Exercise  10,  let  two  readings  of  the  barometer  be 
h  =  28.5  and  h^  =  29.5,  and  the  corresponding  pressures  be  p 
and  p'  =  15  lb.     What  is  the  value  oi  p? 

12.  Supply  the  blanks  in  the  following  table  of  barometric 
readings : 


P 

p' 

h 

h' 

(1) 

■(   )lb. 

14.5  lb. 

30  in. 

29  in. 

(2) 

14.75  lb. 

(  ) 

29.5  in. 

30  in. 

(3) 

15  1b. 

15.25  lb. 

(   ) 

30.5  in. 

(4) 

14.2  lb. 

14.8  lb. 

28.75  in. 

(   ) 
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13.   The  point  of  support  of  a  lever  is  called  the  fulcrum  and  in  the 
figure  is  denoted  by  F. 

If  P  denotes  the  power  and  W  the  weight   (expressed  in  the  same  i 
^     unit),  and  if  p  denotes  the   length   of' 
the  arm  FP  and  w  the   length  of  the 
arm  FW  (both  expressed  in  the  same 
unit),  then  it  is  known  that 
w^P^ 

p~  w' 

In  words  :  The  ratio  of  the  lengths  of 
the  arms  equals  the  reciprocal  of  the 
ratio  of  the  corresponding  forces. 

Express  W  in  terms  of 


Jv3. 


Fig.  1. 


Express  w  in  terms  of  P,  W,  and  p 
P,  p,  and  w. 

14.  Find  p  if  P  =  10  lb.,  TF=  60  lb.,  w;  =  2  ft. 

15.  Supply  the  numbers  to  fill  the  blanks  in  the  following 
table  concerning  levers :  ' 


P 

w 

P 

w 

(1) 

(            ) 

20  in. 

1.60  lb. 

90  1b. 

(2) 

1.5  ft. 

(        ) 

2.25  lb. 

1125  lb. 

(3) 

12    ft. 

ift. 

(        ) 

960  lb. 

(4) 

.3  ft. 

12.9  ft. 

2.5  T. 

(        ) 

16.    Areas    of    similar    triangles 
(those  of  the  same  shape)  are  pro-       >^a\^ 
portional    to    the    squares    of    the    ^^^ —  c' 

lengths      of     their     corresponding  Fig.  2. 

sides.     Let  A  and  A^  be  the  areas  of  two  similar  triangles, 


and  a  and  a'  be  a  pair  of  corresponding  sides.     Then  ^  ==  5L 


Solve  the  proportion 


for  A,     For  A\ 


A'     a" 
For  a.     For  a'. 


A'      a" 

17.  Express  the  ratio  of  a  to  a'  in  Exercise  16. 

18.  The  areas  of  two  similar  triangles  are  64  sq.  in.  and  625 
sq.  in.      What  is  the  ratio  of  any  pair  of  corresponding  sides  ? 
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19.  If  the  side  a  of  the  smaller  triangle  in  Exercise  18  is 
8  in.,  what  is  the  corresponding  side  a',  in  the  larger  triangle? 

20.  The  lengths  of  a  pair  of  corresponding  sides  in  two  sim- 
ilar triangles  are  3  ft.  and  8  ft. ;  the  area  of  the  larger  one  is 
640  sq.  ft.     What  is  the  area  of  the  smaller  one  ? 

21.  It  is  known  that  in  any  cone  the  areas 
of  parallel  sections  are  proportional  to  the 
squares   of    their    distances   from    the    vertex. 

s'     d'^ 
Thus,  in  the  figure,  —  =  — -. 
s      d^ 

li  d  =  l,  d'  =  I,  and  s  =  40  sq.  in.,  what  is  the  area  of  s'? 

22.  The  area  of  a  section  ^  of  the  way  from  the  vertex  to 
the  base  and  parallel  to  it  is  what  part  of  the  base  ? 

23.  1  cu.  ft.  of  lime  and  2  cu.  ft.  of  sand  are  used  in  making 
2.4  cu.  ft.  of  mortar.  How  much  of  each  is  needed  to  make  72 
cu.  ft.  of  mortar  ? 

24.  Mortar  for  use  under  water  may  be  made  of  1  part  of 
lime,  1  part  of  cement,  and  8  parts  of  sand  (by  bulk).  How 
much  of  each  is  required  to  make  90  cu.  ft.  of  mortar,  assuming 
that,  in  mixing,  the  volume  of  the  materials  is  reduced  by  ^  ? 

25.  In  making  glass,  15,  5,  and  1  portions  by  weight  of 
sand,  potash,  and  chalk  respectively  are  used.  How  many 
pounds  of  each  are  required  to  produce  1176  lb.  of  glass  ? 

VARIATION 

208.  If  related  numbers  change  so  as  always  to  remain  in  the 
same  ratio,  one  is  said  to  vary  as,  or  vary  directly  with,  the  other. 

For  example : 

At  5^  per  pound,  the  amount  paid  varies  as  the  number  of  pounds 
purchased. 

If  a  body  moves  at  the  same  rate,  the  distance  varies  as  the  time 
of  motion. 

If  ^100  is  placed  at  simple  interest,  the  amount  of  interest  varies 
as  the  time. 

209.  "  Varies  as ''  is  thus  seen  to  be  merely  another  expres- 
sion for  "  is  proportional  to  "  or  "  varies  proportionally  with." 

12 
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210.  If  y  varies  as  x,  and  c  denotes  the  fixed  ratio,  then, 
whatever  value  x  has,  the  corresponding  value  of  y  must  be  so 

related  to  it  that  ±  =  Cj  oi  y  =  ex. 

X 

211.  Formula  for  Direct  Variation,     y  =  ex  is  the  formula 
that  expresses  the  relation  of  direct  variation  between  y  and  x. 

Another  form  of  variation,  called  inverse  variation,  is  treated  in  Chap- 
ter XXV. 

212.  Direct  variation  can  be  represented  graphically. 


EXAMPLES 

1.  If  $100  is  placed  at  2  %  simple  interest,  show  graphically 

how  the  amount  of 
interest  (7)  varies 
with  the  number  of 
years  (t). 

In  the  diagram  the 
spaces  on  the  horizontal 
scale  represent  the 
number  of  years,  and 
those  on  the  vertical 
scale  the  number  of 
dollars.  The  positions 
of  the  points  on  the 
line  OB  show  the 
amounts  of  interest  for 
the  periods  of  time  in- 
dicated on  the  horizon- 
tal scale.  Thus,  point 
P  shows  that  the  in- 
terest is  ^2  when  the 
time  is  1  yr.  ;  point  Q 
shows  that  the  interest 
is  $4  when  the  time  is  2  yr. 

2.  What  does  point  B  show  ?     Point  0  ?     Point  S  ?    Point 
T? 

3.  What  does  the  point  halfway  between  Q  and  E  show  ? 


3       45       6        7 
TIME  IN  YEARS 
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The  number  of  dollars  interest  is  always  twice  the  number 
of  years.     This  is  expressed  by  the  formula,  J=  2t. 

Every  point  in  the  line  OB  shows  the  interest  on  $  100  at  2  % 
for  the  number  of  years  indicated  by  its  distance  to  the  right 
of  the  line  OY. 

From  the  graph  we  can  read  either  the  amount  of  interest  for 
a  given  time,  or  the  time  required  to  earn  a  given  interest. 

ORAL  EXERCISES 
From  the  graph  read : 

1.  The  amount  of  interest  on  $100  at  2%  for  2  yr.  For 
3  yr.     For  1^  yr. 

2.  The  time  in  which  $100  at  2%  will  earn  $4.    $5.    $3. 

WRITTEN   EXERCISES 

1.  Make  a  graph  like  that  on  page  168,  taking  the  rate  of 
interest  to  be  3  % . 

2.  From  the  graph  answer  questions  like  1  and  2  above. 
State  the  relation  between  interest  and  time  in  this  case. 
Write  an  equation  expressing  this  relation. 

3.  Treat  similarly  each  of  the  following  rates :  4  %  ;  2^  %  ; 

5%;  6%. 

4.  Using  horizontal  spaces  to  represent  numbers  of  pounds, 
and  vertical  spaces  to  represent  10^  each,  mark  points  to 
indicate  the  cost  of  3  lb.  of  soda  at  10  ^  a  lb.  The  cost  of  5  lb. 
Of  8  lb.  Of  10  lb.  Draw  a  line  through  the  points.  It  will 
represent  the  cost  of  various  numbers  of  pounds  at  V)^  per 
pound.     From  the  graph  read  the  cost  of  4  lb. ;  6  lb. ;  9  lb; 

6.  Using  horizontal  spaces  to  represent  numbers  of  miles, 
and  vertical  spaces  to  represent  cents,  mark  points  to  represent 
the  cost  of  railway  tickets  at  3^  per  mile  for  the  following 
numbers  of  miles :  1  mi. ;  2  mi. ;  5  mi. ;  10  mi.  Draw  a  line 
through  the  points,  and  by  use  of  it  read  the  cost  of  tickets 
for  the  following  distances :  4  mi. ;  6  mi. ;  8  mi. ;  9  mi ;  5  mi. 

6.  An  elevator  goes  up  at  the  rate  of  4  ft.  per  sec.  What 
distance  does  it  ascend  in  2  sec.  ?  In  3  sec.  ?  In  5  sec.  ? 
In  1  min.  ? 


170 


ELEMENTARY  ALGEBRA 


7.  Letting  d  =  the  number  of  feet  passed  over  in  any  number 
of  seconds,  and  using  horizontal  spaces  to  represent  the  num- 
ber of  seconds,  and  vertical  spaces  to  represent  the  number  of 
feet,  make  a  graph  to  represent  the  relation  d  =  4:L 

8.  In  Fig.  1  values 
of  t  are  represented 
on  the  horizontal  line 
OTy  and  correspond- 
ing values  of  d  on  the 
line  OD.  What  is  the 
value  of  t  for  point  P? 
Of    d    for    point    P? 

J       What  is  the  value  of  t 

for  point  Q?    Of  c?  for 

point  Q?   Every  value 

of  d  is  what  part  of 

Express  this   relation  by  an 


o 

2 

;<3 


2        3 
TII\AE 


Fig.  1. 
the  corresponding  value  of  ^? 
equation. 

213.  Before  constructing  a  graph,  the  corresponding  values 
of  the  letters  may  be  conveniently  arranged  in  a  table  as  in  the 
following  example :  Graph 

Construct  the 
graph  oi  y  =  4:X. 


X 

y 

0 

0 

1 

4 

1-^ 

6 

2 

8 

2* 

10 

3 

12 

4 

16 

5 

20 

/ 

7  /  ' 

6  / 

A.J  c 

5  / 

4         / 
3       / 
2     / 

0        1        2        3       4       5       6 


Fig.  2. 


VARIATION 


171 


WRITTEN  EXERCISES 
Construct  the  graphs  of : 

1.  2y  =  3x,  6.   ^y  =  x, 

2.  4:y  =  x,  7.   y  =  ^x. 


11.  d  =  5t. 

12.  \d  =  t. 


3.   y  =  ix. 

8.   y  =  ix. 

13.    d  =  3it. 

4.   y  =  ^x. 

9.    d  =  ^t. 

14.    2^2/ =  07. 

5.  y  =  ix. 

10.   d  =  lt. 

15.   1^07  =  2/. 

214.  Graphs  may  be  constructed  for  negative  values  as  well 
as  for  positive  values  of  the  numbers  involved. 

EXAMPLES 

1.  If  we  regard  money  borrowed  (which  is  the  opposite  to  money  lent) 
as  negative,  and  interest  paid  (which  is  the  opposite  to  interest  received) 
as  negative,  we  may  express  by  a  single  line  the  changes  in  interest  and 
principal,  both  for  money  borrowed  and  for  money  lent. 

The  table  shows  the  change  in  interest  at  6%  for  2  yr.  corresponding  to 
the  change  in  the  principal  from  +  $20  to  —  $20,  the  positive  values  denot- 
ing money  lent  and  interest  received,  the  negative  ones  denoting  money 
borrowed  and  interest  paid.  The  line  AOB  in  the  figure  represents  these 
changes. 

Table 


p  = 

20 

10 

0 

-10 

-20 

i  = 

2 

1 

0 

-1 

-2 

..... 

.... 

: 



.... 

G 

I A 

i 

a. 

pir 

: 

:: 

.... 

.... 

:;. 

z 

.. 

•   1 

--" 

■- 

- 

- 

-- 

+1 

•H 

+1 
•i-l 

r 

A. 

i 

.:. 

- 

I 

I 

z 

- 

.: 

: 

.:. 

f» 

-; 

1 

: 

....^.^ 

>Ri 

ov 

i'l 

z 

•-• 

I 

;: 

- 

».; 

I 

I 

I 

r 

*• 

«- 

-M 

— 

. 

^ 

-.. 

— 

•« 

^ 

- 

m 

flS 

^ri 

"T- 

A^ 

: 

s- 

T, 

■E 

.-. 

.-* 

I 

I 

2. 

: 

I 

^■ 

.:: 

I 

.-. 

lai 

.- 

< 

-1 
-i 

-s 

.: 

;: 

.: 

: 

I 

*: 

J 

10 

«. 

"~ 

„M 

.:: 

.:.: 

"" 

: 

..+ 

20! 

1 

'- 

.: 

I 

:: 

:: 

172 


ELEMENTARY   ALGEBRA 


2.  The  line  CB  in  Fig.  1  is  the  graph  of  the  equation  2/  =  2  aj,  for 
both  positive  and  negative  values.  The  line  OB  is  the  graph  for  all 
positive  values  of  x  and  y  and  the  line  0(7,  the  extension-  of  OB^  is  the 
graph  for  negative  values.  The  negative  values  of  x  are  marked  off  to 
the  left  of  0  and  the  negative  values  of  y  downward  from  0. 


Table 


y 

X 

-4 

-2 

-3 

-li 

-2 

-1 

-1 

-i 

0 

0 

1 

2 

1 

3 

4 

2 

Graph 


y 


Fig.  1. 


215.   Any  change  that  takes  place  throughout  at  a  constant 
rate  is  said  to  take  place  "  uniformly.'^ 

For  example,  a  body 
moving  continually  at 
the  same  speed  is  said 
to  move  uniformly. 
That  the  graph  of  uni- 
form change  will  be  a 
straight  line  appears 
from  the  fact  that  the 
straight  line  is  the 
only  path  along  which 
a  point  moves  upward 
or  downward  uniform- 
ly. Along  any  curved 
line  it  moves  upward 
or  downward  more 
Thus,  in  the  figure  the  increase 


• 

f 

i         ?         -         • 

!             : 

= 

1 

5 

/^ 

— ^^"T' 

^ 

/ 

A 

i    ' 

0               ; 

i      15    i      i 
'111 

10 

: 

Fig.  2. 


rapidly  at  some  times  than  at  others, 

from  ^  to  ^  is  much  more  rapid  than  from  B  to  (7. 
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If  X  and  y  vary,  subject  to  the  equation  y  =  4  ic  +  3,  or  to  ?/  =  mx-\-  6, 
the  change  will  be  uniform.  For,  in  the  first  case,  y  changes  by  4  times 
the  change  in  x,  and,  in  the  second  case,  by  m  times  the  change  in  x  ; 
that  is,  y  varies  uniformly  with  x.  Since  we  know  that  only  straight  lines 
represent  uniform  change,  we  know  that  the  graphs  of  the  equations  above 
are  straight  lines. 

ORAL  EXERCISES 

1.  How  many  points  are  necessary  to  fix  the  position  of  a 
straight  line  ? 

2.  How  many  points  must  be  fixed  in  order  to  draw  a  graph 
which  is  known  to  be  a  straight  line  ? 

216.  Constructing  the  graph  of  an  equation  is  called  plotting 
the  equation. 


WRITTEN   EXERCISES 

Plot  the  following  equations : 

1.   32/  =  a;. 

4.    7j=lx. 

7.   2x-y  =  0, 

2.    y  =  3x. 

5.  p  =  4.t 

8.   5p  —  w  =  0. 

3.    c  =  ^p. 

6.    s  =  \L 
SUMMARY 

9.   x  —  6y  =  0. 

Definitions. 

1.  A  ratio  is  the  quotient  of  two  numbers  of  the  same  kind. 

Sec.  202. 

2.  A  proportion  is  an  equation  between  two  ratios. 

Sec.  204. 

3.  The  numbers  forming  one  ratio  of  a  proportion  are  said 
to  be  proportional  to  the  numbers  forming  the  other  ratio. 

Sec.  205. 

4.  "Proportionally"  and  "pro  rata"  mean  "in  the  same  ratio." 

Sec.  207. 

5.  If  two  related  numbers  vary  so  as  always  to  remain  in 
the  same  ratio,  one  is  said  to  vary  as  the  other.  Other  expres- 
sions for  "  varies  as  "  are  "  varies  directly  with  "  and  "  is  pro- 
portional to."  Sec.  208. 


174  ELEMENTARY  ALGEBRA 

6.  y  =  cx  is  the  formula  for  direct  variation.  Sec.  211 

7.  Plotting  an  equation  is  constructing  its  graph.       Sec.  216. 

REVIEW 
WRITTEN   EXERCISES 

1.  When  the  grade  of  a  roadbed  is  8^%,  what  is  the  rise  In 
a  horizontal  distance  of  175  ft.  ? 

2.  The  specific  gravity  of  cast  iron  is  7.21.  If  a  cubic  foot 
of  water  weighs  62J-  lb.,  find  the  weight  of  a  cubic  foot  of  iron. 

3.  At  p  %  interest  the  annual  income  from  a  certain  invest- 
ment is  D  dollars.     Indicate  the  amount  of  the  investment. 

4.  What  weight  can  a  man  weighing  175  lb.  raise  with  a 
lever  5  ft.  long,  if  the  weight  is  applied  6  in.  from  the  fulcrum  ? 

5.  What  weight  can  he  raise,  if  he  weighs  180  lb.,  the  lever 
being  4  a  ft.  long,  and  the  support  being  a  ft.  from  the  end 
acting  on  the  weight  ? 

Plot: 

G,   y=:3x,  S.   2x  =  y.  10.    d  =  5t, 

7.   5a?  — 2/  =  0.  9.   x  —  2y  =  0.  11.   s  =  ^t. 


CHAPTER  XIII 
FACTORING 

217.  Various  methods  of  finding  the  factors  of  algebraic  ex- 
pressions have  already  been  treated  in  the  chapter  on  multipli- 
cation. The  following  is  a  summary  and  extension  of  the 
methods  given  before. 

I.  MONOMIAL  FACTORS 

218.  When  every  term  of  a  polynomial  contains  a  common 

factor,  that  factor  may  usually  be  found  by  inspection. 

Sec.  117,  p.  77. 
For  example  : 

Sab  is  a  factor  of  3 abx  —  6  ahy  —  9 abz,  for  3  abx  —  6 aby  —  9 abz  = 
Sab'X  -Sab'2y  -Sab'Sz, 

ab  is  a  factor  of  a'^b  +  ab^  —  abc, for  a^b  +  ab'^  —  abc  =  ab  '  a+  ab*b  — 
ab  'C. 

ORAL  EXERCISES 

State  the  monomial  factor  of  each  expression : 

1.  ab  +  ac-^ad.  11.  6  a^b^c^  -  2  a%c  —  2  abc. 

2.  ab  +  bc-hb.  12.  3  ay^ -\- 6 a^y  —  9 ay. 

3.  2ax  +  2ay-{-2az.  13.  a^  — 6a^  +  12aj. 

4.  m^  +  rri^y  +  mh.  14.  oc^y^  +  xy^  -f-  xyz, 

5.  3  ma;  —  6  my —  9  mz.  15.  3  a;^?/  —  ^  ^2/^  +  9  a:^. 

6.  5a6  +  10a262_-5a&c.  16.  ^o?x  —  Sa^y^^aV. 

7.  2a(a;-2/)  +  2aa;2/.  17.  3a%^ -Sa^ -16a%\ 

8.  a262_3a&2  4-5a36.  18.  15  a^^;  _  10  a^^V  +  5  a^^;. 

9.  10"+3  4.  i0"+5  4. 10\  19.  a^'*+*63-a'«+*67. 

.  ^     2  a??      a^,  Bac  ..4a;     8  a;     28  a;^ 

3        6       12  y      Sy       y^ 

WRITTEN   EXERCISES 

1-16.   Write  the  other  factor  in  Exercises  1-16  above- 
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II.  POLYNOMIAL  FACTORS 


219.  An  expression  may  have  a  binomial  or  other  polynomial 
factor  that  can  readily  be  found  by  inspection. 

For  example  : 

1.  a-h  b  issi  factor  of  (a  +  b)x  +(a  +  6)  y. 

2.  And  x  +  y  -  zisa.  factor  oi  (x -\-  y  —  z)ab  —  S(x  +  y  —  z)cd, 

ORAL  EXERCISES 
State  a  factor  of  : 

1.  (a-\-l)x  —  {a-rl)y,  4.  {m-{-n-\-p)ab-\-{m-^n+p)cd, 

2.  (a^x)x-{a-\-x)y.  5.  {x-{-yy -(x-{-y). 

3.  a(6  +  c)aj2-a(6  +  c)2/2.     6.  (a  +  l)3  +  (a  +  l)'  +  (a  +  l). 

Supply  the  blanks : 

7.  ax  +  ay^hx-^hy  =  {  )(x-\-y)-\-{  )(x  +  y) 

=  [(  )+(  )](^  +  y). 

8.  ax-{-bx  —  ay  —  by  =  (   )(a  +  &)  — (   )(a-\-b) 

=  [(  )-(  )](«  +  &). 

9.  ax  +  bx-\-Sa+3b=(  )(a  +  &)-}-(  )(a  +  b) 

=  [(  )  +  (  )](a  +  6). 

10.  2aaj2-4aa;  +  3a;-6=(  )(cc-2)  +  (  )(a;-2) 

=  [(    )  +  (    )](^-2). 

11.  6a  +  364-9c4-2aa;  +  &a;  +  3ca;=(  )(2  a  +  b -{-3  c) 

+  (  )(2a  +  6  +  3c)  =  [(  )+(  )](2a  +  6  +  3c). 

III.  SQUARES  OF  BINOMIALS 

220.  Since  (x  ±y)^  =  x^  ±  2 xy  -{- y^,  a  trinomial  is  the  square 
of  a  binomial,  if  one  term  is  twice  the  product  of  the  square 
roots  of  the  other  two,  but  not  otherwise.     Sees.  119, 120,  p.  79. 

For  example : 

a2  +  14  a  +  49  =  a2  _|.  2  .  7  a  +  72  =  (a  +  7)2. 

Here  14  a  is  twice  the  product  of  Va^  and  \/49. 
25 m2  -  30m  +  9  =(5m)2  -  2  .3  .  5m  +  32  =(5m  -  3)2. 
16  a6  -  8  a3  +  1  ::^(4  a3)2  ^Sa^-\-(iy  =  (4:  a^  -  1)2. 
Test  by  squaring. 
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WRITTEN  EXERCISES 
Factor : 

1.  x^-\-2ax-^a^.  12.    (m —  ny —  2(m  —  7i)x  +  x^, 

2.  a^-2mx-\-m\  13.    (a-\-by -2(a  +  b)y +  y', 

3.  40^-40^  +  1.  14.    9(p  +  l)2-6(p  +  l)+l. 

4.  9aj2_l2aj  +  4.  ,       , 

;  15.   a52-+4aj-+4+2(aj-+2)+l. 

5.  ary^  +  2xy-{-l. 

6.  a-6^  +  2  a«&^c  +  c^.  ^^-  -^'^'^^/^ "  ^^^^2/  +  9. 

7.  a^62  +  2a6mn+mV.  17.    a^^  + 144  -  24  a^ 

8.  aV- 8  ace +  16.  18.  /"  +  49-14p'». 

9.  (x  +  yy  +  2(x  +  y)+l.  19.   49 a^  +  81  y^ - 126 ay. 

10-    i  +  -  +  -2-  20.    -^  +  -,  +  1. 
XT     xy     y^  wr     7n? 

11.    1  +  2  +  1.  21.    ^  +  2  +  g. 

22.   a^  +  2aJ2/  +  /  +  2(aj4-2/);2  +  2;2. 


IV.  THE  DIFFERENCE  OF  TWO  SQUARES 

221.   The  difference  of  two  squares  is  the  product  of  the 
sum  and  the  difference  of  the  numbers  whose  squares  occur. 

Sec.  131,  p.  83. 

WRITTEN   EXERCISES 


Factor : 

1.  a2-6W. 

2.  x^-y\ 

11. 
12. 

l-x\ 

7  a%^  -7  cH\ 

21. 

3.  4a2c-&2c. 

4.  9aj2_i6  2/2. 

13. 
14. 

16x^y^-4.mV. 
ax^  —  ay*. 

22. 

5.  25a2&2_l. 

6.  25a2^-4&¥. 

15. 
16. 

23. 

16     C* 

g2n+4 

7.  49aj2i'+6_-l. 

8.  49a2-4&2. 

17. 
18. 

Sla^y'-9. 
225a'b*-l. 

24. 

Ax'     252' 
9y'      49 

9.   l-a'ftV. 
10.    l-121a;y. 

19. 
20. 

25xY-S6xY. 
100  a'b'- 25  a'b\ 

25. 

1^     -1 
625  x^ 
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222.   The  terms  of  the  given  square  may  be  polynomials,  but  ■ 
the  method  of  factoring  is  the  same. 

For  example  : 

(a«  &)2__  (6  +  c)2  =  [(a  -  &)  +  (6  +  c)]  [(«  -  6)  -  (6  +  c)] 
=  («-&  +  &  +  c)(a  -b-b-c) 
=  (a  +  c)  (a  —  2  &  —  c) . 
(a2+&)2  -(x2  +  yy  =  (a2  +  6  +  x2  +  2/)(a2+  &  -  aj2  -  y). 

WRITTEN   EXERCISES 
Factor : 

1.  (x  +  yy-(x--yy.  6.    (a^-- 1)2 -(62 --1)2. 

2.  (a  +  by-(a-by.  7.   a^ +  2a6 +  ^>'-c2. 


3.    (jp  +  g)^ -  (m  +  n)2.  8.   x^-2xy-{-y^  —  z' 

.b  +  cy-z'.  9.    4a2-4a  + 

-2&)2-(3&  +  c)2.  10.   16a262_aV 

11.  p2^2  _  iQ^j  4. 25  -p2  -^.  lOp^  -  25  ^. 


4.  (a  +  &  +  c)2-;2l  9.    4a2-4a  +  l-962. 

5.  (a-2&)2-(3&  +  c)2.  10.   16a262_aV-6ac-9. 


V.    FACTORING  BY  GROUPING 

223.   A  factor  of  the  given  expression  is  sometimes  seen 
more  readily  by  first  factoring  groups  of  terms  separately. 

For  example : 
3  a;3  -  5  5c2  +  3  a;  -  5  =  x2(3  ic  -  5)  +  3  X  -  5  =  (3  a;  -  6)  (a;2  +  1) . 

WRITTEN   EXERCISES 
Factor : 

1,  a^^a^  +  x  +  1.  9.  6m3  +  4m2-9m-6. 

2.  Qn^  —  2  y  —  oi^y  -\- 2  X,  10.  xy  —  by  —  b  +  x. 
3  ax  —  ay-\-bx—  by,  11.  x(z  —  ay  —  y(a  —  z). 
4.  ax-^-^a  +  bx  +  Sb.  12.  a(a;  +  1)^  +  3  a?  +  3. 

6.  a^-{-ab  —  ac  —  be,  13.  A  aoc^  -\- bx  —  4:  ay^  —  by, 
Q.  ax  +  X  —  ay  —  y.  14.  4  a^  +  a^  —  4  a  —  1. 

7.  x^-a^+(x-ay.  15.  aj3-4ic2  +  2aj-8. 

8.  5h^-4.h^+10h--S.  16.  x'-x'-2x--2. 

17.  (a  +  6  +  cy  +  ax-{-bx-{-  ex, 

18.  (m2  +  2mr +  r2)a;2  +  m2/  +  r2/  — m  — r. 
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Eemove  the  parentheses  and  factor : 

19.  2a-  —  x(x-{-a). 

20.  y-{-x(x-hy)-l. 

« 

21.  x(x  +  y)-a(a  +  y). 

VI.    COMPLETING   THE   SQUARE 

224.  It  is  often  possible  to  factor  an  expression  by  first 
making  it  the  difference  of  two  squares.  To  do  this  a  square 
is  added  to  the  expression,  and  to  keep  the  value  of  the  ex- 
pression unaltered,  the  number  added  must  also  be  subtracted. 

For  example : 
a*  +  a252  +  54  =  ^4  _|_  2  a^b^  +  6*  -  a'^b^  =  (a^  +  b^Y-  aVP' 

=  {a?-  +  62  +  ab^ia?  +  62  _  a6). 
a:*  +  4  =  ic*  +  4  ic2  +  4  -  4  5c2  =(ic2  +  2)2  -  (2  ic)2 
=  (x2  +  2  -  2  x)(ic2  +  2  +  2  X). 

16  X*  -  x2  _f.  1  =  16  3.4  _^  8  a;2  +  1  -  9  x2  =  (4  x2  +  1)2  _  9  x^ 

=  (4  x2  +  1)2  -  (3  ic)2  =  (4  a;2  +  1  +  3  a;)(4  x2  +  1  -  3«). 

Test.     16  -  1  +  1  =  16  =  (4  +  1  +  3)  (4  +  1  -  3). 

WRITTEN  EXERCISES 
Express  as  a  difference  of  two  squares  and  factor : 

1.  a* +  4.  12.   ic^  +  4  2/^ 

2.  ajV  +  4.  13.    81p^  + 9^24-1. 

3.  a8  +  64.  14.   x^  +  25  a^/ +  625  2/^ 

4.  64 +  6^  15.    16ay  +  4a262-|.l. 

5.  aj^  +  4  .  10^  16.   81  a^  +  225  a262  4-  625  h\ 

6.  cc^«  +  2a;2'»  +  9.  17.    625  aj^  +  400  a^V  +  256  2/^ 

7.  x^-^xY-\-y^>  18.    a^  +  2a262  +  9  6^ 

8.  a;^  +  3ajV  +  42/^  19.   a;^  -  8  a;^^^  _^  4  ^. 

9.  16a^  +  4a2  +  l.  20.   ^  a'' -  \^  a^h'' ^  9i  h\ 

10.  4xV4-3a^2/'  +  l-  21.    aj^ -f  2  a^2/ -  1^ /• 

11.  25a;*  +  a;2  +  l.  22.   a^^^ab-^lW. 
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VIL    TYPE  jr2+/iJr  +  flr 

225.  (x  -{-a)(x-\-b)  =  01^  -\-(a-{-b)x  +  ab.  Hence  if  a  trinomial 
is  the  product  of  two  factors  like  x-\-a  and  x-\-b,  the  sum  of 
a  and  b  is  the  coefficient  of  the  middle  term,  and  their  product, 
ab,  is  the  third  term. 

The  factors  of  such  a  trinomial  are  seen  at  once  if  a  and  b 
can  be  found  by  inspection. 
For  example : 
In  x2  +  5  a;  +  6,  6  =  2+3,  and  6  =  2.3. 
.-.  a2  +  5a;  4.  6  =  x2  4-  (2  +  3)x  +  2  .  3  =  (x  +  2)(a;  -f  3). 
Inx2-7ic  +  6,  6  =  (-6)(-l)  and  ~7=-6+  (-1). 
...  a;2  -  7  X  +  6  =  x2  +  (_  6  -  1)  a;  +  (-  6)(-l)  =  (x-6)(x-l). 

Inx2  +  5x-6,   -6  =  6(- 1)  and  5  =  6  + (-1). 

...  a;2  _|.  5a;  _  6  =  x2  +  (6  -  l)x  +6(-  1)=  (x+  6)(x  -  1). 

ORAL  EXERCISES 
Factor : 

1.  a^-\-Sa  +  2.  4.    a)2  +  5aj+-4.  7.   x^-{-Sx  +  7, 

2.  d2-3d+2.  5.   2/'-62/  +  5.  8.   a^-8a;+-7. 

3.  a^— 5a  +  4.  6.   m^  +  6m-{-5,         9.   a^  — a  — 2. 

226.  It  may  be  helpful  to  write  the  various  pairs  of  fac- 
tors of  the  third  term  and  then  compare  their  sum  with  the 
coefficient  of  the  middle  term. 

For  example : 

In  x2  —  17  X  +  72,  the  pairs  of  factors  of  +  72  are 
72     36    24     18     12    9 
^    _2     ^    _4    _6    8    and  the  same  pairs  taken  negatively. 

Since  the  sum  of  the  factors  is  negative,  only  the  negative  pairs  need  ' 
be  examined,  and  by  trial  the  pair  —  8,  —  9  is  found  to  have  the  sum  —  17. 

.-.  x2-17x  +  72=(x-8)(x-9). 
Likewise,  in  x2  —  x  —  56,  the  factors  of  —  66  are 
_28     -14     -8 

2    4    7^  Qj.  t]je  same  numbers  with  the  signs  changed;  but 

since  the  coefficient  of  x  is  negative,  only  those  pairs  need  be  examined 
in  which  the  negative  number  is  the  larger. 

By  trial,  —  8,  7  are  found  to  have  the  sum  —  1. 
...  a;2-x- 56  =  (x-8)(x  +  7). 
Test  by  multiplication. 
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1 

Factor : 

WRITTEN  EXERCISES 

1. 

aj2_aj-30. 

10. 

a;2_7aj_18. 

19. 

aj2  4-6aj  +  5. 

2. 

aj2  +  a;-30. 

11. 

a^+7aj-18. 

20. 

a^  +  9x-{-20. 

3. 

a^^x-20. 

12. 

i»2+17a;  +  60. 

21. 

x^-Sx  +  W. 

4. 

aj2  4.aj-20. 

13. 

m2  +  llm  +  28. 

22. 

aj2  +  8aj  +  7. 

5. 

aj2_3^_18. 

14. 

m2-3m-28. 

23. 

a;2-10a;  +  9. 

6. 

aj2  +  3a;-18. 

15. 

m2  +  3m-28. 

24. 

a;2-f-7aj  +  12. 

7. 

a2  +  a-42. 

16. 

2/2  +  62/-40. 

25. 

a;2__5a;_14. 

8. 

a2_a-12. 

17. 

2/2__62/_40. 

26. 

aj2^2a;-15. 

9. 

o     5m  ,  1 

18. 

*^-Y  +  - 

27. 

•■-^•-i- 
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28.  a^ft^  + 11  a6  +  24.  30.    (a  +  &)'-  10(a  +  &)  +  9. 

29.  i»2y2_20a;2/  +  100.  31.    (m+ny+2(m +  n)-15, 

VIII.   TYPE/wjr2  +  /?jr  +  qr 

227.  This  type,  whose  factors  have  the  form  (ax  +  b)  (ex  +  d), 
can  be  reduced  to  the  type  x^-\-px-^q  by  multiplying  and 
dividing  the  expression  by  m  (the  coefficient  of  x^)  and  then 
putting  mx  =  y.  The  method  will  be  made  sufficiently  clear 
by  an  example. 

EXAMPLE 

Factor:  6a^  +  19aj+10. 

Multiplying  and  dividing  the  given  trinomial  by  6,  we  obtain 
6x2  +  19x  +  10  =  i(S6 aj2  +  6  .  19 x  +  60). 
Put    6x  =  y. 
Then,     36  x2  +  6  •  19  ic  +  60  =  2/2  ^  19  ^  ^  60. 
By  Sec.  226,        y^  ^W  y  ^  60  =  (y  +  4)(y -{-  15) 

•    =(6a;  +  4)(6x  +  15) 

=  2(8x  +  2)3(2ic  +  6) 

=  6C3x  +  2)(2ic+5). 
And  finally,    6a;2  +  19x+  10  =  i(y'^  +  19?/  -^  60)  =  (3ic  +  2)(2a;+6). 
Test  by  multiplication. 
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^  WRITTEN   EXERCISES 

Factor : 

1.  3x'-\-Tx  +  2.         3.    5a^-9x-2.        5.  7p^  +  22p  +  S. 

2.  3aj2_5a;-2.         4.    6a'-8a-S.         6.    Wz'  +  z-e. 

The  methods  for  factoring  given  in  Sections  225,  226,  and  227  are  of 
limited  value,  for  they  determine  the  factors  only  in  favorable  instances. 
Thus,  x^—nx  +  72  was  readily  factored  in  Section  226,  but  x^—16x  +  72 
could  not  be  so  factored.  A  general  method  will  be  given  later  by 
means  of  which  all  such  trinomials  can  readily  be  factored. 

IX.    TYPE  jr^ +/ AND  jr^ -/. 

228.   We  know  by  multiplying  that 

(x  +  y)(x^-xy  +  y^  =  o^-{-  f, 
and  that  (x  —  y)  (x^  -{- xy  -{- y^)  =  a^  —  y\ 

Hence, 

One  factor  of  the  sum  of  two  cubes  is  the  sum  of  the  numbers, 
and  the  other  is  the  sum  of  the  squares  of  the  numbers  minus 
their  product. 

And 

One  factor  of  the  difference  of  two  cubes  is  the  difference  between 
the  numbers,  and  the  other  is  the  sum  of  their  squares  phis  their 
product, 

EXAMPLES 

1.  Factor:  27a^  +  8  2/^ 

27«3=:(3a;)8. 

.-.  27x3  +  82/3  ^  (3x  +  2?/)  [(3a;)2~.  3a; .  2  2/  4-  {2yy'\ 
=  (3a;  +  22/)(9  «2  _  6  5C2/  +  4  2/2). 
Test  by  multiplication. 

2.  Factor:  8a%^'-12h(^. 

8  a%^  =  (2  a6)3.    - 
126c3  =  (5c)3. 
.-.  8a86S_  I25c8  =  (2a&-5c)[(2a&)2  4-2a6.5c+  (5c)2] 
=  (2  a&  -  5  c) (4  a25 2+ 10  a&c  +  26  c2) . 
Test  by  letting  a  =  b=c  =  l:    8  -  125  =  -  3  •  39. 


Factor  : 

WRITTEN   EXERCISES 

1.   a^-h\ 

8. 

a^-1. 

2.   a^-ShK 

9. 

x^-y\ 

3.  8a'^  +  6'. 

4.  21  a?- f, 

5.  f  +  21z\ 

6.  a^'^  +  l. 

10. 
11. 
12. 

a«  +  &«. 
64a^-l. 
Sa^  +  l. 

7-  i-i- 

13. 
14. 

27  2/^-1. 
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3.    Factor:  8aj^-a^. 

8x6-a6=(2x2)8_  (a2)3 

=r  (2  .-2  _  a2)  [  (2  a;2)2  +  (2  ^2)  (a2)  +  (^2)2] 
=  (2  a;2  _  0^2) (4 a;4  +  2  a2a;2  4.  ^4). 


15.  aJ2/*  —  x^y, 

16.  125a«-6s. 

17.  (a  +  2>)'-l. 

18.  27a^2/3^  +  8. 

19.  a'^63_|_(^_^5)3 

20.  8m3--27i9Y- 

21.  10«-^8», 

22.  (a  +  5)3_(6-c)3.  25.    (c  +  fZ)^  +  (2  c  -  (?)». 

23.  (3a+&)'- (2a-&)3.  26.    (p(^  ^lf-{f^Vf, 

24.  (a;  +  2/)3-(a;-2/)3.  27.    8  a^  + 125  (6  +  c)^ 

229.   Types  x^  —  i/^  and  x^-^if  may  be  used  in  calculation. 

EXAMPLE 

Calculate :       14^  - 131 

143  -  133  =  (14  -  13)  (142  +  14 .  13  +  132) 
=  142  +  14  .  13  +  132 
=  14(14 +  13) +132 
=  14  .  27  +  132 
=  378  +  169 
=  647. 

WRITTEN   EXERCISES 

Calculate  similarly : 

1.  163 -15^  3.   233 -21«. 

2.  19^-181  4.    57^-563. 
13 
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4  WT^ 

6.  It  is  known  that  the  volume  of  a  sphere  is  — ^— ?  r  being 

o 

the  length  of  the  radius.    Using  ^  as  an  approximate  value  of  tt, 

calculate  the  number  of  cubic  inches  in  l-  spherical  shell  whose 

outer  radius  is  14  in.,  and  inner  radius  13  in. 

Solution.    The  volume  of  the  outer  sphere  is  |  •  ^  •  14^,  and  that  of 

the  inner  sphere  is  f  •  V"  *  1^^-  \ 

Heuce  the  volume  of  the  shell  in  cubic  inches  is  ' 

J .  2^  (143  __  133)  ^  I .  Y  .  547  (Sec.  229.) 

=  2292+ 

6.   Pind  similarly  the  volumes  of  spherical  shells  if: 


(1) 

(2) 

(3) 

(4) 

Outer  radius    = 
Inner  radius    = 

16 
15 

19 
18 

25 
23 

36 
32 

FACTORING   APPLIED   TO   FRACTIONS 


i 


230.  We  have  already  made  considerable  use  of  factoring  in 
the  treatment  of  fractions.  The  following  miscellaneous  exer- 
cises will  furnish  further  practice. 

WRITTEN   EXERCISES  , 


Eeduce  to  lowest  terms : 


1. 


2. 


^-4 


4. 

Add 
9. 


a^  —  4  a  +  4 

8  go;  +  4  gy  — 16  gg 

10  6aj  +  5&2/-20  6s;' 


^     9aj2-12aj-f4 

5      ! — • 

9a^-4 

ax-{''bx-^cx 
^--^4^&Mi2g&^ 
a-{-  h-\-x 

2aj  +  6 


— z — I — . 

a;2  __  2/2     0^  —  2/^ 


10. 


a;*-l      a;^+l 


a^4-«^  +  l     a^  +  a  +  l 

12.  .  r^.+-  ^^^^ 
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Multiply : 

cc^  —  Sy^     x^  —  xy  —  2  y^ 

±o»       ■    *  " 


14 


4  m  4-  r         10  am  —  6m 


25a2-9    16m'  +  8mr+7-2 


a^4-6ir4-5  a2-2562 

15  


16. 

Divide : 
17. 


a^ -{- 10 a'b-j- 25 ab^   x'  +  2x-\-l 

0^  +  6  ax +  5  aP      ah-\-hx 
a^ -\- 2  ax -{- a^      5ac-{-cx 

— —by -•        18.    by r-- 

x^-l    ^  x-1  p  +  «  jp«  +  ^^ 


a;4^4^4        ^  aj2  +  2a;i/  +  2.v^* 

a^4-10a'^'  +  25a;^  .      g^  +  7  aV  + 10  a?^ 
5a^  ^        10a^-35a^ 


FACTORING   APPLIED   TO  EQUATIONS 
231.   Preparatory. 

1.  Find  the  values  of  the  trinomial  x^—x  —  2  for  a;  =  l;  2*, 
|0;-l;-2;5;4;  3. 

2.  For  which  values  of  x  does  the  trinomial  of  Exercise  1 
become  zero  ? 

3.  Find  the  value  of  the  binomial  oi?  —  ^x  for  aj  =  1 ;  —1;  2; 
-2;  0;  3;  -3;  4;  5;  10. 

4.  For  which  values  of  x  does  the  binomial  of  Exercise  3 
become  zero  ? 

5.  According  to  Exercises  1  and  2,  what  are  the  roots  of 
the  equation  a^  —  x  —  2  =  0? 
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6.  According  to  Exercises  2  and  4,  what  are  the  roots  of 
the  equation  x^  —  2x  =  0? 

7.  What  roots  are  common  to  the  two  equations  ? 

232.  Equivalent  Equations.  If  two  equations  have  the  same 
roots,  the  equations  are  said  to  be  equivalent. 

Thus,  4ic  =  12 

and  6  X  — 15  =  0 
are  equivalent,  each  having  the  root  3,  and  no  others. 
Also,  rc2  -  26  =  0 

and  4  x2  _  100  =  0 
are  equivalent,  each  having  the  roots  5,  —  5,  and  no  others. 
But,  rK2_25  =  0 

and  a;2  —  8  5c  +  15  =  0 
are  not  equivalent,  for  although  the  first  has  the  roots  5,  —  5,  and  the 
second  has  the  roots  5  and  3,  the  two  equations  have  not  the  same  roots. 

WRITTEN  EXERCISES 

Write  the  roots  of  these  equations  and  find  which  pairs  are 
composed  of  equivalent  equations  : 

1.  3a;-6  =  0,  3.   x^  =  i,  5.   a;-4  =  8, 

2.  a;  — 3  =  5,  A.    x^  =  2,  6.   x^=% 
2a;  =  16.                          2^^2  =  4.  aj-f3=:0. 

233.  If  two  equations  have  between  them  the  same  roots  as 
a  third  equation,  the  two  together  are  said  to  be  equivalent  to 
the  third. 

EXAMPLES 

1.  One  of  the  equations  aj  —  5  =  0,  and  aj  —  3  =  0,  has  the  root  5,  the 
other  the  root  3.  Between  them,  they  have  the  roots  3  and  5,  which  are 
the  roots  of  ic^  —  8  a;  +  15  =  0.  The  equations  x  —  8  =  0  and  aj  —  6  =  0, 
are  together  equivalent  to  jc^  —  8  ic  +  15=  0. 

2.  The  equation  (x  —  l){x  —  2)  =  0,  asks:  For  what  values  ofx  does 
the  product  {x  —  l)(x  —  2)  have  the  value  zero? 

The  product  is  zero,  if  either  factor  is  zero,  and  not  otherwise 
(Sec.  105,  p.  67).  .-.  (x  -  l)(a;  -  2)  =  0,  if  x  -  1  =  0,  or  if  a;  -  2  =  0, 
and  not  otherwise. 
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Thus,  the  solution  of  the  equation  (x  —  l)(ic  —  2)  =  0  depends  upon 
the  solution  of  a;  —  1  =  0  and  x  —  2  =0.  The  roots  of  these  being  1  and 
2,  the  roots  of  (x  —  IX^c  —  2)  =  0,  are  likewise  1  and  2. 

The  pair  of  equations  x  —  1  =  0,  x  —  2  =  0  is  equivalent  to  the 
equation  (x  —  l)(x  —  2)  =  0. 

ORAL    EXERCISES 

State  the  equations  of  the  first  degree  that  are  equivalent  to 
each  of  the  following : 

1.  {x-3)(x-2)  =  0.  6.  x{x-5)=0. 

2.  (x-5)(x-3)  =  0.  7.  (x-\-7)(x  +  l)  =  0. 

3.  (x-3)(x  +  2)=0,  8.  x(x+3)  =  0. 

4.  (x-\-5)(x-\-3)  =  0.  9.  x(x  —  a)  =  0, 

5.  (a;-3)(a;  +  10)  =  0.  10.  (aj  +  8)(a;- 11)  =  0. 

Factor  the  first  member  of  each  of  the  following  equations 
and  state  the  equations  equivalent  to  each : 

11.  0.-2-30^  +  2  =  0.  16.  a^-4aj-5  =  0. 

12.  x^-5x  +  4.  =  0,  17.  aj2-9  =  0. 

13.  a^-6x-{-5  =  0.  18.  x^-2x  =  0, 

14.  x^->r6x-{-5  =  0,  ,  19.  3ic2-2a;  =  0. 

15.  x'-{-Sx-{-7  =  0.  20.  aj2-14a;  +  33  =  0. 

WRITTEN   EXERCISES 

1-10.  Solve  the  equation  in  each  exercise  above  from  11-20 
by  solving  the  equivalent  equations. 

Find  the  roots  of  each  equation  by  factoring  the  left  member 
and  solving  the  equivalent  equations : 

11.  a^-a;-20  =  0.  18.  aj^ - 17 a;  +  72  =  0. 

12.  a^  +  a;-30=0.  19.  x^-x-56  =  0. 

13.  aj2-3a;-18  =  0.  20.  ^24.7  ^j-lS  =0. 

14.  i»2_i;_30  =  0.  21.  a;2-f-lla;4-28  =  0. 

15.  a^-f3a;-18  =  0.  22.  a^-3aj-28  =  0. 

16.  a^-aj-42  =  0.  23.  aj^  +  G  a;- 40  =  0. 

17.  aj2-7a;-18  =  0.  24.  a^  +  lla;  + 24  =  0. 


188  ELEMENTARY  ALGEBRA 

25.  x^  +  Sx-2S=:0.  31.  a^  +  8aj4-7  =  0. 

26.  x^-6x-A0  =  0.  32.  x^-{-2x-15  =  0. 

27.  a?2  +  18aj  +  81=:0.  33.  x^-x-6  =  0. 

28.  a;2-20a;  +  100  =  0.  34.  aj^- 5a;- 14  =  0. 

29.  x'-Sx  +  15  =  0.  35.  a;2  +  a;-110=0. 

30.  a^  +  9x-}-20  =  0,  36.  x'-5x-24:  =  0. 

SUMMARY 

I.  Definitions. 

1.  Two  equations  are  equivalent,  if  they  have  the  same  roots. 

Sec.  232. 

2.  A  pair  of  equations  is  equivalent  to  a  third  equation,  if 
the  two  equations  together  have  the  same  roots  as  the  third. 

TT    T^         .         .  T.  Sec.  233. 

II.  Properties  and  Processes. 

1.  A  factor  of  every  term  of  a  polynomial  is  a  factor  of  the 
polynomial. 

2.  Important  Types : 

(1)  x'±2xy-{-y'  =  (x±yy. 

(2)  x^-f  =  (x^y)(x--y). 

(3)  x^-\-px-\-q  =  (x-[-a)(x-{-b),  where  a+6=p,  and  ab=q. 

(4)  mx^  -{-px-\-q  =  {ax  -\-  b)  {ex  -f  d). 

(5)  x^  ^y^  =  {x-\-  y){x^  -  xy  -{-y^). 

(6)  a^-f={x-.  y){x'  +  xy  +  y^.  Sees.  220-228. 

3.  Polynomials  can  sometimes  be  thrown  into  one  of  the 
above  types  by  grouping.  Sec.  223. 

4.  Completing  the  Square  :  If  an  expression  can  be  made  a 
square  by  adding  a  square,  the  expression  is  equivalent  to  the 
difference  of  two  squares  and  can  be  factored  by  this  type. 

Sec.  224. 

5.  Factoring  may  be  used  in  solving  equations.  The 
equation 

x^  —  {a-\-b)x-\-ab  =  0,  or  {x  —  a){x—b)  =  0, 

is  equivalent  to  the  pair  of  equations  x  —  a  =  0,  and  x—  6=0. 

Sees.  231-233. 
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REVIEW 
ORAL  EXERCISES 


Factor : 

1.  Sa'-Wab. 

2.  a^-x", 

3.  p^-9q\ 

4.  3a'-6a'b. 

5.  xy^z  —  xyz^. 


6.  16  a*- 9  c*. 

7.  a^  —  x^. 

8.  a^-h^^ 

9.  a^x^-2aa^  +  l. 
10.  m^-\-6m-^5. 


Factor : 

1.  x'-2ax-3a^ 

2.  ac  —  ad -^  be  —  bd. 

3.  -ic^  +  i»2  +  12. 

4.  3a2  +  12a6-2a-86. 
6.  4a2-62_^6a-3&. 

6.  25x*-10x'y  +  y^-9zK 

7.  16a*4-24a26  +  962. 

8.  25a^  +  20a3-f4. 

9.  Sa^-7xy  +  2y^. 
10.  aj^  +  3aj*--4. 


WRITTEN   EXERCISES 


11.  3a'-\-6ab-24.b^ 

12.  a^-2a&  — ac  +  2  6c. 

13.  m*  —  11  m V  +  n*. 

14.  a2-&2_(a_6)2. 

15.  4a;*  +  l. 

16.  27x'  +  Sx-2. 

17.  a(a  +  6)  — c(c  +  6). 

18.  2a3-3a2-2a  +  3. 

19.  4ic^+2^^  — 5a;2^2^ 

20.  a;2  — 4aaj-4  62  +  8a6. 


21.  a^x  — a?c-\-a^by —  ab'^x  —  bhj -{-cb'^. 

22.  (a  +  6)(c2  -  d^)  -  (a^  -  b''){c  -  d). 

23.  a2  +  62_^c2  +  26c4-2ca4-2a6. 

24.  a2  +  62_^l  +  26  +  2a  +  2a&-d2. 

25.  aj2«-2ic"  +  l. 
x^     4:y^ 


26.    — 

9       25 

Solve  by  factoring : 

28.  —  aj2-f  aj  +  12==0. 

29.  3  0^-7  a; +  2  =  0. 

30.  4:22^12^  +  9  =  0. 

31.  25a;2  +  20a;  +  4  =  0. 


27.    a^  +  ^  +  l. 


32.  a^  — a;  — 2  =  0. 

33.  a;2  — 64  =  0. 

34.  l_a;2=0. 

35.  22/'  +  122/  +  10  =  0. 
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Reduce  to  simplest  forms : 

ax—bx  —  1  '    (x  —  l)(x—3) 

a3_2a^-a4-2.  ^^     f-5f  +  i^ 

a'-l  f+y-2 

40.  By  factoring  the  expressions  find  the  highest  common 
factor  of  x^  +  x^y'  +  y^ .and  ^x^  +  if. 

41.  By  factoring  the  expressions  find  the  lowest  common 
multiple  of  ar^  —  3  a; +2,  o;^— 1,  and  a;^  +  2  a;  + 1. 

42.  By  factoring  the  expressions  find  the  highest  common 
factor  of  (2  a?  -  l)(a^  -1)  and  (a^  +  a;^  +  x){x  -.l)(x'^l). 

43.  By  factoring  the  expressions  find  the  highest  common 
factor  and  the  lowest  common  multiple  of  the  two  expressions : 

(x''-l){;x?  +  ^x  +  id),  (x2  +  3aj)(a;2-a;-6). 


FACTORING  191 


SUPPLEMENTARY   WORK 

ADDITIONAL    EXERCISES 
Factor  by  reference  to  : 

1.  m^  +  g^4-r^  +  2  mg  +  2  mr +  2  gr. 

2.  a?^W  +  x^-\-2ah-2ax-2hx. 

3.  a;2  +  2/2  +  25  +  2a;?/  +  10a;4-10y. 

5.  f-{-2tv  +  v^-^t-\-'^-^v, 

6.  2a^  +  16-8^  +  a2-8a4-^'. 

7.  2bx^^^y^-{-4.z^  +  ^()xy-20xz-12yz. 

8.  Factor: 

aj*  -  2  a^a^  -  2  a^62  _|.  ^4  _|_  ^4  _|.  2  «2^2^ 

9.  Eesolve  into  four  factors : 

x"^  -{-  y^  +  z^  -2  xY  -"^  xh''  -2  yh\ 
Suggestion.     By  adding  and  subtracting  4  y'^z'^  the  expression  reduces 

to    (ic2  -  2^2  _  ^2)2  _  4  2,2^2, 

Highest  Common  Factor  by  Division 

Heretofore  we  have  found  the  highest  common  factor  of  two 
or  more  algebraic  expressions  by  factoring  them  and  selecting 
the  common  factors.  A  more  general  method  may  be  seen  in 
the  long  division  process  of  finding  the  g.  c.  d.  of  two  arithmeti- 
cal numbers. 

Thus,  find  the  greatest  common  divisor  of  1833  and  3760. 

1.  Divide  the  larger  number  by  the  smaller  : 

2 

1833)3760 
3666 

94      Hence,  3760  =  2  x  1833  +  94 
or  3760  -  2  X  1833  =  94. 

2.  Since  any  factor  of  both  terms  of  a  binomial  is  a  factor  of  the  bino- 
mial, any  factor  of  3760  and  1833  is  a  factor  of  3760  -  2  x  1833 ;  that 
is,  of  94. 
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The  g.  c.  d.  is  therefore  a  factor  of  94  ;  and  since  3760  =  2  x  1833  -f-  94, 
any  common  factor  of  94  and  1833  is  a  factor  of  3760.  Therefore  the 
g.  c.  d.  of  1833  and  3760  is  the  g.  c.  d.  of  94  and  1833. 

3.  Divide  as  in  (1) : 

19 

94)1833      , 

94 

893 

846 

47      Hence,  1833  =  19  x  94  +  47. 

By  the  same  reasoning  as  in  step  (2)  the  g.  c.  d.  of  1833  and  94  is  the 
g.  0.  d.  of  94  and  47. 

4.  Divide  as  before  : 

2 

47)94 
94 

Hence,  94  =  2  x  47. 

That  is,  94  is  a  multiple  of  47,  and  47  is  the  g.  c.  d.  of  47  and  94,  there- 
fore of  1833  and  3760. 

The  process  is  as  follows  :  Divide  the  larger  number  by  the  smaller.  If 
the  remainder  zero  is  reached,  the  divisor  is  the  g.  c.  d.  of  the  two  given 
numbers.  If  the  remainder  is  not  zero,  use  it  as  divisor,  and  the  preced- 
ing divisor  as  dividend.  Repeat  this  process  until  the  remainder  zero  is 
reached.    The  divisor  for  which  this  occurs  is  the  g.  c.  d. 

H.  C.  F.  of  Polynomials 

The  method  given  above  can  be  used  to  determine  the  h.  c.  f. 
of  two  polynomials.  In  the  following  proof  the  two  poly- 
nomials are  supposed  to  involve  only  one  letter. 

Let  A  and  B  denote  the  given  polynomials,  the  degree  of  B  being  not 
greater  than  that  of  A. 

Divide  A  by  J5,  continuing  the  division  until  a  remainder  i?i  is  reached 
of  degree  less  than  that  of  B.    Let  Qi  denote  the  quotient.    Then : 

A=QiB  +  Bu  (i) 

or  A-  QiB  =  Bv  (^) 

Any  common  factor  of  A  and  5  is  a  factor  of  the  left  member  of 
(2)  and  hence  of  Bi  and  (from  1),  a  common  factor  of  B  and  i?i  is  a 
factor  of  A.  Therefore  the  h.  c.  f.  of  ^  and  B  is  the  h.  c.  f .  of  B  and  Bi. 
Thus  the  problem  is  reduced  to  that  of  finding  the  h.  c.  f.  of  B  and  Bi. 
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Proceed  as  before  and  divide  B  by  B\.  Then  B  —  Q2B1  +  -R2,  where 
^2  is  of  lower  degree  than  jBi.  As  above,  the  h.  c.  f.  of  Ei  and  B2  is  the 
h.  c.  f.  of  B  and  Bi ;  the  latter  w^as  seen  to  equal  the  h.  c.  f .  of  A  and  B. 
Thus  the  problem  of  finding  the  h.  c.  f.  of  A  and  B  has  been  reduced  to 
that  of  finding  the  h.  c.  f .  of  Bi  and  i?2.  By  continuing  this  process,  the 
problem  is  reduced  successively  to  that  of  finding  the  h.  c.  f .  of  other  pairs 
of  expressions  of  lower  degrees.  Since  in  each  division  the  degrees  of 
both  the  dividend  and  divisor  are  lower  than  in  the  preceding,  the  process 
must  ultimately  come  to  an  end. 

Suppose  that  Bk  =  Q*+2-R*+i. 

Then  since  Bk+i  is  a  factor  of  Bk-,  it  is  the  h.  c.  f.  of  Bk,  -Ra+i,  and 
hence  of  the  next  previous  pair,  and  so  on,  back  to  A  and  B. 

In  the  most  unfavorable  case  the  process  of  division  does  not  come  to 
an  end  until  the  dividend  is  of  the  first  degree  and  the  divisor  an  arith- 
metical number.  In  this  case  the  two  expressions  have  no  literal  com- 
mon factor.  Any  numerical  common  factor  can  be  seen  by  inspection  at 
the  outset. 

EXAMPLES 
1.    Findh.c.f.,  6  a;^  + 7  aj^- 4  aj^-l  and  6  ic^ +7 aj^- 5  a;- 1. 
Dividing, 


6  a;3  +  7  a;2  _  5  a;  _  1)6  a;*  +  7  x3  -  4  a;2  -  1 

x^  +X—1 

6x  +  l 

a;2  +  a;  _  1)6  x3  +  7  x2  -  5  a;  -  1 
6x^  +  6x^-6x 

x^-hx-l 
x^  +  x-l 
Theh.  c.f.  isx^  +  x—l. 

2.   Find  h.  c.f.,  30aj3-76a;2^20a;-f35  and  10a;2_i2a?-ll. 
The  division  may  be  performed  with  detached  coefficients  (p.  108). 

3-4 
10  -  12  -  11)30  -76  +  20-1-35 
30  _  36  -33 
-40-1-  53  +  35 
-  40  4-  48  -f-  44 
5-    9 
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2+1 
5-9)10-  12-11 
10  -  18 


6-11 

~i 

Since  the  remainder  is  numerical,  the  two  expressions  have  no  literal 
common  factor.  By  inspection  it  appears  that  they  have  no  numerical 
common  factor. 

To  find  the  h.  c.  f.  of  more  than  two  polynomials,  find  the  h.  c.  f .  of  two 
of  them,  then  the  h.  c.  f.  of  this  result  and  a  third  one  of  the  polynomials, 
and  so  on. 

WRITTEN   EXERCISES 

Find  the  h.  c.  f .  of  : 

1.  2  a;*  +  8  a^  -  19  aj2  -  53  a;  -  10  and  2  a^  +  4  ic2  -  29  a?  -  5. 

2.  a^  +  4  a^  -  a;  -  12  and  a^  +  4  a;^  -  2  ar^  -  15  a;2  +  2  a;  +  8. 

3.  6  aj^  + 19  a^  +  35  a;2  +  10  aj~  1  and  2  a^  +  5  a;2  4- 8  a;  -  3. 

4.  16  aj«  +  6  aj^  + 15  a^  -  6  a?2  -  1  and  2  a^  +  aj^  -  2  a;2  -  a;. 

6.  12a;4  +  20a;3-27aj2__27a;  +  27and6aj3  +  13a;2-8a;-21. 

To  find  the  Lowest  Common  Multiple  by  use  of  the  H.  C.  F. 

The  1.  c.  m.  of  two  expressions  is  the  result  of  dividing  their 
product  by  their  h.  c.  f .     For : 

1.  Let  A  and  B  be  the  given  expressions  and  h  their  h.  c.  f. 

2.  Then  A  =  hm  and  B  =  hn,  where  m  and  n  have  no  common  factors. 

^AB^  hm. .  hn  ^  ^^^^  dividing  the  product  by  the  h.  c.  f . 
h  h 

4.  But  hmn  contains  all  of  the  factors  of  A  and  B  without  the  repeti- 
tion of  any  common  factor,  hence  it  is  the  1.  c.  m.  of  ^  and  B. 

The  1.  c.  m.  is  most  readily  found  by  dividing  one  of  the  given  expres- 
sions by  the  h.  c.  f .  and  multiplying  the  other  expression  by  this  quotient. 

EXAMPLES 
1.  Find  the  1.  c.  m.  of  17,273  and  564,001. 

1.  The  g.  c.  d.  of  these  numbers  is  751. 

2.  17,273^751  =  23. 

3.  /.  the  1.  c.  m.  =  23  X  564,001  =  12,972,023. 
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2.  Find  the  1.  c.  in.  of  o.^  -  9  a;^  +  23  a;  -  15  and  a^~  8  a;  +  7. 

1.  The  h.  c.  f  of  these  numbers  is  x  —  1. 

2.  (a;2_8ic  +  7) -f- (a;-l)=a;-7. 

3.  .-.  the  1.  c.  m.  =  (x  -  l){x^  -  9  x2  +  23  x  -  15). 

WRITTEN   EXERCISES 
Find  the  1.  c.  m.  of : 

1.  3a2-5a4-2and4a'^-4a2-a4-l. 

2.  oc^  -{-  2  x^y  —  xy"^  —  2  'if  and  a^  —  2  xhj  —  xy^  -{-2  y^, 

3.  m^  -  10  m^  +  31  m  -  30  and  m'^  -  11  m^  +  38  m  -  40. 

4.  a^  -  10  a^  +  9  and  a^  4-  4  a^  -  22  a^  -  4  a  +  21. 

6.   2a;3+(2a-3  6)aj2-(2  62+3a&)aj+3  6' and 

2i«2-(3  6-2c)a;-36& 


CHAPTER   XIV 

EQUATIONS 

DEFINITIONS  AND  PROPERTIES 

234.  The  following  is  a  summary  and  extension  of  the  pre- 
ceding treatment  of  equations. 

1.  When  two  expressions  are  equal  the  statement  of  this 
equality  by  use  of  the  symbol  =  is  called  an  equation. 

2.  Such  values  of  the  letters  as  make  two  expressions  equal 
are  said  to  satisfy  the  equation  between  these  expressions. 

Sec.  16,  p.  10. 

3.  Equations  that  are  satisfied  by  any  set  of  values  whatso- 
ever for  the  letters  involved  are  called  identities.     Sec.  11,  p.  9. 

4.  Equations  that  are  satisfied  by  particular  values  only  are 
called  conditional  equations,  or,  when  there  is  no  danger  of  con- 
fusion, simply  equations.     Sec.  12,  p.  9. 

5.  The  numbers  that  satisfy  an  equation  are  called  the  roots 
of  the  equation.  Sec.  17,  p.  10. 

6.  To  solve  an  equation  is  to  find  its  roots.       Sec.  18,  p.  10. 

7.  The  letters  whose  values  are  regarded  as  unknown  are 
called  the  unknowns.- 

Unless  otherwise  specified  the  later  letters  of  the  alphabet  are  under- 
stood to  be  unknowns,  and  the  earlier  letters  to  represent  known  numbers. 

235.  If  two  numbers  are  equal,  the  numbers  are  equal  which 
result  from  : 

1.  Adding  the  same  numbers  to  each.  Sec.  20,  p.  11. 

2.  Multiplying  each  by  the  same  number.  Sec.  20,  p.  11. 

Subtraction  of  the  same  number,  and  division  by  the  same  number  not 
zero  are  here  included  under  addition  and  multiplication  ;  for  to  subtract 
a  number  is  to  add  its  negative,  and  to  divide  by  a  number  is  to  multiply 
by  its  reciprocal. 

196 
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236.  Transposing  Terms,  If  the  opposite  of  any  term 
occurring  in  an  equation  is  added  to  both  members  of  the 
equation,  the  term  will  be  neutralized  where  it  stands,  but  its 
opposite  will  appear  in  the  other  member.  In  other  words, 
the  balance  of  an  equation  is  not  disturbed  if  a  term  is  re- 
moved from  one  member  and  inserted  with  its  sign  changed  in 
the  other.     This  is  called  transposing. 

EXAMPLE 

Solve:  4a;  +  5  =  6-3a?.  (1) 

Adding  3  a;  to  both  4  X  +  5  +  3  a;  =  6  -  3  X  +  3  a;,  (2) 

members, 
or,  4x  +  6  +  3x  =  6.  (5) 

The  effect  is  to  remove  the  term  —  3  x  from  the  right  member  and  to 
insert  it  with  its  sign  changed  in  the  left  member. 

Adding -5  to  both    4ic  +  5  +  3ic-5  =  6-6,  U) 

membersofC),  4x  +  3x  =  6-6.  (5) 

The  effect  is  to  remove  6  from  the  left  member  and  to  insert  it  with  its 
sign  changed  in  the  right  member. 

237.  Clearing  of  Fractions.  If  both  members  of  an 
equation  involving  fractions  are  multiplied  by  the  1.  c.  m.  of 
the  denominators,  the  resulting  equation  when  simplified  will 
be  free  from  fractions.     This  is  called  clearing  of  fractions. 

EXAMPLE 

Solve:  |_  +  ^  =  L  (^) 

Multiplying  both  mem-  „.^^       ^  .^^,      .        ►.x^^       v 

bers  of  (i)  by  12  xy,  5(12  xy)  x(\2  xy)  _  7(12xy)                  .^. 

the  I.e.  m.  of  the  de-  9/>.  Q-j*                    a         '                  ^   '^ 

nominators,  ^ -^  ^y                   * 

Simplifying  the  frac-  30  W  +  4  ic2  —  21  xw.  (3') 

tionsin  (S),  ^  ^  ^  ^ 

Whenever  it  is  possible  to  make  the  calculations  mentally  without  error, 
the  equation  corresponding  to  (^)  should  not  be  written. 

238.  Testing.  When  a  root  is  substituted  in  both  members 
of  an  equation,  the  results  are  equal  numbers.  This  test  should 
always  be  applied  to  the  numbers  found  by  solving.     Sec.  22, 

p.  11. 
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239.   Degree  of  an  Equation. 

1.  The  degree  of  an  equation. is  stated  with  respect  to  its 
unknowns.  It  is  the  highest  degree  to  which  the  unknowns 
occur  in  any  term  in  the  equation.  Unless  otherwise  stated, 
all  the  unknowns  are  e?Dnsidered.  , 

For  example  : 

1.  3  X  +  1  =  0,  and  4:X+7  y  —  S  z  =  Q^  are  equations  of  the  first  degree. 

2.  4  ?/2  —  ?/  +  3  =  0,  and  x^  +  ?/2  —  4  =  0,  are  equations  of  the  second 
degree. 

3.  x^  -  1  =  0,  x^  +  2 y^  -  ^x  +  S  =  0,  6xyz  +  x'^  =  2  y,  and  x^  -  Sy^  + 
z  =  bx,  are  equations  of  the  third  degree.. 

4  7r7?3 

4.  V  =  — -^ —  is  of  the  first  degree  in  v  and  of  the  third  degree  in  B. 

o 

2.  An  equation  of  the  first  degree  is  called  a  linear  equation. 

3.  An  equation  of  the  second  degree  is  called  a  quaelratic 
equation. 

4.  An  equation  of  the  third  or  higher  degree  is  called  a 
higher  equation. 

It  is  unnecessary  to  define  here  the  degree  of  expressions  containing 
radicals  or  fractions. 

5.  In  order  to  state  the  degree  of  an  equation  its  terms  must 
be  united  as  much  as  possible. 

Thus,  x2  +  2  X  +  1  =  ^2  appears  to  be  a  quadratic  equation. 
But  2  ic  +  1  =  0,  to  which  it  reduces,  is  a  linear  equation. 

6.  Terms  not  involving  the  unknowns  are  called  absolute 
terms. 

Thus,  in  x^  +  6  =  Sx  —  2a,  5  and  —  2 a  are  absolute  terms. 

ORAL  EXERCISES 

State  the  degree  of  each  of  the  following  equations  with 
respect  to  each  unknown : 

1.  a;  +  2  =  0.  3.    Z'-mz  =  4:. 

2.  ax -\- 2  =  0.  4:.    x^-\-xy  =  5. 
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5.  a^-4  =  0.  12.  aV+%2  =  a2^>2. 

6.  |mi;2=^6.  13.  |7rr3  =  100. 

7.  gf=^32.  14.  ^^^!^  =  6. 

8.  at-\-\gt'':^0.  15.  2  7rr2^  =  50. 

9.  aaj2  +  &  =  0.  16.  mi;2-16  =  0. 

10.  aj2_ajy=:2.  17.  t,^-ti  =  ^t^t^. 

11.  a3i:^  —  by^  =  l.  18.  osy^  —  ocFy  =  6. 

Select  the  linear,  the  quadratic,  and  the  higher  equations 
from  the  following ; 

19.  ic  +  3  =  0.  26.  ax^ -[- ax  =  c. 

20.  a;2  =  9.  27.  2  a;- 8  a;  =  0. 

21.  x2  =  27.  28.  3a;2_^^3^,^^2_^;j^^^ 

22.  2a;-6  =  0.  29.  2  a;3  =  2  a;2  +  a;  +  2  a;^. 

23.  aa;  =  &  +  c.  30.  x^  +  5  =  3, 

.24    ma;^+pa;  =  g.  31.    aif  —  by^  -\- 1  =  0, 

25.   a;3_a^_a;  =  3.  32.   5^^ +  22/ =  6 +  52/'. 

240.  Equivalent  Equations.  If  two  equations  have  the  same 
roots,  the  equations  are  said  to  be  equivalent.  If  two  equa- 
tions have  together  the  same  roots  as  a  third  equation,  the 
two  equations  together  are  said  to  be  equivalent  to  the  third. 

SOLUTION  OF  EQUATIONS 

241.  To  Solve  a  Linear  Equation  with  One  Unknown.     In 

general : 

1.  Cleai'  it  of  fractions  if  there  are  any. 

2.  Remove  the  parentheses  if  there  are  any, 

3.  Transpose  all  the  terms  containing  the  unTcnown  quantity 
to  one  member,  preferably  the  left,  and  all  the  other  terms  to  the 
.other  member. 

4.  Unite  the  terms  in  each  member  as  much  as  possible. 

5.  Divide   both   members  by  the  coefficient  of  the  unTcnown. 

U 
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EXAMPLE 


Solve:  -  2^  +  6^  =  ia,_|.      (^) 

Eemoving  the  parentheses,  4x  —  10  +  18  X+9  =  60  iC  —  210.          (3) 

Transposing  -10,  9,  and  60  jb,  4  iC  +  18  X  —  60  X  =  10  —  9  —  210.     (4) 

Uniting  terms,  and  multiplying  ^ 

both  members  by  - 1,  38  X  =  209.                          (5) 

Dividing  both  members  by  88,  X  =  ^^.                           (^) 

Test.                                2CY)- 5     6(V-)  + 3  ^  35^ 

6  4               ^^^2 

WRITTEN    EXERCISES 

Solve  and  test : 

1.  2(a:  +  3)-3(x  +  2)  =  6(a;  +  5).  , 

2.  x{x-l)-(2x-~l)  =  x(x-i-6), 

2  3 

4.    (x-\-3y=-7  +  (5-xy, 

^     z—1, z—2      n      z—S  i 

2^3  4 

;    4"^       5  20 

'12       8    ^   ^        4 

8.  5(x-A)-\-A(x-3)-x(x-l)  =  x(S-x). 

9.  i(aj-5)-i(^-4)  =  i(^-3)-(a^-2). 

242.  Formula.  An  expression  which  shows  how  a  desired 
number  is  to  be  obtained  from  given  numbers  is  called  a 
formula. 

The  following  examples  show  how  formulas  arise  in  the 
solution  of  problems ; 
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EXAMPLES 

1.  The  sum  of  three  numbers  is  40.  The  second  is  6  more 
than  the  first,  and  the  third  is  the  sum  of  the  other  two. 
Find  the  numbers. 

Solution.     1.  Let  x  =  the  first  number. 

2.  Then  x  +  6  =  the  second  number, 

and  X  +  X  -\-  6  =  the  third  number. 

3.  Therefore,  x  +  x  +  6-{-x-^x  +  6  =  sum, 

or  4  X  +  12  =r  40. 

4  X  =  28. 
x=7. 

4.  Therefore  the  numbers  are  7,  13,  and  20. 
Test.  7  +  13  +  20  =  40  ;   13  =  7  +  6 ;    20  =  13  +  7. 

In  this  work  the  given  numbers  have  quite  disappeared  in  the  course 
of  the  operations  leading  to  the  result.  Nothing  shows  how  the  result- 
ing numbers  7,  13,  and  20  are  connected  with  the  given  numbers  6  and 
40.     This  connection  is  made  clear  by  solving  the  following  problem  : 

2.  The  sum  of  three  numbers  is  s ;  the  second  is  a  greater 
than  the  first,  and  the  third  is  the  sum  of  the  other  two. 
Find  each  number. 

Solution.     1 .  Let  x  =  the  first  number. 

2.  Then  x  ■^-  a  =  the  second  number. 

3.  And  X  +  X  +  a  =  the  third  number. 

4.  .'.  X'{-x  +  a-hx-\-x-\-a  =  the  sum, 
or  ^x-\-2a  =  s. 

4:X  =  s  —  2a, 
^-s-2a 

4  4  4 

s  —  2a  ,  s  -\-2  a     s 


6.  and  x  +  x  +  a  = 

7.  .*.  the  numbers  are 


4  4  2 

2  a     s  +  2  a     s 


4      '         4       '    2 

That  is,  the  result  is  connected  with  the  given  numbers  as  follows: 
The  first  number  is  one  fourth  of  the  difference  between  the  given  sum 
and  twice  the  given  excess  of  the  second  number  over  the  first.  This 
enables  us  at  once  to  write  out  the  answer  for  any  such  problem.  In  the 
first  problem  above  s  is  40,  a  is  6,  hence  the  first  number  is  — ^ — ,  or  7. 
The  other  numbers  may  be  found  similarly. 
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When  the  given  numbers  are  indicated  by  letters,  we  are  dealing 
with  a  family  of  problems  rather  than  with  a  single  problem.  The  result 
is  a.  formula^  as  in  step  7  above,  not  a  numerical  solution. 

A  formula  shows  the  form  of  a  result  and  contains  the  solution  of  all 
problems  which  may  be  made  by  simply  changing  the  given  numbers  in 
any  problem. 

243.  Form.  The  nature  of  mathematical  forms  is  well 
illustrated  by  a  blank  check.  This  is  a  form  for  all  checks. 
When*  the  various  blanks  are  filled  out,  it  becomes  a  particular 
check.  But  the  characteristics  common  to  all  checks  can  be 
seen  fully  in  the  blank  form. 

Similarly,  in  a  polynomial  in  which  letters  are  used  to 
represent  unspecified  numbers,  we  have  in  reality  a  blank 
form  for  a  certain  family  of  polynomials.  When  the  blanks 
indicated  by  letters  are  filled  out  by  specific  numerical  values, 
the  result  is  a  particular  polynomial. 

244.  The  linear  form,  ax  +  6.  Every  polynomial  of  the  first 
degree  can  be  put  into  the  form  ax  -\-  b.  That  is,  by  rearrang- 
ing the  terms  suitably,  it  can  be  written  as  the  product  of  x 
by  a  number  not  involving  x,  plus  an  absolute  term.  Hence,  the 
form  ax-\-b  is  called  a>  general  form  for  all  polynomials  of  the 
first  degree  in  x. 

Thus,  4x  -\-  S(2  —  6x)  can  be  written  —  1 1  x  +  6,  which  is  in  the  form 
of  ax  +  6,  because  —  11  takes  the  place  of  a  and  +  6  takes  the  place  of  6. 

WRITTEN   EXERCISES 
Put  the  following  polynomials  into  the  form  ax  +  b: 

1.  3x-{-7  x  —  5,  5.   5q-\-2q(x  +  7). 

2.  8(ic-l)-f 4(aj-3).  6.   mx  +  c(x-\-l). 

3.  6x(l  +  x)-h3{l-2x^.      7.    {l-x){5+x)-(3-{-x){6-x), 

4.  f(^-i)4-T':,(a^  +  i).  8.   2,3x-0,6{3x  +  lA). 

-     2x- 3     f5x  .  3x-{-l 

10.    400--  +  399|--^''^^"^^ 
6  ^ 
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11.  {x'-iy-(J+3y-^sx'-2(x-^i)+s. 

12.-  {Ax-\-3){2x--9)-{-8x(2-x). 

13.  (x-{-lY-(x-lf-6x'  +  2x. 

14.  (40  0^-1)2 -(41  a; +  2)2 +  (9  a; +  3)2. 

15.  (17  aj- 4)2 -2(12 a; +  3)2 -(a; -1)2. 

16.  (3a;  +  l)(4a;-l)+5(a;  +  2)2-17(aj2-l). 

17.  What  is  the  5th  even  number  ?  The  10th,?.  The  27th  ? 
Theath? 

18.  What  is  the  4th  odd  number  ?  The  10th  ?  The  40th  ? 
The  A;th? 

If  n  represents  an  integer : 

19.  Show  that  2  n  is  a  general  form  for  all  even  numbers. 

20.  Show  that  2  w  —  1  is  a  general  form  for  all  odd  numbers. 

21.  What  is  the  5th  multiple  of  3  ?     The  18th  ?    The  rth  ? 

22.  Show  that  3  n  is  a  general  form  for  all  integral  multiples 
of  3. 

245.  General  Equations.  Just  as  every  linear  polynomial  is 
of  the  general  form  ax  +  b,  so  every  equation  of  the  first  degree 
is  equivalent  to  an  equation  of  the  form 

aa?  +  &  =  0 ; 

consequently  the  latter  is  called  a  general  equation  of  the  first 
degree  with  one  unknown. 

246.  General  Solution.     From  the  equation  ax-\-h=^  0,       (i) 

we  have,                                            ax  =  —  6,  (j^) 

I  and  hence,  X  = •  (5) 

I  a 

247.  -^^^^  IS  the  general  form  of  the  root  of  the  equation  of 

a 

the  first  degree.     There  is  always  one  root,  and  only  one. 

The  advantage  of  a  general  solution  like  this  is  that  it  leads  to  a 
formula  which  is  applicable  to  all  equations  of  the  given  form. 
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248.   The  rule  for  the  solution  of  equations  of  first  degree  is : 
Put  the  equation  into  the  form  ax-\-h  =  0.     TJie  ■  root  will  he 

the  negative  of  the  term  not  involving  x  divided  by  the  coefficient 

of  X. 

WRITTEN   EXERCISES 

Simplify  and  solve  according  to  the  above  rule : 

1.  1  =  4^3  +  7).  ^    a  =  hx^.c,       7.  ^±l  =  i. 

X         7 

2.  6  +  8(l-a;)  =  2.  5    \^^,  8.    -^  =  2. 

X     4  l+i» 

3.  5a;  +  3(a;-2)=4aj.         6.   ^^  =  7.         9-   a  =  i^±^. 

^  ^  aj  +  2  7-2/ 

10.  ?>'px  ■\-^.hd  =  lax  —  h-\-d,     14.    (x  —  a)(x  —  b)=x^  —  a. 

11.  iv(l  —  a)-\-a(w  —  l)  =  0.       15.  Sbx  —  7(x-\-b)-{-ac  —  cx=0. 

12.  5.+15+^^=^^.    16.  4-^  =  ^^*'. 

do  2  4 

13.  3(a;+l)+7(a;+2)=4(aj4-3).  17.  2[3(a;  +  l) +1]  +  1  =  0. 

18.  — 5^  =  0. 

a?  + 1     a;  +  a 

19.  {S-x)(7-x)  =  10  +  x', 

20.  a;(l  +  a)  +  2i»(l  +  6)=3a?(l  +  c). 

21.  (l  +  3xy-\-(3-\-4.xy=(l-5xy. 

22.  (l-ic)(4  +  a;)  +  (2  +  aj)(6  +  aj)=0. 

23.  (a  — a?)(6  +  a7)  =  c^  — a;^. 

24.  (ax  +  6)  (caj  -f  d)  =  ac  (a;  + 1)1 
Solve  for  a; : 

x—1        x-^1  a-f-6         a;         a^b        x 

Solve  for  a: 
27.   ab  +  ac  =  4:.  28.   a^  +  3  =  2a7i  — 5. 

29.  (a-l)(a  +  2)  =  (a-&)(a  +  &). 

30.  Find  the  value  of  e  in  the  equation: 

^  =  bc  +  d  +  l. 
e  e 
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31.  Solve  the  preceding  equation  for  6. 
Solve  for  g : 

32.  v  =  at-{-^*  33.   gh -{- gh^  =  r^. 

34.  A  man  doing  physical  labor  should  eat  daily  a  certain 
weight  of  starchy  foods,  16  %  of  that  weight  of  fats,  and  20  % 
of  that  weight  of  albuminous  food  (protein).  The  total  weight 
of  these  three  foods  consumed  daily  should  average  at  least 
\\  lb.     What  weight  of  each  is  required  for  5  men  in  1  day  ? 

35.  18  %  by  weight  of  wheat  is  lost  (as  bran,  etc.)  in  grind- 
ing it  into  flour.  How  many  60-pound  bushels  of  wheat  are 
used  in  making  738  lb.  of  flour  ?     In  making  p  lb.  ? 

36.  The  weight  of  bread  is  133-J-%  of  the  weight  of  the 
flour  used  to  make  it.  According  to  Exercise  35  how  many  one- 
pound  loaves  of  bread  can  be  made  from  20  bu.  of  wheat? 
From  h  bu.  ? 

37.  In  a  recent  year,  there  were  28  cities  of  population  over 
30,000  in  the  states  of  Kew  York,  Illinois,  Iowa,  and  Texas 
together.  The  number  in  Iowa  was  |  that  in  Texas.  The 
number  in  Illinois  was  2  more  than  that  in  Iowa,  and  the 
number  in  New  York  was  equal  to  that  in  Iowa  and  Illinois 
together.     Find  the  number  in  each  state. 

38.  In  the  cities  of  the  United  States  numbered  in  order  of 
population  (1900),  the  number  of  Milwaukee  is  \  that  of  Cin- 
cinnati, and  \  that  of  Columbus,  Ohio.  The  sum  of  the  three 
numbers  is  52.     Find  the  number  of  each  city.  , 

39.  Divide  the  number  n  into  four  parts  A^  B,  O,  B,  such 
that  A  shall  be  f  of  B,  and  f  of  (J5  +  C),  and  }  of  (fi -{- D). 

40.  Apply  the  results  of  Exercise  39  to  solve  the  same 
problem  when  n  =  148.  / 

41.  A  commission  merchant  sells  goods  for  s  dollars  and 
remits  r  dollars  ;  what  is  the  rate  of  his  commission  ? 

42.  Given  a  =  the  amount,  r  =  the  rate,  and  t  =  the  time 
in  a  problem  of  simple  interest,  what  is  the  principal  ? 
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43.  A  train  leaves  A  for  a  station  B,  d  miles  distant ;  its 
rate  is  r  miles  per  hour ;  h  hours  later  another  train  leaves  B 
for  A,  running  r'  miles  per  hour.  How  far  will  each  train  have 
traveled  when  they  meet  ? 

Solution.     1.   Let  x  =  the  number  of  hours  traveled  by  the  first  train 
before  they  meet. 
2.   Then,  x  —  h=  the  number  of  hours  traveled  by  the 
second  train. 
rx  =  number  of  miles  traveled  by  first  train. 
r^  (x  —  h)  —  number  of  miles  traveled  by  second  train, 
. '.  rx-\-  r'(x  —  h)  =d,  by  the  conditions  of  the  problem. 
.'.  (r  +  r')  X  =  cZ  4-  r'h,  performing  the  operations. 

r  +  r' 


3. 
4. 

5. 
6. 

7. 
8. 


r(d  +  r'h) 
r  4-  r' 


,  the  distance  traveled  by  the  first 


train. 


9.   And  r'  (x  -  h)  -  ^^  (^  -  ^'^)  ^  the  distance  traveled  by 
r  +  r' 
the  second  train. 

44.  Eead  the  above  problem,  taking  c^  =  450,  r  =  50,  and 
r'  =  40,  and  h  =  4^.  Solve  the  problem  by  substituting  these 
numbers  in  the  formulas  of  steps  8  and  9. 

45.  How  much  water  must  be  added  to  a  20  ^^  solution  of 
ammonia  to  make  a  10  %  solution  ? 

Plan.  1.  Consider  an  arbitrary  quantity  of  the  given  mixture ;  for 
example,  1  gallon. 

2,  Let  X  be  the  number  of  gallons  added ;  then  the  two  quantities  are  : 


1st  Quantity 

2d  Quantity 

Igal. 

(1  +  X)  gal. 

3.  Decide  which  substance  (the  ammonia  in  this  problem)  has  not 
changed  in  quantity ;  state  the  amount  in  each  solution.    Thus, 


Ammonia  in  Ist  Solution 

Ammonia  in  2d  Solution 

20%  of  1  gal. 

10%  Of  (l  +  ^)gal. 

EQUATIONS  207 

4.  Therefore,  the  equation  is  20  7o  of  1  =  10%  of  (1  +  x), 
or  .2  =  . 1(1  +  a:). 

5.  Therefore,  x  =  1,  and  1  gallon  of  water  must  be  added  for  each- 
gallon  of  the  original  solution. 

Solve  the  following,  using  the  tabular  plan  given  above : 

46.  How  much  water  must  be  added  to  a  95  %  solution  of 
alcohol  to  make  an  80%  solution? 

47.  A  certain  paint  consists  of  equal  parts  of  oil  and 
pigment.  How  much  oil  must  be  added  to  a  gallon  of  this 
paint  to  make  a  paint  -|  of  which  is  oil  ? 

48.  How  much  potash  must  be  added  to  a  10  %  solution  to 
make  a  20  %  solution  ? 

49.  Spirits  of  camphor  is  camphor  gum  dissolved  in  alcohol. 
How  many  ounces  of  camphor  gum  must  be  added  per  ounce  to 
a  5  %  solution  in  order  to  make  an  8  ^^  solution  ? 

GRAPHICAL  WORK 

249.   Preparatory. 

1.  The  average  daily  expenses  of  a  factory,  for  gas,  rent,, 
etc.,  is  $10.  The  daily  profit  per  workman  above  wages,  cost; 
of  material,  etc.,  is  50 j^  (.5  of  a  dollar).  What  would  be  the-, 
daily  loss,  if  only  one  man  were  employed  ?   2  men  ?   3  men  ? 

Letting  x  represent  the  number  of  men,  .5x  will  represent  the  daily- 
profit  of  X  men.  Thus,  the  answers  to  the  above  questions  may  be  com- 
puted by  substituting  the  number  of  men  for  x  in  the  expression  .5aj  — 10.. 

2.  In  the  language  of  algebra  what  kind  of  net  profit  would 
this  loss  be  called  ? 

3.  How  many  men  must  be  employed  so  that  the  daily 
profit  shall  equal  the  expenses,  or  so  that  the  net  profit  shall 
be  zero  ?     (Use  .5  a;  —  10  to  find  the  answer.) 

4.  How  many  men  must  be  employed  so  that  the  net  profit 
shall  be  $5?  $10?  $20?  $25?  (Use  .5  a; -10  to  find  the 
answers.) 
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5.    In  the  diagram,  what  kind  of  net  profit  do  the  lines,  a,  6, 
d,  represent?     These   are  the  net  profits  from  2,   4,  6,   8 

men  respectively. 
Eead  these  profits 
in  dollars. 

6.  a,  6,  c,  c?  rep- 
resent values  of 
what  expression? 

7.  For  how 
many  men  do  the 
net  profits  be- 
come zero  ?  How 
does  the  graph 
show  this  ? 

8.  Eead    from 
the  graph  the  net   profits   for  24  men ;  28  men ;  30  men. 

9.  This  graph  represents  the  change  in  value  of  what 
expression  ? 

WRITTEN    EXERCISES 

1.  Eepresent  graphically  the  net  profits  from  30  to  50  men 
on  the  same  basis  as  given  above.  Eead  from  the  graph  the 
net  profits  from  45  men;  35  men;  40  men. 

2.  Eepresent  graphically  the  net  profits  from  1  to  50  men 
when  the  fixed  daily  expenses  are  $  25  and  the  gross  profit  per 
man  is  %  1.  What  is  the  least  number  of  men  the  factory  can 
employ  without  loss  ?  What  is  the  profit  from  35  men  ? 
From  50  men  ? 

3.  The  profits  of  a  certain  factory  are  50  ^  daily  for  each  work- 
man employed,  less  a  fixed  charge  of  %2^  for  operating  expenses, 
which  is  the  same  whatever  the  number  of  workmen.  Eepre- 
sent graphically  the  daily  profits  corresponding  to  the  number 
of  workmen  varying  from  0  to  100.  From  the  graph,  find  the 
smallest  number  of  workmen  for  which  there  is  a  net  daily  profit. 

4.  A  salesman  receives  $2  daily  plus  5%  commission  on 
the  amount  of  his  sales.  Eepresent  his  total  pay  correspond- 
ing to  daily  sales  varying  from  0  to  $  100. 
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5.  Some  telephone  companies  make  a  flat  rate  of  $3  a 
quarter  for  the  use  of  a  telephone  for  private  purposes,  and 
charge  5^  a  message  for  a  public  telephone.  Represent 
graphically  the  difference  between  the  company's  receipts 
per  quarter  for  a  private  telephone  and  those  of  a  public  one, 
according  as  the  number  of  messages  on  the  latter  varies  from 
50  to  200  per  quarter.  Show  that  this  graph  represents  the 
change  in  value  of  .05  x  — 3  for  x  =  50  to  200. 

250.   Graphs    of    Expressions  of    the   Form   ax-{-b. 

any  particular  expression  of  the 
form  ax-\-b  is  considered,  it  has 
different  values  according  to  the 
different  values  assigned  to  x.  The 
corresponding  values  may  be  ar- 
ranged in  a  table,  and  represented 
in  a  graph. 

Thus,  the  graph  at  the  right  represents 
the  following  table  of  values  tor  Sx  —  2  : 


When 


Value  of  X 


Table 
Value  of  3  a;  -  2 


1 

0 
-1 


1 
-2 
-6 


^ 

• 

i 



2 



1 

0 

1 1 

2 

^ 

-1 

, 

-; 

/ 

^  /. 

-5 

^    i     \    r 

t. 

It  is  customary  to  use  a  single  letter,  usually  y,  to  represent 
the  binomial  in  such  problems. 

^      «  Thus,   if  we  consider  2  a:  +  5, 

....  we  let  y  represent  it,  and  speak 
of  values  of  y  instead  of  values  of 
2  a;  +  5. 

The  graph  at  the  left  represents 
the  following  table  of  values  for 
2/  =  2x  +  5: 

Table 


X 

y 

-3 

-1 

-2 

1 

-1 

3 

0 

5 

1 

7 
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WRITTEN   EXERCISES 
Construct  the  graphs  of : 

1.  y  =  2x-}-l.  4.    2/ =  ^  +  4.  7,    yz=x. 

2.  y  =  l  —  2x,  5.   y  =  5x,  8.   y  =  ^x  +  6. 

3.  y  =  x  —  4c.  6.   y=—3x,  9,   y=  .Sx  —  2, 

251.  Preparatory. 

1.  In  the  diagram  how  many  spaces  is  point  A  to  the  right 
of  line  yy^  ?  (The  symbol  y^  is  read  "2/  prime/')  How  many 
spaces  is  point  A  above  the  line  xx'  ? 

The  position  of  point  A  is  fixed  by  th( 
distances  2,  1.  (It  is  customary  to  name 
the  distance  along  the  line  xx'  first.) 

2.   How  many  spaces  is  point 
to  the  left  of  line  yy'  ?    How  manj? 
spaces  above  xx'  ? 

The  position  of  point  B  is  fixed  by  th< 
distances  —  1,  2. 

y  3.   How  far  is  point  C  to  the  lefi 

'      ''        of  yy'  ?   How  far  below  xx'  ? 

The  position  of  point  C  is  fixed  by  the  distances  —  1,  —  1. 

4.  How  far  is  point  D  from  yy' ?  Ytoirxx'?  What  dis- 
tances fix  the  position  of  this  point  ? 

252.  Axes.  The  lines  of  reference  designated  by  xx'  and  y^^ 
are  called  the  axes. 

253.  Quadrants.  The  axes  divide  the  diagram  into  four 
quarters  called  quadrants.  These  are  numbered  I,  II,  III,  and 
IV  as  shown  in  the  figure  on  p.  211. 

254.  The  position  of  the  point  Pj  (read  P-one)  is  fixed  by  its 
perpendicular  distances,  PiM^,  PiiVj,  from  the  axes.  These  twc 
perpendicular  distances  are  called  the  coQrdinates  of  point  Pi. 
Similarly,  the  coordinates  of  P2  are  P2M^2i  ^2^2- 

The  position  of  any  point  is  fixed  by  its  two  coordinates. 
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255.  The  point  of  intersection  of  the  axes  is  called  the 
origin  of  coordinates. 

256.  Abscissas  and  Ordinates.   The  distance  of  a  point  from 
the  axis  yy\  as  P^Mi,  is  called  the  abscissa  of  the  point,  and 
the  distance  of  the  ....  .      .      .      .     , 

point  from  the  axis  y 

xx^  is  called  the  ordi- 
nate of  the  point. 

The  ordinates  of  all 
points  in  quadrants  I 
and  II  are  positive,  and 
of  those  in  III  and  IV 
are  negative. 

The  abscissas  of  all 
points  in  quadrants  I 
and  IV  are  positive, 
and  those  of  all  points  in  II  and  III  are  negative. 

257.  Variables.  A  number  symbol  that  may  assume  different 
values  is  called  a  variable. 

Thus,  the  number  of  degrees  of  temperature  from  time  to  time,  the 
number  of  hours  from  sunrise  to  sunset,  the  price  of  vs^heat,  the  number 
of  inhabitants  of  the  United  States,  are  variable  numbers.  They  measure 
physical  or  other  quantities  that  are  in  themselves  variable. 

In  mathematics,  a  number  is  variable  whenever  the  conditions  of  the 
problem  leave  it  free  to  vary. 

258.  Constants.  A  number  that  has  a  fixed  value  is  called 
a  constant. 

Thus,    3,    V5,    —  4,  are  constants. 


259.  When  numbers  are  indicated  by  letters,  the  conditions 
of  the  problem  must  specify  which  are  constant  and  which  are 
variable. 

It  is  customary  to  use  the  earlier  letters  of  the  alphabet  to  denote 
constants,  and  the  later  ones  to  denote  variables,  but  it  is  not  necessary 
to  do  so. 
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260.  Function.  When  the  value  of  one  variable  depends 
upon  that  of  another  the  first  variable  is  said  to  be  a  function 
of  the  second. 

The  function  is  called  the  dependent  variable,  and  the  other 
the  independent  variable. 

For  example : 

1.  The  cost  of  a  railroad  ticket  depends  upon  the  number  of  miles 
to  be  traveled.  That  is,  the  cost  is  a  function  of  the  distance.  The 
distance  is  the  independent  variable,  and  the  cost  is  the  dependent 
variable.  Likewise,  the  distance  one  can  ride  depends  upon  the  cost  of 
the  ticket,  that  is,  the  distance  is  a  function  of  the  cost.  In  the  latter 
way  of  looking  at  it,  the  cost  is  the  independent  variable  and  the  distance 
the  dependent  variable. 

2.  If  a  train  moves  uniformly,  the  distance  traversed  Is  a  function 
of  the  time. 

3.  An  iron  bar  expands  when  heated.  Its  length  is  a  function  of  the 
temperature. 

4.  3  X  —  2  is  a  function  of  x  because  its  value  depends  upon  that  of  x. 

261.  "Function  of  oj"  is  often  briefly  expressed  by /(a;). 

Thus,  ii  /(x)  =5^-4, 

/(2)  =5.2-4  =  6, 

/(0)=5.0-4=-4, 

/(r)=5r-4. 

262.  Graphs  of  Functions.  The  graph  of  a  function  is  a  dia- 
gram representing  the  variation  of  the  function  due  to  the 
variation  in  the  value  of  its  variable. 

Thus,  the  first  graph  in  Sec.  250,  p.  209,  shows  that  the  value  of 
f{%)  =  3  ic  —  2  varies  from  —  5  to  1  as  x  varies  from  —  1  to  +  1. 

263.  Since  the  graph  of  the  function  ax-\-h  is  a  straight 
line  (Sec.  215),  this  function  is  called  a  linear  function,  and 
the  corresponding  equation,  ?/  =  ao?  +  &,  a  linear  equation. 

WRITTEN   EXERCISES 

1.  In  the  formula  ^  =  'prt^  if  p  and  r  are  given,  what  quan- 
tity must  change  in  order  that  i  may  change  ?     Hence  i  is  '^ 
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function  of  L     Construct  the  graph   of  this   function  when 
p=  $25  andr  =  4%. 

2.  According  to  Exercise  1,  Up  and  t  are  given,  of  what  is 
I  a  function  ?  Construct  the  graph  of  this  function  when 
jp  =  10  and  ^  =  5. 

3.  A  certain  fraternal  insurance  company  charges  a  mem- 
bership fee  of  $  10  and  a  premium  of  $  2  a  month ;  hence  the 
total  cost  of  insurance  to  the  policy  holder  is  a  function  of 
the  number  of  months.  That  is,  cost  =  2  (number  of  months) 
4- 10,  or  c  =  2  /  +  10.     Construct  a  graph  of  this  function  of  t, 

4.  A  freight  train  travels  15  mi.  per  hour;  the  total  dis- 
tance traveled  from  any  starting  point  is  a  function  of  the 
time,  namely,  c2  =  15  ^.      Construct  a  graph  of  this  function. 

264.  Graphs  of  Incomplete  Equations.  Either  x  ot  y  may  be 
lacking  in  an  equation  to  be  plotted. 

Thus,  the  equation  y  =S  means  y  =  Ox  +  S,  in  which  y  =  S  for  all 
values  of  x ;  consequently  the  graph  of  ?/  =  3  is  a  line  parallel  to  the  ic-axis 
and  3  units  above  it.  It  is  the  line  every  point  of  which  has  the  ordinate 
3,  just  as  the  graph  of  y  =2x  is  the  line  every  point  of  which  has  its 
ordinate  twice  its  abscissa. 

Similarly,  x  =  2  means  a  line  for  which  x=2  irrespective  of  the  value 
of  y.    This  is  a  line  parallel  to  the  2/-axis,  and  2  units  to  the  right  of  it. 

Similarly,  y  =—  S  means  a  line  every  point  of  which  has  the  ordinate 
—  3 ;  it  is  a  line  parallel  to  the  x-axis,  and  3  units  below  it. 

WRITTEN    EXERCISES 

Construct  the  graphs  of : 

1.  x-\-y  =  l.  4.   x  —  y=2.  7.  0  =  aj  +  3. 

2.  x  +  y  =  0.  5.    x  =  4:y—l.  8.  2x  —  2y=4:. 

3.  2y-^x=2.        6.   Sx  +  2y  =  6,  9.  Sxi-3y  =  9. 

10.  What  line  must  the  graph  cross  when  x=  0?  When 
y  =  0?  Construct  the  graph  oi  y  =  2x  —  3  by  using  the  points 
for  which  a;  =  0,  and  y  =  0,  respectively. 
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SUMMARY 
L   Definitions  and  Properties. 

1.  The  degree  of  an  equation  is  the  highest  degree  to  which 
the  unknowns  occur  in  any  term  in  the  equation. 

2.  A  linear  equation  is  an  equation  of  the  first  degree. 

3.  A  quadratic  equation  is  an  equation  of  the  second  degree. 

4.  A  higher  equation  is  one  of  the  third  or  higher  degree. 

5.  Absolute  terms  of  an  equation  are  those  which  do  not 
inYolve  the  unknowns.  Sec.  239. 

6.  Equivalent  equations  are  equations  having  the  same  roots. 

Sec.  240. 

7.  A  formula  is  an  expression  which  shows  how  a  desired 
number  is  to  be  obtained  from  given  numbers.  Sec.  242. 

8.  ax-\-h  is  the  general  form  for  all  polynomials  of  the  first 
degree  mx.  Sec.  244. 

9.  aaj  +  &  =  0  is  the  general  equation  of  the  first  degree ; 

and  -^^  is  the  general  form  for  the  root  of  the  linear  equation. 
^  Sees.  245-247. 

10.  In  graphical  work  the  axes  are  the  lines  of  reference. 

Sec.  2^2. 

11.  The  quadrants  are  the  four  parts  into  which  the  axes 
divide  the  plane.  Sec.  253. 

12.  The  coordinates  of  a  point  are  its  distances  from  the  axes. 

Sec.  254. 

13.  Tlie  origin  of  coordinates  is  the  point  of  intersection  of 
the  axes. 

14.  The  abscissa  of  a  point  is  its  distance  from  the  axis  yy\ 

15.  The  ordinate  of  a  point  is  its  distance  from  the  axis  xx\ 

Sec.  2m. 

16.  A  variable  is  a  number  symbol  that  may  assume  dif- 
ferent values.  Sec.  257. 

17.  A  constant  is  a  number  that  has  a  fixed  value.    Sec.  25& 

I 


EQUATIONS  215 

18.  When  the  value  of  one  variable  depends  upon  that  of 
another  the  first  variable  is  said  to  be  a  function  of  the  second. 
The  function  is  called  the  dependent  variable  and  the  other  the 
independent  variable.  Sec.  260. 

19.  The  graph  of  a  function  is  a  diagram  representing  the 
variation  of  the  function  due  to  the  variation  in  the  value  of 
its  variable.  Sec.  262. 

II.   Processes. 

1.  The  balance  of  an  equation  is  not  disturbed  if  a  term 
is  removed  from  one  member  and  inserted  with  its  sign  changed 
in  the  other.     This  is  called  transposing.  Sec.  236. 

2.  Clearing  of  fractions  is  freeing  an  equation  of  fractions 
by  multiplying  both  members  by  the  Lcuu,-^_J_he  given 
d^ominators.  Sec.  237, 

3.  To  solve  a  linear  equation  with  one  unknown  : 

(1)  Clear  it  of  fractions  if  there  are  any. 

(2)  Eemove  the  parentheses  if  there  are  any. 

(3)  Transpose  the  terms  containing  the  unknowns  to  one 
member  and  all  of  the  other  terms  to  the  other  member. 

(4)  Unite  the  terms  in  each  member  as  much  as  possible. 

(5)  Divide  both  members  by  the  coefficient  of  the  unknown. 

Sec.  241. 

REVIEW 

WRITTEN  EXERCISES 
Solve  for  x : 

1     ^  +  1  .  a.--f3_2 

x^2     x-\-^ 

2.  (a-x){h^x)  =  h-Q?. 

3.  (a-{-x)(h-^x)=ah-\'X^. 

4.  (a  —  x)Q)-x)  =  h-\-x^. 

6    (a  +  hx){a  —  hx)  =  (a^  +  h^x)(a  —  x), 

6.  (a  +  hx)  (b  —  ax)  =  (a  —  hx)  (ax  —  h). 

7.  (l^x)(2-x)-{3-x){4.-x)=5-~x. 
15 
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8.  (a-{-x){b  —  x)=a  —  x^, 

9.  ax  (bx  + 1)  =  &aj  {ax  + 1)  +  a  +  &. 

10.  (l  +  aj)(2  +  a;)  +  (5  +  6i»)(l-f  8x)  =  (4  +  7a;)2 

11.  (a  +  x)(c  -\-  d  -{-  x)  —  (a  —  x)(c  —  d  —  x)  =  ax-^cx-j-  dx. 

12.  How  much  water  must  be  added  to  80  pounds  of  a  5 
per  cent  solution  of  salt  to  obtain  a  4  per  cent  solution  ? 

13.  Two  men  are  25  miles  apart  and  walk  toward  each  other 
at  the  rates  of  31-  and  4  miles  an  hour  respectively.  After  how 
long  do  they  meet  ? 

14.  A  man  travels  50  miles  in  an  automobile  in  31  hours. 
If  he  runs  at  the  rate  of  20  miles  an  hour  in  the  country,  and 
at  the  rate  of  8  miles  an  hour  when  within  city  limits,  find 
how  many  miles  of  his  journey  is  in  the  country. 

15.  In  a  50-mile  race  between  two  yachts  their  rates  are  as 
5  to  4.  One  yacht  has  a  start  of  20  minutes,  but  is  beaten 
by  4  miles.     Find  the  rate  of  each. 

16.  A  train  running  30  miles  an  hour  requires  21  minutes 
longer  to  go  a  certain  distance  than  does  a  train  running  36 
miles  per  hour.     What  is  this  distance  ? 

17.  What  is  that  number  which  when  divided  by  3  is  equal 
to  one  quarter  of  the  sum  of  itself  and  24  ? 

18.  A  sum  of  $1050  is  divided  into  two  parts  and  invested; 
the  simple  interest  on  the  one  part  at  4%  for  6  years  is  the 
same  as  the  simple  interest  on  the  other  at  5%  for  12  years. 
Find  how  the  money  is  divided. 

19.  A  and  B  set  out  on  an  automobile  trip,  A  having  |  as 
much  money  with  him  as  B ;  after  A  had  paid  out  $  1  less 
than  I  of  his  money,  and  B  had  paid  $  1  more  than  |  of  his,  it 
was  found  that  B  had  left  only  half  as  much  as  A.  How 
much  had  each  at  the  outset  ? 

20.  In  forming  a  regiment  into  a  solid  square  60  were  left? 
over ;  but,  when  formed  into  a  rectangle  with  5  men  more  in 
front  than  before  and  3  less  in  depth,  there  was  one  man 
wanting  to  complete  it.  Find  the  number  of  soldiers  in  the 
regiment. 
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21.  A  man  is  to  pay  $  10,000  Jan.  1.  He  wishes  to  prepay 
this  in  two  equal  amounts  on  April  1  and  Aug.  1  next  preced- 
ing. Interest  on  the  payment  being  allowed  at  5%  per  annum 
for  the  period  paid  in  advance,  what  should  each  payment  be  ? 

22.  Two  automobiles  start  from  the  same  place ;  one  goes 
east  at  the  rate  of  18  mi.  an  hour  and  the  other  west  at  15  mi. 
an  hour.     In  how  many  hours  are  they  330  mi.  apart? 

23.  A  train  660  ft.  long  running  at  a  speed  of  15  mi.  an 
hour  will  pass  completely  through  the  Simplon  tunnel  in 
Switzerland  in  49^  minutes.     How  long  is  the  tunnel  ? 

24.  A  train  going  from  New  York  to  Chicago  at  the  average 
rate  of  40  mi.  an  hour  takes  4|-  hr.  longer  than  one  going  50  mi. 
an  hour.     Find  the  distance  between  these  places. 

25.  Given  a  =  the  amount,  r  =  the  rate,  and  p  =  the  prin- 
cipal in  a  problem  of  simple  interest,  what  is  the  time  ? 

26.  In  Exercise  25  let  a  =  $560,  r  =  4%,  and  t  ==  3  yv. 
Find  the  principal. 

27.  Divide  the  number  a  into  two  parts  such  that  m  times 
the  greater  may  exceed  n  times  the  less  by  b. 

28.  A  quantity  of  metal  composed  of  copper  and  tin  weighs 
80  lb.;  for  every  7  lb.  of  copper  there  are  3  lb.  of  tin.  How 
many  pounds  of  copper  must  be  added  to  the  mass  to  make  a 
metal  containing  11  lb.  of  copper  to  4  lb.  of  tin. 

29.  To  a  mass  of  metal  composed  of  4  parts  of  silver  to  1 
part  of  tin  enough  silver  is  added  to  make  a  mass  containing 
6  parts  of  silver  to  1  part  of  tin.  How  many  ounces  of  silver 
are  added  per  ounce  of  the  original  metal  ? 
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SUPPLEMENTARY  WORK 
ADDITIONAL   EXERCISES 

1.  A  certain  number  consists  of  two  digits  whose  difference 
is  3 ;  and,  if  the  digits  are  interchanged,  the  number  so  formed 
is  ^  of  the  original  number.     Find  the  latter. 

Solution.     1.   Let  ic  be  the  smaller  digit. . 
2.  Then  3  +  x  is  the  greater. 
'  3.    .\  10(x  4-  3)  +  X  is  the  given  number. 
4.    .*.  10x+  (ic  +  3)  is  the  number  with  the  digits  interchanged. 
6.   According  to  the  problem,  10  x  +  (x  +  3)  =  f  [10  (x  +  3)  4-a;]. 

6.  .'.  performing  the  operations,     77ic  +  21  =  44x  +  120. 

7.  Solving  (6),-  33 x  =  99,  and  x=S. 

8.  .-.  a;  +  3  =  6,  and  the  number  is  63. 
Test.   The  number,  63,  satisfies  the  conditions  of  the  problem,  for 

6  -  3  =  3,  and  36  =  f  of  63. 

2.  The  units'  digit  of  a  certain  number  exceeds  the  tens' 
digit  by  4,  and  when  the  number  is  divided  by  the  sum  of  its 
digits,  the  quotient  is  7.     Find  the  number. 

3.  There  is  a  number  of  two  digits  in  which  the  tens'  digit 
exceeds  the  units'  digit  by  2,  and  if  the  number  is  diminished 
by  f  of  the  sum  of  its  digits,  they  are  interchanged.  Find  the 
number. 

4.  Separate  150  into  two  numbers  such  that  if  one  be  divided 
by  23  and  the  other  by  27,  the  sum  of  the  quotients  is  6. 

5.  The  sum  of  three  numbers,  a,  b,  c,  is  3036;  a  is  the 
same  multiple  of  7  that  b  is  of  4,  and  also  the  same  multiple 
of  5  that  c  is  of  2.     What  are  the  numbers  ? 

Suggestion.    Show  that  a,  6,  and  c  may  be  represented  by  7ic,  4ic, 

and  — .2. 
6 

6.  A  number  is  composed  of  three  digits  each  greater  by 
one  than  that  on  its  right ;  the  difference  between  the  number 
and  ^  of  the  number  formed  by  reversing  the  order  of  the 
digits  is  36  times  the  sum  of  the  digits.     Find  the  number. 

Suggestion.  A  convenient  selection  of  the  digits  isic+l,  ic,  a:— 1. 
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7.  Find  three  consecutive  integers  whose  sum  is  9  greater 
than  twice  the  largest  integer. 

8.  At  what  time  between  3  and  4  o^clock  are  the  hands  of  a 
clock  together  ? 

Solution.     1.   The  minute  hand  moves  1  minute  space  per  minute. 

2.  The  hour  hand  moves  ^^  of  a  minute  space  per  minute. 

3.  Let  X  =  the  number  of  minutes  after  3  o'clock  when  the  hands  are 
together. 

4.  X  is  the  number  of  spaces  moved  by  the  minute  hand. 

5.  —  is  the  number  of  spaces  moved  by  the  hour  hand. 

6.  The  hour  hand  is  now  15  +  —  minute  spaces  from  XII  and  the 
minute  hand  is  x  spaces  from  XII. 

7.  But  they  are  to  be  together,  hence  x  =  15  +  —  • 

8.  .'.  x  =  16j*j,  and  the  hands  are  together  16/j-  minutes  past  3  o'clock. 

9.  How  many  minute  spaces  must  the  minute  hand  gain  on 
the  hour  hand  from  the  time  they  meet  until  they  lie  opposite 
to  each  other  in  the  same  straight  line  ?  At  what  time  are  the 
hands  opposite  each  other  for  the  first  time  after  12  o'clock  ? 

10.  At  what  time  between  7  and  8  o'clock  are  the  hands 
of  a  clock  opposite  each  other  ? 

11.  At  how  many  different  times,  and  when,  are  the  hands 
of  a  clock  at  right  angles  between  4  and  5  o'clock  ? 

12.  A  and  B  enter  a  race  together ;  at  the  end  of  5  minutes 
A  is  900  yd.  from  the  starting  line  and  75  yd.  ahead  of  B ; 
at  this  point  he  falls,  and  though  he  renews  the  race,  his  rate 
is  20  yd.  a  minute  less  for  the  rest  of  the  course ;  he  crosses 
the  line  ^  minute  after  B.     How  long  did  the  race  last  ? 

13.  In  astronomy  it  is  important  to  know  when  planets  are 
in  line  between  the  earth  and  the  sun.  This  is  called  con- 
junction. Taking  the  earth's  time  of  revolution  about  the  sun 
as  365  days  and  that  of  Venus  as  225  days,  how  long  after  one 
conjunction  of  Venus  until  the  next  one  occurs  ?  \      ^ 

Suggestion.    The  problem   is  quite  analogous  to    |  fc    E 

that  of  the  hands  of  a  watch.     For  the  purposes  of  / 

this  problem  we  suppose  all  the  planets  to  move  in  the  same  plane  and 
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in  circular  paths  (orbits)  in  the  same  direction  of  revolution  about  the 
sun  as  a  center. 

1.  Let  X  =  the  number  of  days. 

2.  Venus  will  have  made  -^  revolutions. 

225 

3.  The  earth  will  have  made  -^  revolutions. 

365 

4.  But  to  be  in  conjunction,  Venus  (which  goes  faster)  must  have 
gone  as  far  as  the  earth  and  1  revolution  besides. 

Hence,  -^  =  -^  +  1, 
'  225     365 

and  X  =  586  J  J. 

14.  Taking  88  days  as  Mercury's  time  of  revolution  about 
the  sun,  how  long  from  one  conjunction  of  Mercury  to  the  next? 

15.  When  the  earth  is  between  a  planet  and  the  sun,  in  the 
same  line  with  them,  the  planet  is  said  to  be  in  opposition  to 

the  sun.  Taking  687  days  as  Mars' 
time  of  revolution  about  the  sun, 
how  long  is  it  from  one  opposition 
of  Mars  to  the  next  ? 

16.    Taking  4307  days  as  Jupiter's 

time  of  revolution  about  the  sun,  how  long  is  it  from  one 

opposition  of  Jupiter  to  the  next  ? 

17.  Answer  the  same  question  for  Saturn,  whose  time  of 
revolution  is  28.5  yr. 

18.  Also  for  Neptune,  whose  time  of  revolution  is  165.5  yr. 

19.  Pythagoras  being  asked  the  time  of  day,  replied: 
"  There  remains  of  the  day  (from  6  a.m.  to  6  p.m.)  twice  the 
number  of  hours  already  passed."     What  time  was  it  ? 

20.  The  three  Graces,  carrying  4  apples  each,  met  the  9 
Muses;  they  gave  each  Muse  the  same  number  of  apples; 
then  the  Muses  and  Graces  had  equal  shares.  How  many  had 
each  ? 

21.  A  fruit  vender  gave  a  boy  4  dozen  oranges  to  sell  and 
agreed  to  pay  him  |^  for  each  orange  sold,  but  demanded  a 
payment  of  2^  for  each  orange  eaten;  the  boy  disposed  of 
all  the  oranges  and  received  25^.  How  many  oranges  did 
he   eat? 
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22.  A  robber  in  escaping  from  a  castle  met  a  guard  whom 
he  bribed  with  4-  of  his  plunder ;  at  the  next  gate  he  bribed 
another  guard  with  ^  of  the  plunder  remaining ;  at  the  third 
gate  he  bribed  another  guard  with  i  of  the  plunder  remaining; 
the  robber  then  escaped  with  2000  ducats.  How  many  ducats 
did  he  steal  ? 

23.  A  servant  agreed  to  work  for  £  10  a  year  and  his  livery. 
At  the  end  of  7  months  his  lord  discharged  him,  giving  him 
the  livery  only.     How  many  pounds  was  the  livery  worth  ? 

24.  Alcides  was  asked,  "How  many  are  there  of  your 
numerous  herd  ?"  He  replied:  "If  I  had  6  less  than  twice  as 
many  more,  the  number  would  be  306."  How  many  were 
there  in  his  herd  ? 

25.  A  courier  went  from  Paris  to  Grenoble,  120  leagues,  in 
4  days,  each  day's  journey  being  2  leagues  shorter  than  that  of 
the  preceding  day.  How  many  leagues  did  he  travel  each 
day  ?     (Ozanam's  Algebra,  1702.) 

26.  A  workman  can  perform  a  units  of  work  in  b  units  of 
time;  a  second  workman  can  perform  c  units  of  work  in  d 
units  of  time ;  a  third  can  do  e  units  of  work  in  /  units  of 
time.  In  what  time  will  these  three  workmen  together  per- 
form g  units  of  work  ?     (Clairaut's  Algebra,  1746.) 

27.  Two  messengers,  A  and  B,  set  out  towards  each  other 
from  two  places  59  mi.  apart,  B  starting  1  hr.  after  A.  A 
goes  7  mi.  in  2  hr.,  and  B  8  mi.  in  3  hr.  How  far  will  A 
have  gone  when  he  meets  B  ?  (Newton's  Arithmetica 
Universalis,  1707.) 


CHAPTER  XV 

SYSTEMS  OF  EQUATIONS 
EQUATIONS  WITH  TWO  UNKNOWNS 

265.  Solving  General  Equations.  We  have  solved  particular 
equations  with  two  unknowns  (Chapter  X).  The  following 
treatment  leads  to  the  solution  of  the  general  equations  with  two 
unknowns, 

266.  General  Form  of  Linear  Equations  with  Two  Unknowns. 

A  general  form  for  an  equation  of  the  first  degree  with  two 

unknowns  is  ,  , 

ax-\-by  =  e, 

A  general  form  for  two  such  equations  is 

ax-^by  =  ej  (1) 

'  cx  +  dy=f  (2) 

That  is,  by  filling  the  blanks  denoted  by  a,  by  c,  d,  e,  f 
(see  Sec.  243),  we  obtain  a  set  of  two  particular  equations  of 
this  kind. 

267.  Solution  by  Formula.  From  the  general  equations  (1) 
and  (2)  it  is  possible  (without  knowing  the  values  of  a,  6,  c, 
d,  e,f)  to  find  a  general  form  for  the  solution. 

Solve :  \ax-\-by  =  e,  (1) 


Multiplying  (i)  by  c,  and  (^)  by  a, 


cx  +  dy=^f  (2) 

cax  +  cby  =  ce,  {3) 

acx  +  ady  —  af.  (4) 

Subtracting  {3)  from  (A),                       ady  —  cby  =  af  —  ce.  (5) 

Thus,                                             iad  —  bc)y  =  af  -  ce,  (6) 

Dividing  by  the  coefficient  of  y,  y  =   af  —  <^e,  ^^v 

ad  —  be 

Eliminating    by    multiplying    (I)  ,    ,  /. 

by  d,  and  (;?)  by  &,  and  sub-  X  =        ~    -^  »  (<?) 

tracting,  <^^  "  bc 
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These  results  are  the  formulas  for  the  roots  of  any  system  of 
two  linear  simultaneous  equations  with  two  unknowns. 

268.  The  application  of  these  formulas  is  made  easier  by 
noticing  how  they  are  formed  from  the  known  numbers  in  the 
equations. 

1.  The  denominator  is  the  same  in  each  result  and  is  made 
up  from  the  coefficients  as  follows: 

Coefficients  of  05  Coefficients  of  y 


2.   The  numerator  of  the  value  of  x  is  made  up  thus : 

Absolute  Terms  Coefficients  of  y 


3.   The  numerator  of  the  value  of  y : 


Coefficients  of  x 

a 


Absolfte  Teems 
e 


The    following    examples    will    illustrate   the   use    of   the 
formulas  in  solving  equations : 

'  2x-3y  =  iy 
4:X-\-2y  =  l. 

l/X+2  _    4.2-l(-3)   _  8  +  3  _  11 


1.    Solve: 


a) 

(2) 


4/\l 
4/\    2 


2.  2 -(-3).  4      4  +  12      16 


2.1-4.4 

'2.2  -  4  (-3) 


-16 


16 


16  8   * 


(5) 


(4) 


Test,    llll  -  i^TlZ  ^  ^  ^  4  ;  ilH  +  ^I^^  ^  15  =  i. 
16  a  16  16  8  16 
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2.    Solve:  o         io 

[  X  —  2  y  =  12. 


27. 


-27\/     7 
V      12^^-2       -27.  (-2)- 7.  12       -30      « 


!X. 


4.(-2)-7 


-15 


*\/- 


-27 


Test 


_l/\     12^4.  12 -IC- 27)^    75 
-15  -15  -15 

4.2  +  7(-5)  =  -27;  2  -  2(- 5) 


(^) 


12 


269.  This  method  usually  gives  the  values  by  inspection,  for 
the  products  and  differences  can  be  read  off  from  the  equations 
themselves. 


Eor  example : 

4:X-\-2y  =  l, 
3  a?  —  5  2/  =  4. 

Denominator 
=  4(-5)-2.^ 
=  -26. 


Ax  +  2y  =  l, 
3x  —  5y  =  4c, 

Numerator  of  y 
=  4  .  4  -  1  .  3  =  13. 
13    ^      1 
-26  2* 


•2/  =  - 


Ax  +  2y  =  l, 
3  X  —  5  y  =  4:, 

Numerator  of  x 
=  l(_6)-2.4  =  -13 
_  -  13  _  1 


WRITTEN   EXERCISES 


Solve : 

1.  2x'{-Ty  =  ll, 
5x-9y  =  2. 

2.  Sx  +  7y  =  —  l, 
2x'-3y  =  4t. 

3.  Ax'-7y  =  5, 
Sx  +  15y=:16. 

4.  2x  —  y  =  6, 
10x-3y  =  3. 

5.  7x  +  9y  =  15, 
SX'-4:y  =  12. 

6.  2x-'6y  =  l, 
Ax  +  2y  =  S. 


7.  2x  +  y  =  l, 
x  +  2y  =  2. 

8.  11  a; +  22  2/ =  33, 
4:X-\-lSy  =  24.. 

9.  lAx  +  2.1y  =  l, 
2,8x  +  3,3y  =  2. 

10.  30x+25y  =  lS, 
13x  +  16y  =  ^5. 

11.  9x-12y  =  16, 
21x-35y  =  24:. 

12.  3 x-{-5y  =  184:, 
10x-5y  =  -15. 
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13.  12  a; +  6  2/ =  8,  Id.   2x-3y  =  5a  —  b, 
ASx-'9y  =  92.  3x-2y  =  b  +  5a. 

14.  a;  +  17?/  =  300,  20.    26  x -\- 4.2  y  =  S3, 
llx-y  =  104  39x-{-2Sy  =  44. 

l5o   3x-5y  =  A05,  21.   3p-\-q  =  3, 

6x^2y  =  195.  5p-q  =  13. 

16.  12  a; +  6  2/ =  8,  22.   4  A- 2  6  =  1, 
ASx-9y  =  29.  3h  +  b=^5. 

17.  5  a; +  45  2/ =  —  6;  23.   4?;  — 5w;  =  6, 
15  a?- 9  2/ =  1.  -3'y  +  4w;  =  l. 
^     2/                                         2^-   14i?  +  3r  =  2, 

^^'   a'^b^^'  9R  +  2r  =  6. 

X        y  25.    (a+c)a;— (a— c)2/=2a&, 

2  a     3  6~~    *  (a4-&)a;— (a--&)2/=2ac. 

26.  An  investor  purchases  two  kinds  of  securities ;  one  kind 
pays  2%  and  the  other  4  %  annually;  his  annual  income  from 
both  sources  is  $  900 ;  if  he  had  invested  as  much  in  the  2  % 
securities  as  he  did  in  the  4  per  cents,  and  vice  versa,  his 
income  would  have  been  $600.  How  many  dollars  were  in- 
vested in  each  kind  ? 

Solution.  1.  Let  x  and  y  be  the  number  of  dollars  invested  at  2% 
and  4%  respectively. 

2.  Then,  by  the  conditions  of  the  problem,  .02  x  +  .04  ?/  =  900, 

3.  and  .04  x  +  .02  ?/  =  600. 

4.  Multiplying  (2)  by  2,  .04  a;  +  .08  ?/ =  1800. 

5.  Subtracting  (3)  from  (4),  .06^  =  1200. 

6.  Solving  (5),  2/ =  20,000. 

7.  Substituting  y  =  20,000  in  (1),  .02  ft;  +  800  =  900. 

8.  Solving  (7),  x  =  6000. 
.-.  he  invested  $5000  at  2%  and  $20,000  at  4%. 

Test.  2 %  of  $  5000  +  4  %  of  $ 20,000  =  $  900 ; 

2%  of  $20,000  +  4%  of  $5000  =  $600. 
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27.  An  investor  purchased  Pennsylvania  Eailroad  stock 
which  pays  an  annual  dividend  of  6%,  and  Metropolitan  Rail- 
way bonds  paying  4  9^  ;  his  annual  income  from  both  was 
$  2100 ;  if  the  stock  had  paid  1  %  less  and  the  bonds  1 9^  more, 
his  total  income  would  have  been  $2000.  How  much  did  he 
invest  in  each  ? 

28.  An  investment  of  $20,000  in  one  stock,  and  one  of 
$  10,000  in  another  together  yi^ld  $  1300  annually ;  an  invest- 
ment of  half  as  much  in  the  first  and  twice  as  much  in  the 
second  would  together  yield  $  1100  annually.  What  is  the 
annual  rate  of  dividend  in  each  stock  ? 

29.  A  man  has  a  certain  sum  of  money  invested  at  5%; 
he  reinvests  the  whole  sum,  placing  three  times  as  much  of  it 
at '8%  as  he  does  at  4%.  His  income  is  increased  $200  a 
year  by  the  change.  How  much  money  has  he,  and  what  is 
his  income  ? 

30.  A  standard  daily  ration  for  an  adult  laborer  requires 
4  oz.  of  protein  and  4  oz.  of  fat. 

The  following  table  shows  the  approximate  amounts  of  pro- 
tein and  fat  in  various  foods : 


Food 

Per  Cent  of  Fat 

Per  Cent  of  Protein 

Mutton 

37 

14 

Pork  (fresh) 

26 

13 

Eggs 

9 

13 

Bread  (white) 

1 

9 

Beans  (dried) 

2 

22 

Corn  (green) 

1 

3 

Rice 

i 

8 

How  many  ounces  of  mutton  and  bread  are  needed  to  make 
a  standard  ration  for  one  day  ? 

Solution.  1.  Let  x  and  y  be  the  numbers  of  ounces  required  of 
mutton  and  bread  respectively. 

2.  Then  0.14  x  +  0.09 2/  is  the  amount  of  protein  in  these  foods  accord- 
ing to  the  table. 
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3.  Also  0.37  a;  -f  0.01  y  is  the  fat  in  these  foods,  according  to  the 
table. 

4.  Thus,  0.14  a;  +  0.09  ?/  =  4, 
6.  and                               0.37  x  +  0.01  ?/  =  4. 

6.  Multiplying  (4)  by  100,      14  a;  +  9  2/  =  400. 

7.  Multiplying  (5)  by  100,         37  a;  +  2/  =  400. 

8.  Subtracting  (7)  from  (6),  23a;  -  8  y  =  0. 


9. 


'"23'* 


10.  Using  (9)  in  (7),  51^ ^y  =  400. 

11.  From  (10),  y  =  28.9  (to  nearest  0.1). 

12.  From  (11)  and  (9),  a;  =  10  (to  nearest  0.1) 

13.  .*.  the  ration  is  10  oz.  of  mutton  and  28.9  oz.  of  bread. 

A  negative  result  for  either  unknown  quantity  would  show  that  it  is 
impossible  to  make  up  the  standard  ration  out  of  the  foods  named. 

Find  which  of  the  following  combinations  of  foods  can 
make  a  standard  ration,  and  the  number  of  ounces  of  each 
food  required : 

31.  Mutton  and  beans.  36.  Mutton  and  corn. 

32.  Mutton  and  rice.  37.  Bread  and  pork. 

33.  Bread  and  eggs.  38.  Bread  and  rice. 

34.  Pork  and  beans.  39.  Pork  and  rice, 

35.  Eggs  and  corn.  40.  Eggs  and  rice. 

41.  In  what  proportion  should  cream  containing  35  %  of  fat, 
and  milk  containing  5  %,  be  mixed  to  produce  cream  containing 

25%? 

It  is  a  common  practice  to  ''standardize'' cream  before  selling ;  that 
is,  to  make  the  fat  content  a  certain  desired  percentage,  by  mixing  two 
qualities  of  cream  or  milk,  one  richer  and  one  poorer  than  the  desired 
standard  quality. 

The  following  rule  has  been  given  for  the  solution  of  problems  like  the 
preceding : 

Draw  a  rectangle  and  write  at  the  two  left-hand  corners  the  percent- 
age of  fat  in  the  two  fluids  to  be  mixed  ;  and  in  the  center  place  the  per- 
centage desired.     At  each  of  the  other  two  corners  write  the  positive 
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35 

26 

20 

5 

10 

differences  of  the  two  numbers  standing  in  the  same  diagonal  with  that 
corner^     The  numbers  thus  found  for  the  right-hand  corners  show  the 

relative  amounts  that  should  be  used  of 
the  fluid  whose  percentage  stands  at  the 
corresponding  left  corner. 

The  accompanying  diagram  indicates 
that  in  the  preceding  problem  20  parts  of 
the  5  %  milk  and  10  parts  of  the  35  %  milk 
should  be  used. 

42.  Prove  that  the  rule  given  is  correct. 

43.  In  what  proportion  should  cream  containing  35  %  of  fat 
and  cream  containing  20  %  of  fat  be  mixed  to  produce  cream 
containing  25  %  ? 

270.  Solving  Fractional  Equations.  I.  In  case  of  fractional 
equations,  when  the  unknown  quantities  occur  only  in  monomial 
denominators,  it  is  best  not  to  clear  of  frOjCtions, 


EXAMPLES 


'       2 

X 

y 

« 

ve: 

1 

2x 

1  _  5  ^ 
32/     36* 

(2) 

Multiplying  (^)  by  4, 

4 

2x 

4  _20    , 
Zy     36* 

i3) 

Simplifying  (3), 

2 

4       5 
Zy     9* 

W 

Subtracting  (4)  from  (i), 

13      13 
32/9* 

(^) 

Dividing  (5)  by  13, 

1  _1 
32/     9' 

(6) 

Clearing  (6)  effractions, 

32/=9. 

C7) 

.-.2/ =3. 

W 

Substituting  3  for  y  in  (i), 

x  =  2. 

(5) 

1  +  1=  2  and. 

1 
.2 

1         5 
3.3     36 

Test. 


It  is  evident  that  the  above  equations,  if  cleared  of  fractions,  wout 
contain  terms  in  xy  which  would  complicate  the  solution. 
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2.  In  such  equations  the  unknown  quantities  may  be 
thought  of  as  -  and  -• 

^        y 

Thus,  to  solve  —  +  -  =  5,  and  §5  _  5  =  6,  is  to  solve 
X      y  X      y 

log) +0(1)  =  5,  and  35(1) -6(1)  =  5. 

The  coefficients  are  now  manipulated  as  in  the  case  of  integral 
equations.  It  is  often  convenient  to  introduce  new  unknowns  in  such 
problems ;  in  this  case,  for  example,  by  putting 


:  x'  and 


■■y\ 


the  equations  become 
and 

10  a: 
35 

3.   Solve: 

X     y 

X     y 

m    b 

\     n    d     fnd  —  bn 
X     a    b~  ad-^be 

X 

c    d 

(I) 

Eegarding  -  and  -  as  unknowns 
X         y 

and  using  the  method  of  Sec.  268 

(5) 

a  m 

,   X 

1  _  c     n  __  an  ~  mc 
y      a    b      ad  — be 

(^) 

From  (5), 

ad  —  be 
md  —  bn 

(5) 

Froni  (4), 

ad  —  be 
an  —  mc 

(6) 

TEst.  In  literal  equations  it  is  generally  more  convenient  to  test  by 
reworking  (when  possible,  by  a  different  method  or  in  a  different  order) 
than  by  substituting  the  values. 
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WRITTEN 

EXERCISES 

Sc 

Ive: 

1. 

7x     5y__ 
5'^  6 

2, 

7. 

3     2a_^ 
X      y        ' 

3x     5y 

:4. 

/  +''=0. 

10      12 

2x      y 

1.1     3 

8. 

2x  +  i  =  14, 

2. 

X     y     4t 

2/ 
4a!-5  =  14. 

1_1_1 

y 

a?     2/     4' 

Suggestion.     Regard 

6     8     o 

and 

-  as  the  unknowns. 

3 

-  +  -  =  3, 
X     y 

/ 
^-22^  =  6. 

X 

12__20_ 

-3. 

9. 

X       y 

-+2/=l. 

"^ 

1    .    1 

1 

a; 

4. 

±^-\-±-^ 

3x^2y 

6' 

10. 

!  +  32/  =  17, 

1     2__ 

a; 

1. 

--22/  =  -6. 

■x     y~ 

a; 

5. 

1  +  ^  =  2, 
a;     y 

11. 

5  +  ?  =  -12, 

X     y 

a;     1/ 

a;     2/ 

6. 

2a_3_&_ 
X        y 

=  4, 

12. 

aj     2/ 

3a_4J>_ 

=  2c. 

2  +  1  =  1. 

13.  The  sum  of  the  reciprocals  of  two  numbers  is  |,  and  the 
difference  of  the  reciprocals  is  \,     Find  the  numbers. 

14.  Find  two  numbers  such  that  3  times  the  reciprocal  of 
the  first  added  to  5  times  the  reciprocal  of  the  second  makes  2, 
and  24  times  the  reciprocal  of  the  first  diminished  by  10  times 
the  reciprocal  of  the  second  makes  1. 
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271.    II.    It  is  usually  best  to  dear  of  fractions  when  the 
knowns  occur  in  polynomial  denominators. 

EXAMPLES 


.'^ 


1.   Solve: 


2a?  +  1^2y  +  18 
x-{-l 


y 


=  -2. 


7. 


Clearing  (1)  of 
fractions, 

2xy-\-y+12x-\-6  = 

=  2  0^2/+ 18a; -8y- 72. 

Collecting  terms 
in  (5), 

-6x+9y= 

=  -78. 

From  {2), 

x  +  2y  = 

=  -1. 

Solving  (A)  and  (5), 

x  =  7,y  = 

=  -4. 

(2x  +  6_ 

=  ^  + 

10a!  +  6 

X 

X 

2.   Solve: 

X  +  4: 

.  y  +  s 

=  -2. 

Separating  the 
fractions  of  (i) 

2x     6_ 

X        X 

X          X 

Simplifying  the 
terms  of  (5), 

2+2  = 

X 

2^+'lO  +  2. 

Hence, 

2  = 

2/ +  10. 

Or, 

y  = 

-8. 

Substituting 

y=-8in(^), 

X  — 

6. 

and  solving, 

WRITTEN    EXERCISES 

Solve: 

2^  +  ^.^-l,           3. 

*  +  l  =  4, 

5. 

x+5     x+1 

1+42/        ' 

7 

y 

y-8     y-2 

4.x-2y_     ^ 

y+^-3. 

x  +  2 

x-y 

X 

y-3 

x-hl      x  +  5         ^ 

X     5 

6. 

*  +  l-      1, 

y        2/  +  2' 

y    4'      • 

5y 

2x-^y__l 

x-\-l     16 

3x+2y_^ 

4.x-2y     2' 

2/  +  1      13 

2/  +  6 

,  +  1+1  ^2y     27.-3^     l^y 

_x 

30a;-5y 

OX 

^x 

'6      2x 

~3 

10  aj 

(£) 
(5) 

(5) 
(6) 

(i) 
(^ 

(■#) 

(5) 
(6) 


IG 
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8.    £±11  =  1        ^^. 
2y  —  x     7 


^^  +  1  =  0. 
3      ^2 


9. 
10. 


c-2y 


y 


-2x    b- 


=  -1, 


c  —  2y     c___^^ 
b-2x' b"       * 


2/ 


c 


aj  +  a    a  a?  — a 

What  are  the  values  of  x  and  y  thus  found  when  a  =  3 
and  c  =  5  ? 

_     ?    a!-y^l 
~"    "3'    aj  +  2/     5' 
a; 


11     2£_5^_/3£_4^^_ 
3       12      V  2        3 


12.   3aj  +  4a2/  =  8a&,     ^-72/  +  36  =  0. 


2-?  =  5. 


13.    ?  +  -  =  2, 

GRAPHS  OF  EQUATIONS  WITH   TWO  UNKNOWNS 

272.  Preparatory. 
1.  The  diagram  shows 
the  general  trend  in  the 
increase  of  the  pig-iron 
product  in  the  United 
States,  Germany,  and 
England  during  a  period  of 
ten  years. 

(a)  In  which  country 
has  the  increase  been  the 
most    rapid?      The    least 

-  rapid? 

(b)  In  what  year  was  the 
amount   produced  in  Eng- 

•  land  and  the  United  States 
the  same  ? 

(c)  Answer  the  same 
question  for  England  and 
Germany. 
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2.  A  factory  has  a  fixed  charge  of  $  20  daily,  and  makes  an 
average  gross  profit  of  $  2  daily  per  workman  employed.  What 
remains  after  the  fixed  charge  is  paid  is  net  profit.  Make  a 
graphic  representation  of  how  the  net  profit  varies  as  the 
number  of  workmen  varies  from  0  to  50. 

Solution.     1.   Let  w  =  the  number  of  workmen. 

2.  Then,  2w  =  the  gross  profit, 

3.  and  2  r(?  —  20  =  the  gross  profit  less  the  fixed  charges, 

or  the  net  profit. 

4.  Let  p  =  the  net  profit. 

5.  Theni)=:2io-20. 

The  graph  exhibits  the  change  in  p  due  to  a  change  in  w  subject  to  the 
above  relation  ;  or  it  is  the  graph  of  the  equation  p  =  2  w  —  20. 

3.  A  second  factory  has  a  fixed  charge  of  $60  and  makes 
an  average  gross  profit  of  $3  daily  per  workman  employed. 
Construct  a  graph  to  represent  the  net  profits  of  the  second 
factory  in  the  same  diagram  as  in  Exercise  2. 

What  is  the  relation  between  p  and  to,  of  which  this  is  the 
graph  ? 

4.  From  the  diagram  read : 

(a)  The  number  of  workmen  for  which  each  factory  makes 
the  same  net  profit.     The  amount  of  that  profit. 

(b)  The  number  of  workmen  for  which  the  first  factory 
makes  the  larger  net  profit. 

(c)  The  number  of  workmen  for  which  the  second  factory 
makes  the  larger  net  profit. 

(d)  The  net  profit  of  each  factory  where  25  workmen  are 
employed.  40  workmen.  .  15  workmen.  10  workmen.  5 
workmen. 

(e)  The  number  of  workmen  each  factory  must  employ  to 
make  $  30  net  profit.     Also  $  60  net  profit. 

273.  The  process  illustrated  above  can  be  applied  in  the 
graphic  solution  of  any  set  of  two  simultaneous  linear  equations 
with  two  unknowns. 


234 


ELEMENTARY  ALGEBRA 


For  example : 


\x-y  =  l, 
[x  +  2y  =  ^. 


a) 


We  have  already  seen  how  to  represent  graphically  all  of  the  solutions 
of  an  equation  of  the  first  degree  in  two  unknowns. 

If  we  represent  the  equation  x  —  y  =  1,  and  the  equation  x  +  22/  =  4, 
in  the  same  diagram  it  is  possible  at  once  to  read  the  values  of  x  and  y 
that  satisfy  both  equations,  namely  the  values  which  correspond  to  the 
point  s  that  lies  on  both  graphs. 


Table  of  Values  for 
Equation  (1) 


-1 
0 
1 


Table  of  Values  fob 
Equation  (2) 


2 
1 


Graph 


ORAL  EXERCISES 

1.  Eead  from  the  graph  of  the  first  equation  the  value  of  y 
when  ic  =  0.    When  x  =  l.   When  x  =  2.     When  x  =  3..     When 

X   =  4:. 

2.  How  many  points  are  needed  to  fix  the  position  of  a 
straight  line  ?  • 

3.  Read  from  the  graph  of  the  second  equation  the  value  of 
y  when  x  =  0.     When  x  =  2.     When  x  =  A, 

4.  What  point  in  the  diagram  is  common  to  the  two  graph sf 
What  are  the  values  of  x  and  y  for  point  s? 
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5.  Since  the  values  of  x  and  y  for  any  point  on  the  graph  of 
an  equation  satisfy  the  equation,  what  values  of  x  and  y 
satisfy  both  of  the  above  equations  ? 

6.  What  point  in  the  diagram  represents  the  solution  of  the 
system  of  equations  ? 

274.  The  solution  of  two  simultaneous  equations  of  the  first 
degree  in  two  unknowns  is  represented  graphically  by  the 
point  of  intersection  of  the  graphs  of  the  equations. 

Note.  Since  the  accuracy  of  the  graphical  sohition  depends  upon  the 
precision  of  the  diagram,  the  results  so  found  must  be  regarded  as  ap- 
proximate. Their  accuracy  must  be  tested  in  the  usual  way.  The 
graphical  method  of  solution  is  of  practical  use  chiefly  in  applied  mathe- 
matics where  an  approximate  result  is  commonly  sufficient,  but  in 
theoretic  mathematics  it  is  important  as  exhibiting  clearly  to  the  eye  the 
relations  between  the  variables  involved. 

WRITTEN    EXERCISES 

Solve  graphically : 

1,  x-{-y  =  5,              3.   x-\-y  =  0,              5.  x-\-y=T, 
Sx-2y  =  0.              2/  +  3  =  4.  2x-y  =  5. 

2.  3x  —  y  =  l,            4.   x  +  2y  =  6y           6.  Sx-{-y==12, 
x-{'2y  =  12.              2x  —  y  =  2.  x  —  y  =  0. 

EQUATIONS  WITH   THREE   OR   MORE   UNKNOWNS 

275.  The  definitions  and  methods  given  for  the  solution  of 
two  equations  with  two  unknowns  may  be  applied  equally 
well  to  a  greater  number  of  equations  and  unknowns. 

To  solve  three  linear  equations  with  three  unknowns,  eliminate 
one  unknoion  from  any  pair  of  the  equations  and  the  same  unknown 
from  any  other  pair ;  two  equations  are  thus  formed  which  involve 
only  two  unknowns  and  which  may  he  solved  by  methods  previously 
given. 

Four  or  more  equations  with  four  or  more  unknowns  may  he 
solved  similarly. 
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EXAMPLE 

cx-2y-\-3z  =  2,  (1) 

Solve:  \2x-3y  +  z  =  l,  (2) 

[3x-y  +  2z  =  9.  (S) 

To  eliminate  x  from  (1)  and  (^) :  '  j 

Multiplying  (1)  by  2,  2x  —  iy  +  6z  =  4,  (4)1 

Subtracting  (2)  from  (A),  —  y  -\-  6  Z  =  B,  (5)1 

To  eliminate  x  from  (i)  and  (5):  , 

Multiplying  (i)  by  3,         Sx  —  6y  +  9z  =  6.  (6) 

Subtracting  {3)  from  {6),  —  5  ^  +  7  0  =  -  3.  (7) 

To  eliminate  y  from  (5)  and  (7)  : 

Multiplying  (5)  by  5,  —  5  y  +  25 ;?  =  15.  '  (5] 

Subtracting  (7)  from  (S),  18  ^  =  18.  (P| 

.-.  ^  =  1.  (lOl 

To  eliminate  ^  from  (8) : 

Substituting  s=  1  in  (5),  —  5  ?/  +  25  =  15.  (11) 

Solving  (il),  2/  =  2.  (i;^) 

Substituting  y  =  2,  s  =  1  in  (i),  iC  —  4  +  3  =  2.  (i5) 

Solving  (13),  X  =  3.  (i-^; 

Test.     (^)  2  .  3  -  3  .  2  +  1  •  1  =  1. 
(5)  3.3-1.2+2.1=9. 

Since  x  was  found  in  step  (13)  by  substituting  y  =  2^  z=l  in  equation 
(i),  it  is  not  necessary  to  substitute  again  in  this  equation  when  testing 
the  results. 

276.  Literal  equations  are  solved  in  the  same  way  5  when 
fractions  are  involved,  the  equations  are  treated  as  shown  in 
Sees.  270  and  271. 


Solve:                         WRITTEN 

EXERCISES 

1.   2x  +  3y-i-Az  =  20, 

3.  'x  +  2y=7, 

3^x-{-Ay  +  5z  =  26, 

y  +  2z  =  2, 

3x-{-5y-\-6z=31. 

3x+2y=z-l 

2.   x  +  y-^z  =  5, 

4.   5  a?  +  3  2/  =  65, 

x-^y-z  =  7, 

2y-z  =  ll, 

x  —  y-z  =  3. 

3x-\-4.z  =  51, 
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5.  y  -^  z  =  —  a,  1^.  x^  -\-xy  -\-z  =  2, 
x  +  z=  -b,  x  +  2y  +  z  =  3, 
x-{-y=-c.                                        x-y-{-z=:0. 

6.  X  -{-  y  —  z  =  l,  Suggestion.     Begin  with  the  last 

o       ,    o  n  -•  two  equations. 

S  x-\-3,y  —  ^  z=^lf 

4.x^-y-Zz  =  l,  15    x  +  z=l-cy, 

1,   x-^y  +  2z  =  2{h-\-c),  y  +  z=  -ex, 

x-\-2y^z  =  2  {a-{-c),  x -{- y  =  -  1  -  cz. 

2x  +  y  +  z  =  2  (a+b). 

8.   ia^  +  i2/=12-i^, 
iy  +  lz  =  S  +  ^x, 
i  oj  +  i  ^  =  10. 


9. 

x  +  ay  =  b, 

ax  -{-  z  =z  c, 

z  -\-cy  =  a. 

10. 

x-^2y=24., 

2x  +  z  =  12, 

y-\-z  =  19. 

11. 

oj  4-  i  2/  =  100, 

y  +  \z  =  100, 

z^\x  =  100. 

12. 

1  x  +  13y  =  205, 

Ux-\-5z  =  300, 

12  2/ +  20  2;  =140 

13. 

M+t  =  31, 

1+1  +  1  =  23.5, 

1  +  1  +  1=19- 
4     5b 

16. 

-6+|, 

.  =  4  +  |, 

.=8+|. 

17. 

4a;  +  9?/  +  3;s  =  -4, 

8a;+12?/-7;^=-4, 

12a;  +  15  2/  =  -4. 

18. 

i-+i+^=i, 

a;      2/      ;s 

2  +  ^-  +  ^=-3, 
X     y      z 

§-^-5  =  14. 

a;     2/     2; 

Suggestion.       First    solve     foi 

1      1 

1^ 

X     y' 

z 

19. 

ax  -{-by  =  l, 

cy-az  =  1,      ^ 

62;  —  ca;  =  1. 

Suggestion.  Multiply  the  equa- 
tions by  c,  &,  «,  respectively,  and 
add. 
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20.   The  three  chief  ingredients  of  the  standard  daily  ration  j 
for  a  laborer  are  4  oz.  of  albumen,  4  oz.  of  fat,  and  16  oz.  of 
starch.    The  following  table  shows  the  approximate  amounts  of 
these  elements  in  various  foods : 


Food 

Per  cent  of 
Albumen 

Per  cent  of 
Fat 

Per  cent  of 
Starch 

r  Bread 

9 

1 

54 

Potatoes 

2 

1 

20 

I.     < 

Rice        .     . 
Macaroni     . 
Tapioca 

^Beef        .     . 
Mutton  .     . 

8 

13 

"none 

15 

14 

1 

1 

none 
15 
37 

80 
74 

88 
none 
none 

XL    i 

Pork       .     . 
Peas 

Beans     . 
Olive  Oil 
Butter    . 

13 
25 

22 
none 

1 

26 

1 
2 

98 
83 

none 

62 

60 

none 
none 

III.    < 

Cheese    . 
Cream     . 

.Eggs       . 

3 
2 

13 

71 
18 
9 

none 

4 
none 

How  many  ounces  each  of  bread,  beef,  and  cheese  are  neces- 
sary to  furnish  the  standard  day's  ration  ? 

Solution.     1.    Let  5c,  y^  z  be  the  number  of  ounces  of  each  required. 
According  to  the  table  these  quantities  will  furnish  : 

2.  .09  X  4-  .15  2/  +  .03  ^  oz.  of  albumen, 

3.  .01  ic  +  .15  2^  +  .71  z  oz.  of  fat,  and 

4.  .54  ic  +  0  ?/  +  0  ^  oz.  of  starch. 


Since  the  standard  ration  is  to  be  furnished, 

5.  .09  a:  +  .15  2/  + .03^  =  4. 

6.  .01  x+  .15?/  +  .71^  =  4. 

7.  .54  X  =  16. 

8.  /.  X  =  29.6. 
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Substituting  this  value  of  a;  in  5  and  6,  and  multiplying  both  equations 
by  100,  to  clear  the  left  members  of  fractions, 

9.  Wy  +  Sz  =  133.6. 

10.  16y  +  7lz  =  370.4. 

Solving  (9)  and  (10),  z  =  S.5;  y  =  8.2. 

Therefore  29.6  oz.  of  bread,  8.2  oz.  of  beef,  and  3.5  oz.  of  cheese  would 
furnish  the  standard  daily  ration. 

Negative  values  would  show  that  the  foods  selected  cannot  furnish  the 
standard  ration.  If  one  food  is  taken  from  each  of  the  three  groups  in 
the  table,  the  combinations  will  be  more  likely  to  furnish  the  standard 
ration. 

Find  which  of  the  following  combinations  of  foods  can  make 
a  standard  ration  and  the  number  of  ounces  of  each  food 
required : 

21.  Potatoes,  beef,  and  cheese.  25.  Bread,  beans,  and  olive  oil. 

22.  Eice,  pork,  and  cream.  26.  Bread,  butter,  and  beef. 

23.  Macaroni,  peas,  and  cream.  27.  Cheese,  beans,  and  tapioca. 

24.  Tapioca,  beans,  and  eggs.  28.  Eice,  mutton,  and  cream. 

29.  It  is  known  that  the  sum  of  the  three  angles  of  any 
triangle  is  180°.  In  a  certain  triangle  the  difference  between 
the  first  angle  and  the  second  is  10°,  and  between  the  second 
and  the  third  is  25°.    Find  the  number  of  degrees  in  each  angle. 

30.  The  sum  of  the  dimensions  of  a  rectangular  box  is 
131  feet ;  the  height  equals  one  half  the  sum  of  the  length  and 
breadth  and  also  equals  twice  their  difference. 
Find  the  dimensions. 

31.  It  is  known  that  the  tangents  from  an 
external  point  to  a  circle  are  equal.     Therefore 
when  a  circle  is  inscribed  in  a  triangle, 
as  in  the  •  figure,  there  are  three  sets  of 
equal  tangents,  sls  x,  x;  y,  y\  z,  z. 
What  is  the  sum  of  x  and  y?     Of 
z  and  y?     Of  a?  and  z  ?     Determine 
the  length  of  ic,  of  y,  and  of  z. 
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277.  Equations  with  more  than  Three  Unknowns.  The  solution 
of  a  particular  example  will  serve  to  indicate  the  method  to 
be  used  when  there  are  more  than  three  unknowns. 


Solve : 


To  eliminate  z : 


EXAMPLE 

w^x^y-\-z  =  '^,  (1) 

2w-^x  +  ^y-z  =  l,  (^) 

'  3w-2x-y-^2z  =  17,  (S) 

^w-x^2y-3z  =  -9,  (4) 


Adding  (1)  and  (3), 

Sw^lx  +  iy  =  9. 

(^) 

Subtracting  twice  (1)  from  (5), 

w  —  4:X  —  Sy  =  l. 

(0 

Adding  three  times  (1)  and  (U). 

8i/?  +  2x  +  2/  =  15. 

(7) 

To  eliminate  x : 

Subtracting  (7)  from  4  times  (5). 

410  +  ^/^  =  21. 

w 

Adding  twice  (7)  to  (6), 

17w-y  =  Sl. 

(^) 

To  solve  for  w : 

Substituting  y  from  (9)  into  (8), 

4w 

+  1/(1710- 31)  =2L 

(10) 

Solving  (10), 

233 

w  =  466,  and  w  =  2. 

in) 

To  solve  for  the  remaining  unknowns 

Substituting  i/)=  2  in  (9), 

y  =  s. 

(12) 

Substituting  y=S,w=2in  (7), 

16  +  20^  +  3  =  15. 

(IS) 

Solving  (IS), 

x  =  -2. 

W) 

Substituting  a?  =  -2,  y=3,  w 
=  2  in  (i), 

2-2  +  3  +  ^  =  8. 

(15) 

Solving  {15), 

z  =  5. 

(16) 

Test.     (1)  Used  in  (15), 

(2)  2-i.(-2)  +  J. 3-5  =  1. 

(3)  3  .  2  -  2  .  (-  2)  -  3  +  2  .  5  =  17. 
(.5)  5.  2 -(-2) -2.  3 -3.5  = -9. 

In  elementary  algebra  little  emphasis  should  he  placed  on  problems  with 
more  than  three  unknowns  ;  in  later  mathematics  better  and  more  gen- 
eral methods  are  given  for  dealing  with  them. 

To  later  mathematics,  likev^se,  belongs  the  discussion  and  proof  of 
the  assumption  which  we  have  tacitly  made  that  the  processes  used  in 
the  solution  of  systems  of  simultaneous  equations  lead  to  equations  equiv- 
alent to  those  given. 
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Solve: 

1.  -iaj+32/  =  23, 
x-\-lz  =  S, 

y  +  3z  =  31, 
x  +  w-{-y  =  22. 

2.  w-\-x-{-y  =  ^, 
x-{-y-^z==^y 
y-\-z  +  w  =  9, 
z-{-w-\-x=^. 

Suggestion.  Add  the  equations, 
divide  by  3,  and  subtract  each  from 
the  result. 

3.  3w  —  x-\-y  —  2z=—y, 
w  —  3x—2y  +  z=  —  9, 
5w-\-2x-3y-\-2z^S, 
2w-2x  +  4y-3z  =  -2. 

4.  IV  —  X  -\-  y  =  6, 
x-y  +  z  =  -4:, 
y  —  z  +  w  =  5j 

z  —  w-\'X  =  —  6. 

5.  w-{-y-^z  =  2x, 
w-{-x-{-2  =  3yy 
w -\- X -\- y  =  4:2, 
w  —  x  —  y  =  w, 

6.  7x  —  3y  =  l, 
112-7w;  =  l, 
4z-7y  =  l, 
19x-3w  =  l, 


7. 

v-{-w  =  6f 

2-w;  =  8, 

3z-2v  =  10, 

2x-y  =  12, 

y-{-z  =  U. 

8. 

aj  -  2  2/  +  32  =  10, 

2w--3v-{-4x  =  13, 

4:y-6z-t-3w=:  -8, 

3z-'7w-\-5v  =  6, 

5v-'X'}-3y  =  14:. 

9. 

1_1_1 
X      y     6 

111 
y      z      12' 

X      z     4, 

10. 

-  +  -  =  m, 

X     y 

y     z 

X      z 

11.   x-{-y-i-z  =  l, 

5x-\-y  —  . 22  =  .5, 
2x  +  3y  +  3z  =  l. 


SUMMARY 

1.    A  general  form  for  an  equation  of  the  first  degree  in  two 

unknowns  is  :  .  , 

ax-\'Oy  =  e. 


242  ELEMENTARY   ALGEBRA 


A  general  form  for  two  such  equations  is : 


ax  -{-  by  =  e, 

cx-\-dy=f.  Sec.  266. 


2.  The  general  solution  of  these  equations  is : 

ad -he  ^     ad -be  Sec.  267. 

3.  Solution  of  fractional  equations, 

(1)  In  case  of  fractional  equations,  when  the  unknowns 
occur  only  in  monomial  denominators,  it  is  best  not  to  clear 
of  fractions.  Sec.  270. 

(2)  If  the  unknowns  occur  in  polynomial  denominators,  it 
is  generally  best  to  clear  of  fractions.  Sec.  271. 

(4)  The  solution  of  two  simultaneous  equations  of  the  first 
degree  in  two  unknowns  is  represented  graphically  by  the 
point  of  intersection  of  the  graphs  of  the  equations.     Sec.  274. 

(5)  To  solve  three  linear  equations  with  three  unknowns, 
eliminate  one  unknown  from  any  pair  of  the  equations  and 
the  same  unknown  from  any  other  pair;  two  equations  are 
thus  formed  which  involve  only  two  unknowns  and  which  may 
be  solved  by  the  methods  for  solving  such  equations. 

Four  or  more  equations  with  four  or  more  unknowns  may  be 
solved  similarly. 

REVIEW 


WRITTEN    EXERCISES 


Solve  and  test : 


1.  x-\-y  =  27y  4.   bx-{-ay  =  b, 
x  —  y  =  ll.  ax  — by  =  a, 

2.  Sx-\-5y  =  l% 

^  a     b 
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14.  2x-{'6y-\-7z  =  4:, 
3x-{-Sy  +  9z=:  -2, 
4:X-{-9y  +  10z  =  l. 

15.  4:X-{-lly-{-2z=^4:l, 
15x-^39y-^7z=^^, 
23x-{-56y-{-10z  =  -209. 

16.  x  +  y-^z  =  4., 
2x-\-3y  —  z=:l, 
3x  —  y-\-2z  =  l. 

17.  6x-[-2y-\-Sz  =  l, 
9x-\-Sy-^llz=-l, 
15x  +  12y-3z=-l. 

18.  x  —  2y-{-3z  —  u  =  5y 
y  —  2z  +  3u-x=% 
z  —  2u-{-3x  —  y  =  0, 
u  —  2x-\-3y  —  z  =  0, 

19.  Solve  for  a  and  h : 
ac  +  bq^  d, 
ad-\-5b  =  q. 

Solve  the  equations  of  19  for  : 

20.  a  and  g,         22.   c  and  q, 

21.  c  and  d,  23.   d  and  q, 

24.  A  man  had  two  sums  invested,  one  at  4%,  the  other 
at  5%,  simple  interest,  and  thus  received  $500  annually. .  If  the 
rates  of  interest  had  been  5  %  and  6  %  respectively,  he  would 
have  received  $110  more  per  annum.     Find  the  sums  invested. 

25.  A  man's  investments  in  bonds  brought  him  4%,  in 
mortgages  5%,  and  real  estate  6%  income  per  annum,  making 
a  total  of  $  1360.  At  a  later  period  the  rates  of  income  on 
the  same  amounts  were  5%  for  bonds,  6%  for  mortgages,  and 
4%  for  real  estate,  producing  a  total  annual  income  of  $  1260. 
Still  later  the  rates  on  the  same  amounts  were  6%  for  bonds, 
4%  for  mortgages,  and  5%  for  real  estate,  producing  a  total 
annual  income  of  $  1280.  Find  the  amounts  of  his  different 
investments. 


6. 

l+!=". 

6       8 

7. 

a     0 

|  +  |  =  2a  +  6. 

8. 

3x  +  5y  =  l, 

4.x-^6y  =  3, 

9. 

2x-9y=-l, 

5x-24.y  =  2. 

10. 

1  .i-^ 
x^y     12' 

5_3^1 
X     y     4:' 

11. 

2(3aj+l)-3(42/-26)  =  2, 
3(aj_5)+2(2/-14)  =  6. 

12. 

2p-{-3w  =  l, 
5p-\-7w  =  6. 

13. 

4:h-{'7v  =  9, 
2h  +  5v  =  6. 
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26.  A  man  can  walk  2^  miles  an  hour  up  hill  and  3^-  miles 
an  hour  down  hill.  He  walks  56  miles  in  20  hours  on  a  road 
no  part  of  which  is  level.     How  much  of  it  is  up  hill  ? 

27.  A  tourist  spent  $  520  on  a  trip.  If  he  had  cut  down  his 
transportation  expenses  ^,  his  hotel  bill  ^,  and  his  miscel* 
laneous  expenses  ^,  his  trip  would  have  cost  him  $  350.  If  he 
had  cut  down  his  transportation  expenses  |,  increased  his  hotel 
bills  by  ^,  and  his  miscellaneous  expenses  by  \,  the  trip  would 
have  cost  him  $  535.  Find  the  amount  he  actually  spent  for 
each  of  the  three  items. 

28.  A  man  paid  $  225  premium  for  the  insurance  of  3  houses 
at  75  ^  per  $  100  of  valuation.  The  next  year  he  diminished  the 
valuation  of  the  first  house  by  ^,  and  the  second  by  J,  and  his 
premium  was  $  180.  The  third  year,  using  the  valuations  of 
the  second  year  as  basis,  he  increased  the  valuation  of  the  first 
house  by  ^,  of  the  second  by  ^,  and  of  the  third  by  i,  and  his 
premium  amounted  to  $  210.  Find  the  valuation  of  each  house 
the  first  year. 

29.  What  values  have  a  mark  and  a  ruble  in  our  money  if 
V>38  rubles  are  worth  14  cents  less  than  75  marks,  and  if  a 

dollar  and  a  ruble  are  together  worth  6|-  marks  ? 

30.  Three  thousand  dollars  was  given  annually  to  a  college 
to  provide  annual  scholarships  of  grades  a,  &,  c.  When  two  of 
grade  a,  six  of  grade  b,  and  one  of  grade  c  were  granted,  the 
gift  was  just  sufficient ;  similarly,  when  four  of  grade  a,  two 
of  grade  &,  and  two  of  grade  c  were  granted,  and  also  when  one 
of  grade  a,  five  of  grade  b,  and  five  of  grade  c  were  granted,  the 
gift  was  sufficient.     W^hat  was  the  value  of  each  scholarship  ? 

31.  The  number  of  adults  and  the  number  of  children  likely 
to  attend  a  certain  entertainment  were  estimated  in  advance ; 
the  sum  to  be  raised  by  the  entertainment  was  $  550 ;  if  the 
admission  for  adults  was  fixed  at  40  cents  and  that  for  chil- 
dren at  30  cents,  the  estimated  receipts  would  lack  $  90  of  the 
required  amount ;  but  if  the  admission  was  fixed  at  50  cents 
for  adults  and  25  cents  for  children,  the  exact  sum  would  be 
raised.     How  many  of  each  were  expected  to  attend  ? 


I 
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32.  A  tank  contains  20  gal.  of  water,  and  water  flows  in  afc 
the  rate  of  5  gal.  per  minute.  At  the  same  time  a  second  tank 
contains  50  gal.  of  water,  and  water  flows  in  at  the  rate  of  2 
gal.  per  minute.  Construct  a  graph  to  represent  the  amount 
of  water  in  the  first  tank  for  each  minute  from  0  to  15.  In 
the  same  figure  draw  a  graph  to  represent  the  amount  of  water 
in  the  second  tank  for  each  minute.  From  the  graph  read  at 
what  time  the  two  tanks  will  contain  equal  amounts  of  water 
and  what  the  amount  is.     Verify  by  solving  algebraically. 

33.  A  merchant  pays  $  10  rent  weekly.  His  profits  on  his 
sales  average  20%.  Eepresent  graphically  his  net  profits 
corresponding  to  weekly  sales  ranging  from  0  to  $200.  A 
second  merchant  sublets  part  of  his  store  for  $  5  per  week  more 
than  his  own  rental,  but  he  makes  only  10  %  average  profits 
on  his  sales.  In  the  same  figure  represent  his  total  profits  for 
sales  ranging  from  0  to  $200.  From  the  graph  read  the 
amount  of  sales  for  which  both  merchants  make  the  same  net 
profit.     Verify  by  solving  algebraically. 

34.  Three  of  the  longest  tunnels  in  the  world,  the  St. 
Gotthardt,  Mont  Cenis,  and  Arlberg,  are  together  37,672  meters 
in  length.  If  each  were  1617.45  meters  longer,  the  1st  and 
2nd  would  be  in  the  ratio  of  10  to  7,  and  the  2nd  and  3rd 
in  the  ratio  of  7  to  6.     Find  their  lengths. 

35.  If  tin  and  lead  lose,  respectively,  -^^  and  -^^  of  their 
weights  when  weighed  in  water,  and  a  60-pound  mass  of  lead 
and  tin  loses  7  lb.,  find  the  weight  of  the  tin  in  this  mass. 

36.  What  are  the  sides  of  a  rectangle  such  that :  (a)  the 
area  is  not  changed  if  the  base  is  diminished  by  2  and  the 
altitude  increased  by  2 ;  (b)  the  area  is  increased  by  10,  if  both 
base  and  altitude  are  increased  by  1  ? 

37.  In  a  certain  mill  there  are  two  rates  of  pay,  one  $1.50 
a  day,  the  other  higher.  The  total  paid  in  wages  each  day  is 
$  350.  An  equal  assessment  made  by  a  labor  union  to  raise 
$200  requires  $1.00  from  each  man  receiving  $1.50  a  day,  and 
half  of  one  day's  pay  from  every  man  receiving  more.  How 
many  men  receive  $  1.50  a  day  ? 
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SUPPLEMENTARY   WORK 

Equations  with  Two  Unknowns 
ADDITIONAL    EXERCISES 

1.  A  certain  number  is  written  with  two  digits;  twice 
the  tens'  digit  plus  the  units'  digit  makes  9 ;  when  the  digits 
are  interchanged,  the  number  formed  is  27  greater  than  the 
given  number.     Find  the  original  number. 

Solution.     1.   Let  x  =  the  tens'  digit,  and  y  =  the  units'  digit. 

2.  Then  the  number  is  10  ic  +  y,  and  lOy  -{-  x  is  the  number  with  digits 
interchanged. 

3.  Then,  2x-\-y  =  9;  and 

4.  By  the  conditions  of  the  problem,10  y  +  x  —  21  =  10  x  +  y. 
6.   Simplifying  (4),  y  —x  =  S, 

6.  Subtracting  (5)  from  (3),  Sx  =  Q, 

7.  Solving  (6),  x  =  2. 

8.  Substituting  a;  =  2  in  equation  (5),  y  =  5. 
.-.  the  number  is  10  •  2  +  5,  or  25. 

Test.        2.2  +  5  =  9.     52  =  25  +  27. 

2.  In  a  certain  number  of  two  digits  the  sum  of  three  times 
the  tens'  digit  and  twice  the  units'  digit  is  36 ;  if  the  digits  are 
interchanged,  the  number  formed  is  27  greater  than  the  original 
number.     What  is  the  original  number  ? 

3.  The  sum  of  two  numbers  is  1.6  and  their  difference  is 
.2.     What  are  the  numbers  ? 

4.  The  difference  between  two  numbers  is  30,  and  the  less 
is  -|  of  the  greater.     What  are  the  numbers  ? 

5.  Two  numbers  are  such  that  if  the  first  is  increased  by 
14,  the  result  is  twice  the  second ;  if  the  second  is  diminished 
by  12,  the  result  is  ^  the  first.     What  are  the  numbers  ? 

6.  A  farmer  has  feed  enough  to  last  his  oxen  a  certain 
number  of  days.  If  he  were  to  sell  75  oxen,  his  feed  would 
last  20  days  longer.  If,  however,  he  were  to  buy  100  oxen,  his 
feed  would  last  15  days  less.  How  many  oxen  has  he  and  for 
how  many  days  has  he  feed  enough  ? 
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Suggestion.     Let  x  =  number  of  oxen, 

y  =  number  of  days. 
Then  (x  -  75)  (?/ +  20)  =xy. 

(x+100)(y-lb)  =  xy. 

7.  The  dimensions  of  a  rectangular  floor  are  such  that,  if 
it  were  3  ft.  longer  and  2  ft.  wider,  its  area  would  be  64  sq.  ft. 
greater ;  and  if  it  were  2  ft.  longer  and  3  ft.  wider,  its  area 
would  be  68  sq.  ft.  greater.    Find  its  dimensions. 

8.  The  angle  c  in  the  figure  is  bisected  ;  and 
it  is  known  that  the  bisector  of  an  angle  divides 
the  opposite  side  of  the  triangle  into  parts  pro-  ^^ 
portional  to  the  adjacent  sides  ;  what 
is  the  ratio  of  a;  to  ^  in  the  figure  ? 
What  is  the  sum  of  x  and  y  ?     Find    a^ 
the  length  of  each  segment.  ■'2"in. 

9.  A  person  leaves  an  estate  worth  $  13,000 ;  some  of  it  is 
willed  to  a  college,  and  12  times  as  much  to  an  eldest  son, 
whose  share  is  1^  times  as  m^uch  as  that  of  each  of  his  2 
brothers  and  If  times  that  of  each  of  5  sisters.  Find  the 
amount  left  the  college. 

10.  Divide  x^  +  a:^  -{-aoi:^-\-bx—3  by  a^-|-2  x—S,  and  find  what 
values  a  and  b  must  have  in  order  that  there  be  no  renminder. 

Suggestion.  The  coefficient  of  x  and  the  absolute  term  in  the  re- 
mainder must  both  be  zero.     Solve  the  resultant  equations  for  a  and  h, 

11.  The  sum  of  two  numbers  is  a^  and  their  difference 
is  b^ ;  what  are  the  numbers  ?  What  are  the  numbers  if 
a  =  &? 

12.  A  band  of  smugglers  found  a  cave,  which  would  exactly 
hold  the  cargo  of  the  boat,  namely,  13  bales  of  silk  and  33  casks 
of  rum.  While  they  were  unloading  a  revenue  cutter  was 
sighted,  and  they  sailed  away,  leaving  9  casks  and  5  bales; 
these  filled  only  one  third  of  the  cave.  How  many  bales  would 
the  cave  hold  ?     How  many  casks  ? 

13.  A  and  B  play  at  a  game  with  counters.  In  the  first 
game  A  loses  as  many  counters  as  B  has  ;  in  the  second  game 
B  loses  as  many  counters  as  A  then  has ;  at  the  end  of  the 

17 
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second  game  A  has  16  counters  and  B  has  4.    How  many  had 
each  at  first  ? 

14.  A  company  at  a  tavern,  when  they  came  to  pay,  found 
that  if  the  same  bill  were  divided  among  three  persons  more, 
the  amount  would  be  one  shilling  less  per  person;  and,  if  it 
were  divided  among  two  persons  fewer,  it  would  be  one  shilling 
more  per  person.  Find  the  number  of  persons  in  the  original 
company,  and  the  amount  of  the  bill.  (Saunderson's  Algebra, 
1740.) 

*  15.  One  person  says  to  another,  .  "If  you  give  me  three  of 
your  coins,  I  shall  have  as  many  as  you."  The  second  person 
replies,  "  If  you  give  me  three  of  yours,  I  shall  have  twice  as 
many  as  you  have."  Find  the  numbers  that  each  has.  (Oza- 
nam's  Algebra,  1702.) 

16.  A  coach  set  out  from  Cambridge  to  London  with  four 
more  passengers  outside  than  within.  Seven  outside  passengers 
could  travel  at  2  shillings  less  expense  than  4  inside  passen- 
gers. The  fares  of  all  the  passengers  amounted  to  180  shil- 
lings. At  the  end  of  half  the  journey  the  coach  took  up  1 
more  inside  and  3  more  outside  passengers ;  these  paid  ^-^  as 
much  as  the  others.  Eequired  the  number  of  passengers  and 
the  far6  of  each.     (Bland's  Algebraical  Problems,  1816.) 

17.  Three  casks  together  contain  79  gallons ;  the  second  con- 
tains 3  gallons  more  than  ^  as  much  as  the  first,  and  the 
third  contains  7  gallons  less  than  the  second.  How  many 
gallons  are  there  in  each  ?     (From  a  14th  century  manuscript.) 

18.  Seven  years  ago  a  man  was  4  times  as  old  as  his  son ; 
7  years  hence  he  will  be  only  double  his  age.  Find  the  age 
of  each.     (Simpson's  Algebra,  1767.) 

Equations  with  Three  Unknowns 
ADDITIONAL  EXERCISES 

1.  Find  an  expression  of  the  form  ax^  -\-bx  +  c  whose 
value  is  6  when  x  =  2.  Whose  value  is  3  when  x  =  —  l,  and 
10  when  x  =  'k 
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2.  The  sum  of  the  reciprocals  of  three  numbers  is  -^g^-;  the 
difference  between  the  reciprocals  of  the  first  and  second 
equals  that  between  the  reciprocals  of  the  second  and  third. 
The  third  number  is  twice  the  first.     Find  the  numbers. 

3.  Find  three  numbers  such  that  the  difference  between 
the  reciprocals  of  the  first  and  second  is  i,  between  the 
reciprocals  of  the  first  and  third  is  \,  and  the  sum  of  the 
reciprocals  of  the  second  and  third  is  ■^. 

4.  The  sum  of  the  reciprocals  of  the  first  and  third  of 
three  numbers  is  twice  the  reciprocal  of  the  second;  the 
reciprocal  of  the  third  is  four  times  that  of  the  first ;  the  sum 
of  the  reciprocals  of  the  first  and  second  is  7.  Find  the 
numbers. 

5.  A  man  has  three  debtors,  of  whom  A  and  B  together 
owe  him  60  pounds,  A  and  C  80  pounds,  and  B  and  C  92 
pounds.  How  much  did  each  one  owe  ?  (Saunderson's  Algebra, 
1740.) 

6.  A  vessel  filled  with  water  has  three  orifices,  A,  B,  C, 
If  all  three  are  opened,  it  is  emptied  in  6  hr. ;  through  B  alone 
it  is  emptied  in  f  of  the  time  that  it  would  take  through  A 
alone ;  and  the  time  through  C  is  twice  as  great  as  through  B. 
In  what  time  is  the  vessel  emptied  through  each  orifice  alone  ? 
(Bossut's  Algebra,  1773.) 

7.  The  price  of  a  house  is  100  dollars.  A  could  pay  for  it 
if  he  had  half  of  B's  money  in  addition  to  his  own ;  B  could 
pay  for  it  if  he  had  one  third  of  C's ;  and  C  could  pay  for  it 
if  he  had  one  fourth  of  A's  money.  How  much  had  each  ? 
(Euler's  Algebra,  1770.) 

8.  Three  brothers,  A,  B,  C,  at  a  family  reunion  were 
discussing  their  ages.  C  said  to  A,  "Thirty  years  ago  mj 
age  was  double  yours."  Then  B  said  to  A,  "Twenty-three 
years  ago  my  age  was  double  yours.''  If  C's  present  age 
exceeds  A's  by  four  years,  and  B's  exceeds  A's  by  eleven  years, 
find  the  age  of  each. 


CHAPTER   XVI 

QUADRATIC  EQUATIONS 

278.  Quadratic  Equations.     Equations  of  the  second  degree 
are  called  quadratic  equations.     Sec.  239,  p.  198. 

For  example,  x^  =  1(),  x^  —  3  x  =  0,  and  x^  _  5  ^  +  6  =  0  are  quadratic 
equations  with  one  unknown,  x. 

The   present   chapter  treats  quadratic   equations  with  one 
unknown. 

279.  The  way  in  which  quadratic  equations  arise  in  practice 
is  illustrated  in  the  following  exercises. 


WRITTEN    EXERCISES 
Translate  each  statement  into  an  equation : 

1.  The  product  of  a  certain  number  and  the  number  in- 
creased by  3  is  70. 

2.  Three  less  than  one  half  of  a  certain  number  is  47  less 
than  the  square  of  the  number. 

3.  Twice  a  certain  number  multiplied  by  one  more  than  4 
times  the  number  is  3. 

4.  3  more  than  a  certain  number  multiplied  by  5  more 
than  the  number  is  8. 

5.  Let  I  be  the  estimated  annual  income  per  inhabitant  in 
Great  Britain.  In  the  United  States  this  income  is  $  5  greater 
and  the  product  of  the  two  numbers  is  1326. 

6.  In  a  rectangular  orchard  the  number  of  trees  in  a  row 
is  5  more  than  the  number  of  rows,  and  there  are  in  all  150 
trees. 

7.  The  product  of  two  consecutive  integers  is  132. 

250 
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8.  A  book  is  estimated  to  contain  10,500  words.  The 
average  number  of  words  per  page  is  5  greater  than  the  number 
of  pages. 

9.  The  area  of  a  rectangle  whose  length  is  three  times  its 
height  is  75  sq.  in. 

10.  In  the  United  States  recently  the  number  of  newspapers 
sent  by  mail  per  inhabitant  was  180  more  than  the  square  of 
^jj  of  the  number. 

11.  If  the  number  of  hundred  thousand  inhabitants  of 
Massachusetts  recently  be  multiplied  by  the  number  increased 
by  3,  the  result  is  868. 

12.  In  the  case  of  a  body  falling  from  rest,  the  distance  d 
fallen  in  the  time  t  is  one  half  of  a  fixed  number  g  (the  constant 
of  gravity)  times  the  square  of  the  time. 

280.  General  Form.  The  general  form  of  the  quadratic  equa- 
tion is 

ax^  +  bx-{-c  =  0, 

in  which  a,  b,  c,  are  any  known  numbers,  except  that  a  may 
not  be  zero. 

For  example : 

5c2  +  5  a:  -  3  =  0, 

x^-}-7x  =  0, 

4  0:2  -  12  =  0,        ^ 

x^  =  0, 

281.  It  is  often  necessary  to  simplify  equations  apparently 
involving  x^  to  see  whether  or  not  a  is  zero ;  that  is,  whether 
or  not  the  equations  are  really  quadratics. 

For  example : 


a 

b 

c 

1 

5 

-3 

3 

-1 

5 

1 

7 

0 

4 

0 

-12 

1 

0 

0 

a2_3 


=  — ^^^-  can  more  readily  be  seen  to  be  a  quadratic  equation 


6x  7 

when  reduced  to  2  a:^  _  lo  x  —  21  =0. 

In  this  form  it  is  apparent  that  a  =  2,  6  =  —  10,  c  =  —  21. 
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WRITTEN    EXERCISES 

Keduce  each  equation  to  the  type  form  and  write  the  value 
of  a  ;  of  6 ;  of  c : 

1.  ^^1^=1.  5.    a?  +  ^  =  3. 

2  X 

2.  3aj2_5=^-=^.  6.    12-a;=-. 

2  8 

_     Qn^  —  l     x^  —  4:  „     x-\-6     x^ 

2  5  7         2 

^     2a^  +  S     x^  .     ^     2x-9     2a^ 

4.     =  —  •  o.     =  - — -• 

5  7  3  5 

282.  Kinds  of  Quadratic  Equations.  The  equation  aoi^-{-bx-\-c 
=  0  is  said  to  be  a  complete  quadratic  equation  when  neither  h  nor 
c  is  zero ;  that  is,  when  there  are  three  terms,  one  containing  x^, 
another  x,  and  a  term  without  x  (absolute  term).  In  any 
other  case  it  is  called  an  incomplete  quadratic  equation. 

283.  A  quadratic  in  which  the  first  power  of  the  unknown 
does  not  occur  is  called  a  pure  quadratic,  and  one  in  which  it 
occurs  is  called  an  affected  quadratic. 

Thus,  x^  +  bx  —  2=0  is  a  complete  quadratic  equation,  while 
2  x2  —  5  =  0,  and  x^  +  7  x  =  0  are  incomplete  quadratics.  The  second 
equation  is  a  pure  quadratic  and  the  others  are  affected  quadratics. 

284.  Solution  of  Incomplete  Quadratic  Equations. 

I.  The  incomplete  quadratic  equation  x^=  a  is  solved  by  ex 
ti  acting  the  square  root  of  both  members. 


EXAMPLES 

1.  aj2_4.     .',x=Vlorx=±2. 

2.  3  x2  =  78.     .-.  ic2  =  26  and  ic  =  ±  v^. 


3.    ax'^  =  b.     .'.  x2  =  5  and  x 
a 


-^- 
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II.    Tlie  incomplete  quadratic  equation  ax^-\-'bx  =  (^  is  solved 

by  factoring  (Sec.  233,  p.  186). 

Thus,  x(^ax  -f  6)  =  0,  in  which  x  —  0  and  x  = • 

a 

One  value  of  x  in  this  case  is  always  zero  (Sec-.  105,  p.  67),  and  the 

other  is  the  root  of  the  linear  equation  ax  +  6  =  0. 

EXAMPLES 

1.  a;2  _  aj  —  0.     ,\  x(x  —  1)  =  0  and  a;  =  0,  a;  =  1. 

2.  3  a;2  -  10  X  =  0.     .-.  «  (3  x  -  10)  =  0  and  x  =  0,  x  =  ^. 

WRITTEN  EXERCISES 
.     Solve  the  following  equations : 

1.  a;2  =  169.  11.  121  aj2  =  1089.  * 

2.  iK^- 121  =  0.  12.  7  a^- 448=0. 

3.  aj2_i44  =  o.  13.  3  ^ -}-e  =  5x'-S. 

4.  a;2__81  =  0.  14.  17a^  +  a;  =  0. 

5.  ic2-49=0.  15.  A0ix^-25x  =  0, 

6.  a^-625  =  0.  16.  9x^  +  17  =  ^x^-13. 

7.  3a^-75  =  0.  17-  29a;2-30  =  10  a^  +  8. 

8.  4aj2-100  =  0.  18.  40a^-43  =  7 -10  a;^. 

9.  5x^-500  =  0,  19.  7a^-5  =  4aj2_7. 

10.   12 aj2- 1728  =  0.  20.   3{x^ -x)  =  2x' -  3x +  1. 

21.  The  equation  d  =  ^gf  expresses  the  distance  through 
which  a  body  falls  from  rest  in  time  t.  Solve  this  equation 
for  t;  that  is,  express  t  in  terms  of  d  and  g. 

22.  When  d  is  expressed  in  feet  and  t  in  seconds,  g  is  ap- 
proximately 32.     Find  the  value  of  t  when  d  =  16. 

P      23.   Find  the  time  in  seconds  taken  by  a  body  in  falling 
from  rest  64  ft.     Also  144  ft.     Also  256  ft. 


\ 


24.   A  stone  was   dropped  into  a  mine  400  ft.  deep.     How 
many  seconds  was  it  in  reaching  the  bottom  ? 
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25.  Solve  d  =  ^gf  for  g-,  that  is,  express  g  in  terms  of 
t  and  d.  A  body  falls  from  rest  256  ft.  in  4  sec.  From  this 
find  the  value  of  g. 

26.  The  area  (a)  inclosed  by  a  circle  is  approximately  ^-^-  of 
the  area  of  the  square  whose  side  is  the  radius  (r)  of  the  circle. 
Assuming  these  areas  to  be  equal,  a  =  ^^-7^,  Express  r  in 
terms  of  a.     Find  r  when  a  =  ^^^, 

27.  The  area  of  a  certain  circle  is  -^-  sq.  ft.  Find  the 
length  of  the  radius  in  feet. 

28.  Find  the  radius  of  a  circle  whose  area  is  f  f  sq.  in. ; 
t\\  sq.  in. ;  -^W  sq.  yd. 

29.  The  length  of  a  pendulum  in  meters  is  approximately 
the  square  of  the  number  of  seconds  taken  for  one  vibration. 
That  is,  I  =  t^.  What  is  the  time  of  vibration  of  a  pendulum 
4  meters  long  ?     1  m.  long  ?     16  m.  long  ? 

30.  The  kinetic  energy  Qc)  of  a  moving  body  equals  one 
half  of  the  product  of  its  mass  (m)  and  the  square  of  its 
velocity  (v).  That  is,  7c  =  -lmv^.  Solve  this  equation  for  v. 
For  m. 

31.  Find  the  value  of  v  in  the  equation  k  =  ^mv^f  when 
A;  =  200andm  =  4. 

32.  As  in  the  last  exercise,  find  m  when  Ic  =  100  and  v  =  B. 

33.  The  velocity  (v)  of  a  body  equals  the  square  root  of  the 
quotient  of  twice  its  kinetic  energy  Qc),  divided  by  its  mass  (m). 
Express  this  relation  by  an  equation. 

34.  According  to  Exercise  33,  find  the  kinetic  energy  in 
pounds  of  a  coal  car  whose  mass  is  50,000  lb.,  moving  at  a 
velocity  of  20  ft.  per  sec. 

35.  Also,  find  the  velocity  in  feet  per  second  of  a  bullet  of 
mass  ^  lb.,  having  a  kinetic  energy  of  900  lb. 

36.  Find  the  velocity  in  feet  per  second  of  an  engine 
weighing  75  tons,  and  having  a  kinetic  energy  of  135,00  D  tons. 
Express  this  result  in  miles  per  hour. 
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37.  4  times  the  square  of  the  altitude  (h)  of  an  equilateral 
triangle  equals  3  times  the  square  of  a  side  s. 
Express  this  by  an  equation.    Solve  the  equa- 
tion for  s.     Also  for  h  in  terms  of  s. 

38.  Find  the  altitude  of  an  equilateral  tri- 
angle whose  side  is  20  in.,  using  1.7321  as  VS. 

39.  Find  the  side  of  an  equilateral  triangle  whose  altitude 
is  9  V3  in. 

40.  The  square  on  the  hypotenuse  of  a  right-angled  triangle 
is  equal  to  the  sum  of  the  squares  on  the  other 
two  sides.  Express  this  relation  in  the  form 
of  an  equation,  using  the  letters  in  the  figure. 

41.  Find  the  length  of  the  hypotenuse  of  a  right  triangle, 
the  other  two  sides  of  which  are  3  ft.  and  4  ft.  Also  of  one 
whose  other  two  sides  are  15  ft.  and  20  ft. 

42.  Solve  the  equation  c^  =  a^  -f  ^^  for  a ;  for  b. 

43.  Find  b  in  Exercise  42,  if  c  =  25  and  a  =  15. 

Similarly,  determine  the  numbers  to  fill  the  blanks.  To 
simplify  calculation,  see  Sec.  133,  p.  85. 


44. 

45. 

46. 

47. 

48. 

49. 

50. 

a.  15 

7 

40 

45 

208 

44 

5.  — 

24 

— 

— 

171 

117 

c.  17 

— 

41 

53 

221 

233 

285.  Solution  of  Complete  Quadratic  Equations.  The  following 
example  shows  a  general  method  for  solving  quadratic  equations 
with  one  unknown : 

EXAMPLE 

Solve:  x'  +  Sx-\-7=:0.  (1) 

Transposing  th'e  absolute  term,  X^  -{•  Sx  =—7,  (^) 

Making  the  left  member  a  square        X^  +  8  X  +  16  =9.  (3) 

by  adding  16  to  6o^^  members,  .     (x  4-  4)'^  =9  (A) 

Extracting  the  square  root  of  both  /vj-A—  _i_^  /'/r\ 

members,  X  i-  ^  -  ±  o.  \,oj 

.-.  x=- 1  or  -7.  ((5) 
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The  process  consists  of  two  main  parts : 

(1)  Making  the  left  member  a  square  while  the  right  member 
does  not  contain  the  unknown  quantity, 

TJiis  is  called  completing  the  square. 

It  is  based  upon  the  relation  {%  -\-  ay  =  x'^  +  2  ax  -\-  a^  (Sec.  119,  p.  79) 
in  which  it  appears  that  the  last  term,  a^^  is  the  square  of  one-half  of  the 
coefficient  of  x, 

(2)  Extracting  the  square  roots  of  both  members  and  solving 
the  resulting  linear  equations,  I 


WRITTEN    EXERCISES 

Solve  completely: 

1.    x^^^x  =  ^.  •  8.  aj2-6aj  =  7. 

3.    a.2  +  12a^  =  -ll  ^^'  ^'-^  =  1- 

>.     ^      Q         O  11.  t^-2t=S, 

6.    aj2  +  10x  =  ll.  ^ 

6.  0^  +  50.  =  -!^.  ^  ^^-  .^  +  3.  =  -^. 

7.  x'-20x=z-75.     *  14.  s2_i8s=19. 

286.    Square  roots  which  cannot  be  found  exactly  should  b^ 
indicated. 


Solve : 


EXAMPLE 

a^-6x  +  3  =  0. 

(^ 

a;2  _  6  X  +  9  =  6. 

(0 

.-.  dx  -  3)2  =  6. 

(S. 

.•.  a  -  3  =  ±V6. 

U 

Kearranging  and  com- 
pleting the  square : 


/.  a;  =  3+\/6and3- V6.  (S, 

Solve:  WRITTEN    EXERCISES 

1.  2/2 -2/=  1.  4.    x^-36x  =  -S, 

2.  x^-\-x  =  5,  6.   x^'\'15x  =  7. 

3.  a;2-6a;  =  -l.  6.   ic2-40a?  =  20. 


QUADRATIC   EQUATIONS  257 

7.  x^-lx=^.  24.    o(?-Z(Sx=z-^l^, 

8.  a;2— ^a;=i..  25.   x^  +  2bx  =  l. 

9.  2;2-16a;==5.  26.   a;2_40a;  =  30. 

10.  f-2t  =  Q,  27.   a;2~9a;  =  f. 

11.  u^-u  =  l,  28.    a^-|aj=i-. 

12.  iK2  +  13a;=9.  29.   z^-16z  =  9. 

13.  a^+6aj=-4.  30.    f-St  =  6. 

14.  a;2-8a;  =  -8.  31.   ?^2_^3=5^ 

15.  a^  +  13a;  =  |.  32.   i»2  4-33x  =  9. 

16.  x^-i-15x  =  ^,  33.    m^  — 4m  =  l. 

17.  i^__8aj  =  3.  34.  iv^-\-5w-\-6  =  0. 

18.  m2  +  8m  =  4.  35.    t^-{-9t +  20  =  0. 

19.  a^  +  10aj  =  l.  36.   'y2_^_20  =  0. 

20.  a^- 5a? +  6=0.  37.   a^  — a;  — 42  =  0. 

21.  x^—8x  =  3.  S8,.x^-5x-84:  =  0. 

22.  a^  +  10a;  =  l.  39.    u^ +  19u +S4.  =  0. 

23.  p^-6p  =  -l.  40.    ;22_92;  +  14  =  0. 

287.  When  the  coefficient  of  x^  is  not  unity,  the  equation 
must  be  divided  by  that  coefficient  before  using  the  method 
above  to  complete  the  square. 


Solve : 

Diviaing  by  5, 

Completing  the 
square, 

Or, 

_  Extracting  the 

|:  square  root, 

and 

Throughout  this  chapter,  the  square  roots  are  to  be  indicated  only, 
unless  the  expression  under  the  radical  sign  is  a  perfect  square. 
All  results  should  be  tested  by  substitution. 


EXAMPLE 

5  a^  4.7a;- 2  =  0. 

« 

x^  +  ix-i  =  0. 

(S) 

x^  +  ix+j\\  =  ^+^. 

(5) 

(.x+^^y=^. 

G) 

x+^\  =  ±^VS9, 

(6) 

*  =  -A±AV89. 

(0 
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WRITTEN  EXERCISES 
Solve  and  test : 

1.  4aj2  +  6aj-4-3  =  0.  9.   9  v2_39  ^^22  =  0. 

2.  9  072+15  0^  +  6  =  0.  10.   Ay^-12y  =  91. 

3.  4oj2-2o7-2  =  0.  11.   16t^-8t  =  15. 

4.  9o^+3o;-6  =  0.  12.   4;^2^20  2;= -21. 
6.   25z^-lBz  +  4:  =  0,  13.   60^  +  07  =  12. 

6.  3o;2-7o;-20  =  0.  14.    6or^=-5o;  +  4. 

7.  4x2  +  12oj-55  =  0.  15.   12o;2  =  5o;  +  2. 

8.  9w^-{-ew-35  =  0,  16.   9o72  =  3oj-5. 

Clear  each  of  the  following  of  fractions  and  solve  the  resulting 
equation : 

x  +  3       X  x-i-3     oj  +  10 


18       5a?       3o;-2^2  ^^        x         o;  +  1^13 

*    07  +  4     2o;-3       '  '    o?  +  l         x         6  ' 


0^-8     o  or.       2^     ,  2o;-5     25 

19.    X — -  =  2.  25.    -H ^  =  -B-' 

x^-\-5  x  —  4:       x  —  3        3 


3     3  +  a;     3  +  2a;  a;  a;H-5        2 


a;  +  22      4_9a;  —  6  „„     4a;  +  7     5  —  x_4.x 

Z  x~      2      '  19     ■*'3  +  x       9  ■ 


2+2_tr:£  =  2i  28       1^     I      4     ^    32    _ 

ic— 1       2a;         '*  '    5  —  x     4  — a;     a!  +  2 


I 
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29.  The  perimeter  of  a  rectangular  field  is  100  yd.  and  its 
area  is  600  sq.  yd.     Find  its  length  and  breadth. 

Solution.     1.   Let  x  be  the  length  of  the  field. 

2.  Then  —  is  its  width,  and 

X 

3.  2  ic  H — '- is  its  perimeter,  being  twice  the  sum  of  its 

X 

sides. 

4.  .*.  2  a;  H — '- =  100,  by  the  conditions  of  the  problem. 

X 

5.  .-.  x2  -  60  X  +  600  =  0,     simplifying  (4). 

6.  .-.  {x  -  20)  (x  -  30)  =  0,     factoring  (5). 

7.  .-.  a;  =  20,  X  =  30,     solving  (6). 

8.  If  20  yd.  be  taken  as  the  length,  the  width  is  30  yd.,  by  step  (2). 

9.  If  30  yd.  be  taken  as  the  length,  the  width  is  20  yd.,  by  step  (2). 

30.  The  area  of  the  whole  plot  shown 
in  the  diagram  is  96  sq.  yd.  What  is  the 
length  of  a  side  of  the  square  (s)  ? 

31.  The  sum  of  two  unequal  sides  of  a 
rectangular  court  is  19  yd.;  the  sum  of  the  areas  of  the  squares 
on  these  two  sides  is  181  sq.  yd.     What  are  the  dimensions  of 

the  court  ? 

32.  A  triangle  whose  area  is  200  sq.  yd.  has 
its  altitude  equal  to  its  base.  Find  the  base  of 
the  triangle,  using  the  formula,  area  =  \  base  x 
altitude. 

33.  The  breadth  of  a  room  is  4  ft.  more  than  its  height  and 
20  ft.  less  than  its  length.  The  cost  of  cleaning  and  painting 
the  side  walls  was  $  20.70,  at  2\  ^  per  square  foot.  Find  the 
dimensions  of  the  room. 

34.  A  partition  is  built  5  yd.  from  one  side 
of  a  square  room  as  shown  in  the  diagram  ; 
the  area  of  the  floor  remaining  is  24  sq.  yd. 
What  are  the  dimensions  of  the  floor  ? 


10  YD. 
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35.  One  side  of  a  rectangle  is  f  as  long  as  the  other;  if 
10  ft.  be  added  to  the  shorter  side  and  10  ft.  be  subtracted 
from  the  longer  side,  the  area  will  not  be  changed.  Find  the 
dimensions  of  the  original  rectangle. 

36.  If  there  are  s  subscribers  in  a  telephone  exchange,  the 

total  number  of  different   connections  of  any  subscriber  with 

s(s  —  D 
any  other  is  -^^— — ^  •     If  in  an  exchange  the  total  number  of 

Li 

different  connections  is  3240,  find  the  number  of  subscribers. 

37.  A  builder  used  steel  bars  weighing  120  lb.  each  for  a  cer- 
tain purpose.  By  changing  the  mode  of  support,  he  found  that 
he  could  get  the  same  service  from  bars  weighing  2  lb.  less  per 
running  foot,  but  2  ft.  longer  than  the  original  bars.  The  new 
bars  also  weighed  120  lb.    Find  the  length  of  the  original  bars. 

38.  A  hall  is  lighted  by  a  certain  number  of  incandescent 
electric  lights  and  5  fewer  of  gas  mantles.  The  candle  power 
of  each  of  the  former  is  70  greater  than  that  of  each  mantle. 
The  total  candle  power  of  the  gas  mantles  is  500,  and  that  of 
the  electric  lights  1800.     How  many  lamps  of  each  sort  ? 

SUMMARY 

I.  Definitions. 

1.  Equations  of  the  second  degree  are  called  quadratic 
equations.  Sec.  278. 

2.  The  general  form  of  the  quadratic  equation  in  one  un- 
known is  ax^  -f-  5a;  +  c  =  0,  in  which  a,  h,  c,  are  known  numbers. 

Sec.  280. 

3.  The  equation  ax^  +  &a;  -f  c  is  said  to  be  a  complete  quad- 
ratic equation,  if  neither  a,  &,  nor  c  is  zero ;  otherwise,  it  is 
iyicomplete ;  if  h  is  zero  it  is  a  pure  quadratic.  Quadratic  equa- 
tions that  are  not  pure  are  sometimes  called  affected  quadratics. 

Sec.  2^2,  283. 

II.  Solution. 

1.  The  incomplete  quadratic  equation  ic^  =  a  is  solved  by  ex- 
tracting the  square  roots  of  both  members.  Sec.  284. 

2.  The  incomplete  quadratic  equation  ax'^  +  6aj  =  0  is  solved 
by  factoring.  Sec.  284. 
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3.  Any  quadratic  equation  can  be  solved  by  completing  the 
square,  extracting  the  square  roots  of  both  members,  and 
solving^  the  resulting  linear  equations. '  Sec.  2S5. 

REVIEW 

WRITTEN   EXERCISES 

Solve  the  following  equations : 
1.   0^  +  7  a;  =  8.  16.   y^-ay  =  c, 

2..  3a^  =  48.  17.    a;2-12  =  30  +  i». 

3.  x'  +  25x=-100.  18.   3^2-2^  =  1. 

4.  (3a;  +  4V  =  96.  .n      2  ,  ^  o     a 
^            ^                                  19.   y^-\- 4:  ay  — 2  =  0. 


20.  ^2^3^-6  =  0. 

21.  13aj2-39a?  =  0. 


5.  0^-250^+144  =  0. 

6.  oj2  +  3o;-28  =  0. 

7.  oj2-13oj  =  68. 

8.  0^2-120^4-27  =  0.  22.   a'x'-abx  =  0, 

9.  0^  +  1110^  =  3400.  23    (a  +  fe^  +  co?  =  0. 

2  a;2  4-  4  ^  24.    m^x^  —  (m  +  t)x  =  0. 

10.  ^=o?  +  l.  ^  '^ 

^  25.    ao;2  —  60?  =  co;^  +  dx, 

11.  5  oj2  + 13^  =  370. 
/» 

12.  -  +  4  =  2oj.  27.   o;2  +  5=-i/oj2-16. 


0? 


2  * 

3 


13.  aj2  +  l^oj  =  19.  28.    12  o^-3  o:  =  7  oj2  +  2  oj. 

14.  5-3o;  +  io52  =  0.  29.  10  05^  +  5  o;  =  15  o:2_|_9  ^ 

15.  oj2-.7o;  =  0.  30.    {a  +  bya^-{-(a  +  b)x=0. 

31.  The  perimeter  of  a  rectangular  field  is  200  ft. ;  and  its 
area  is  2400  sq.  ft.     Find  its  length  and  breadth. 

32.  The  area  of  a  rectangular  field  is  2000  sq.  ft.  and  its 
length  is  10  ft.  more  than  its  breadth.     Eind  its  dimensions. 

33.  A  miller  bought  $  450  worth  of  wheat.  A  month  later, 
the  price  of  wheat  was  10^  per  bu.  lower,  and  he  could  have 
bought  50  bu.  more  for  $450.     At  what  price  did  he  buy  it? 

I 
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34.  After  Mr.  A  had  lived  in  his  house  4  months  longer 
than  the  number  of  dollars  monthly  rental  that  he  paid  for  his 
house,  he  had  paid  altogether  $  320  rent.  How  much  was  the 
monthly  rental  ? 

35.  If  d  is  the  diagonal  of  a  square  of  side  s,  then  d^  =  2s^. 
Solve  this  equation  for  d.    For  s. 

36.  In  Exercise  35,  when  s  =  4,  find  d,  taking  1.414  as  the 
square  root  of  2. 

37.  The  volume  (v)  of  a  cylinder  is  the  product  of  the  area 
of  the  base  (tt?-^)  and  the  height  (h).  That  is,  v  =  irr^h.  Solve 
this  equation  for  r.     For  h. 

38.  Using  -2y2  for  tt  in  v  =  tttVi,  find  the  radius  of  the  base  of 
a  cylinder,  if  its  volume  is  y2_2_  sq.  ft.  and  its  altitude  4  ft, 

39.  If  water  is  confined  by  a  vertical  wall,  its  pressure  on 
the  wall  is  the  number  of  square  feet  in  the  area  of  the  part 
of  the  wall  under  water  times  ^  the  height  of  the  water  times 
the  weight  of  1  cu.  ft.  of  water.  Express  this  law  of  pressure 
by  an  equation,  using  p  for  pressure,  I  for  length,  and  h  for 
height,  and  62,5  lb.  as  the  weight  of  1  cu.  ft.  of  water. 

40.  What  is  the  pressure  on  a  square  water  gate  entirely 
under  water  if  each  side  is  10  ft.  ? 

41.  What  is  the  height  of  a  square  water  gate  entirely  under 
water  against  which  the  pressure  of  water  is  31,250  lb.  ? 

42.  The  length  of  a  vertical  dam  is  200  ft.,  and  the  pressure 
of  water  against  it  is  400,000  lb.  What  is  the  height  of  the 
part  under  water  ? 

43.  Given  m  =  —  •    Express  v  in  terms  of  the  other  letters. 

44.  In  the  preceding  exercise,  express  c  in  terms  of  the 
other  letters. 

45.  A  room  is  1  yd.  longer  than  it  is  wide;  at  75^  per 
square  yard,  a  covering  for  the  floor  of  the  room  costs  $31.50. 
Find  the  dimensions  of  the  floor. 
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46.  The  length  of  a  room  is  twice  its  height,  and  the  breadth 
is  6  ft.  more  than  the  height.  At  10^  per  square  foot  it  costs 
$72  to  decorate  the  side  walls  of  the  room  (no  allowance  for 
openings).     Find  the  dimensions  of  the  room. 

47.  The  cost  of  decorating  a  certain  square  ceiling  is  $45. 
If  a  second  square  ceiling  of  side  5  yd.  longer  were  decorated 
at  the  same  rate,  the  cost  would  be  $  80.  Find  the  dimensions 
of  the  first  ceiling. 

48.  Forty-two  dollars  are  to  be  divided  equally  each  year 
among  all  the  pupils  of  a  certain  room  who  have  not  been 
absent  during  that  year.  The  second  year  there  were  two 
winners  fewer  than  there  were  the  first  year,  and  each  received 
50^  more  than  the  prize  winners  of  the  previous  year.  How 
many  of  the  latter  were  there  ? 

49.  A  restaurant  keeper  paid  out  $  10  for  the  raw  materials 
cooked  and  served  on  Monday.  Tuesday  he  paid  out  $  12.60 
and  served  10  persons  more  than  on  Monday,  at  a  cost  of  1^ 
more  per  person.     How  many  were  served  on  Monday  ? 

50.  A  public  library  spends  $75  monthly  for  new  books. 
In  April  it  bought  25  books  more  than  in  March,  and  the 
average  cost  per  book  was  25^  less.  How  many  books  were 
bought  in  March  ? 

51.  Solve  the  equations  obtained  in  Exercises  1-11,  pp.  250 
and  251. 
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CHAPTER   XVII 

RADICALS   AND   EXPONENTS 

DEFINITIONS  AND  PROPERTIES  OF  RADICALS 

288.  An  indicated  root  of  any  number  is  called  a  radical. 

Thus,  V5,   v^8,  A/—'  y/a  +  ic^,  are  radicals. 

In  the  present  chapter  all  roots  that  cannot  be  exactly  extracted  by 
inspection  are  indicated.  Methods  for  finding  approximate  numerical 
values  of  certain  roots  are  given  later. 

289.  An  expression  involving  one  or  more  radicals  is  called 
a  radical  expression. 

Thus,        6  +  2V3,  -^  -  1,  ^+  ^Ij^  are  radical  expressions. 

■\/x  2  -  V3  5 

290.  Some  Properties  of  Radicals.  A  few  important  proper- 
ties of  radicals  are  given  here.  The  fuller  treatment  is  con- 
tained in  the  Second  Course. 

291.  The  Multiplication  of  Square  Roots. 

Example.     Find  the  product  of  V2  and  \/3. 
Suppose  that  V2  •  VS  =  VG. 
Then,  by  squaring  both  members, 

(  V'^  .  \/3)  (  \/2  .  \/3)  =  \/6  .  VG, 
or,  Vii .  \/2  .  \/3  .  V3  =  \/6  .  V6, 

or,  2-3  =  6,  which  is  known  to  be  true. 

In  the  same  way,  it  may  be  seen  that  for  every  a  and  &,  Va  •  y/h—Vab. 
In  words : 

The  product  of  two  square  roots  is  the  square  root  of  the  prod- 
uct of  the  numbers. 

264 
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WRITTEN    EXERCISES 
Show  by  squaring  that : 


1.  V2.V5  =  ViO.  5.    V2^  •  V56  =  VlOa6. 

2.  V3  .  V7  =  V2l.  6.    VS  •  -VSy  =  ■\/3xy. 

3.  V5.V3  =  Vi5.  7.    V2  .  V3  .  V7  =  V42. 

4.  VT  •  V^  =  Vl4.  8.    Vp  •  Vg  •  Vr  =  ^/pqr. 
292.    Taking  factors  from  under  the  radical  sign : 
Example.                        VlS  =  V9  •  \/2  =  VS^  •  \/2  =  3  \/2. 

In  symbols :  Va^ft  =  Va^Vb  =  aVb. 

In  words : 

/Square  factors  may  be  taken  from  under  the  radical  sign, 

WRITTEN    EXERCISES 
Take  all  square  factors  from  under  the  radical  sign : 


1. 

2. 

V8. 

Vi2. 

Vl6. 

Vi8. 

5. 
6. 

7. 
8. 

V27. 
V20. 
V121. 

V50. 

9. 
10. 
11. 
12. 

V54. 
V63. 

V32. 
V24. 

13. 
14. 
15. 
16. 

V80. 

3. 

-y/12a^l)\ 

4. 

Vl8it^2/'. 

293.    Placing  factors  under  the  radical  sign. 
Example.  3\/2  =  \/9  •  V2  =  VTs. 

In  symbols  :  a\/b  =  yfofi  •  Vfe  =  \/Wb. 

In  words : 

Any  factor  outside  the  radical  sigyi  may  he  placed  under  the 
radical  sign  provided  the  factor  is  squared. 

WRITTEN    EXERCISES 
Place  under  one  radical  sign : 

1.  2.V3.  5.  3.V5.2.  9.  4.V2.2.  13.  t Wg. 

2.  2  .  VS.  6.   2  .  V2  .  VS.  10.   a  •  V3.  14.  r  •  Vm. 

3.  3  .  V2.  7.   2  .  VS  .  Vll.  11.   a  .  V3¥.  15.  J  V6a. 

4.  5-^2.  8.   5.V7.V3.  12.  2  6  •  V6c.  16.  3  •  VoT^. 
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PROCESSES   WITH   RADICALS 

294.  Preparatory. 

Eead  and  supply  the  blanks  : 

1.  3a+2a  =  (     )  a.     Similarly,  3 V2  + 2  V2  =  (    )  V2. 

2.  5  a  -  3  a  =  (    )  a.     Similarly,  5  V2  -  3  V2  =  (2. )  V2. 

3.  7V3  +  3V3  =  (    )V3. 

4.  SV5-6-V5={    )V5. 

5.  V75-Vl2  =  5V3-2V3  =  ('' )  VS: 

295.  Addition  and  Subtraction  of  Radical  Expressions.  Radi- 
cals can  be  united  by  addition  or  subtraction  only  when  the 
same  root  is  indicated  and  the  expressions  under  the  radical 
sign  are  the  same  in  each. 

When  the  expression  cannot  be  put  into  this  form,  the  sum 
or  the  difference  can  only  be  indicated. 

296.  To  add  or  subtract  radical  expressions  having  the  same 
radical  part,  add  or  subtract  the  coefficients  of  their  radical  parts. 

Example. 

2V3  +  3\/8=:5V3. 

2V12  +  V300  :=  4\/8  +  10 V3  =  14\/3. 

297.  If  the  numerical  value  of  the  sum  or  the  difference  is 
needed,  it  can  be  found  approximately  by  methods  given  later. 

WRITTEN    EXERCISES 

Find  the  sum : 

1.  V2,  VS2.  '  7.  V6,  -  V24,  V63. 

2.  VT2,  V27,  V3.  8.  V5,  V50,  -  V75. 

3.  V3,  V50,  V75.  9.  -VI2,  -V27,  V3. 

4.  VM,  V45,  V125.  10.   -V2,  V8,  -  Vi8. 

5.  VI2,  -V75,  -V27.  11.   VS,  V99,  VT2i. 

6.  2^2,  V18-V50.  12.   Va,  Va?,  V^. 
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298.  Multiplication  of  Radical  Expressions  containing  Square 
Roots.  In  multiplying  expressions  containing  indicated  square 
roots,  make  use  of  the  relation  Va  •  V6  =  Va6. 

EXAMPLES 

1.     2-V3_  2.      3-   4V5 

5  +  2V3  6+   2V3 

10  -  5  V3  18  -  24  V5 

4V3-6  6V3-8vTg» 

10-    V3-6  =  4-V3.  18-24V5+6V3-8V15. 

WRITTEN    EXERCISES 

Multiply : 

1.  2  +  V3  by  2-  V3.  7.  2  +  V5  by  VK 

2.  1  +  V5  by  1  -  V5.  8.  3  -  V7  by  V7. 

3.  2  +  V3  by  2  +  V3.  9.  1  +  V2  by  1  -  V8. 

4.  2  4-  V3  by  2  +  VS.  10.  a  +  V^  by  a  -f-  V&. 

5.  2  +  V3  by  V2  -  V3.  11.  a-Vb  by  Va  +  V&. 

6.  3  +  V5  by  3  -  VK  »    12.  Va  -  V&  by  Va  +  Vi^. 

299.  Division  of  Square  Roots.  The  quotient  of  the  square 
roots  of  two  numbers  is  the  square  root  of  the  quotient  of  the 
numbers. 

Example.     — ==A,'-i  because,  multiplying  each  member  by  itself, 

V6      ^6 


or, 


or, 


V6 

V6     ^6     \6' 

VE 
V6 

-  =  - ,  which  is  evidently  true. 
6     6 

In  symbols: 

Va  —    /a 
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ORAL    EXERCISES 

Eead  each  of  the  following  as  a  fraction  under  one  radical 
sign:     _  _  __ 

1.  VI.    3  V|.    g  J_.    ^  V2.     g  VlO. 

V2      V3      V3      V8      '  V30 

2.  VT.    4.  V3.    ^  V3.    3  V|.   ,,  VM. 
V3      V5      V3      VlO      V30 

300.  Rationalizing  the  Denominator.  Multiplying  both  nu- 
merator and  denominator  of  a  fraction  by  an  expression  that 
will  make  the  denominator  rational  is  called  rationalizing  the^ 
denominator. 

Thus,  multiplying  both  numerator  and  denominator  of  ^  by  V2,  we 

obtain  .^^~=^-^  =  2^*.  ^' 

\/2      \/2 .  V2        2 

WRITTEN    EXERCISES 

Eationalize  the  denominator  of : 

1. 


1 

V2 

4.   1  .. 
V3 

'■;.■ 

10.  6 

V3 

1 

V5 

5.  1. 

V3 

8.  • 

V3 

12 
11. 

V2 

1 

Va 

6.  2. 

V5 

V6 

12.   « 

301.   Rationalizing  Factors.     When  the  denominator  is  of  the 

form  Va  +  V&  or  a  +  Vft,  the  rationalizing  factor  is  the  same 

binomial  with  the  connecting  sign  changed,  often  called  the 

conjugate  binomial. 

EXAMPLE 

3 
E-ationalize  the  denominator  in -• 

2-V5 

The  conjugate  of  2  —  VS  is  2  +  VS. 

Then,_5_  =  _3(2W5) ^6+3V5^^   ^^3^ 

2-V5      (2  -  VS)  (2  +  VS)         4-5 

It  is  not  necessary  in  elementary  algebra  to  take  up  the  rationalizing  of 
more  complicated  denominators. 
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WRITTEN    EXERCISES 
Rationalize  the  denominators : 


1 

1 

2- V3 

o 

1 

3-V3 

o 

1 

V2-V3 

A 

3 

5. 


1  +  V5 
1 

1-2.  V2 
3 

2  -  3  .  V3 

1 

-sj2^h^-Jh 

10. 


11. 


V2-3.  V7 

a 
a  —  V& 
a 

Va—  V6 


8.  — = — 12. 


^-\-y 


LAWS  OF  EXPONENTS 

302.  .Preparatory. 

1.  What  is  the  meaning  of  a?  ?  Of  a^  ?  Of  a«  ?  (Sec.  32, 
p.  17.)  _  _  _ 

2.  What  is  the  meaning  of  Vo^  ?     Of  v^o^^  ?     Of  Va"  ? 

3.  a2.a3  =  ?       a^.a2  =  ?       a^.a'='^       (Sec.  99,  p.  63.) 

5.    (a2)2  =  ?         (a2)3=?         (c^)2  =  ? 

303.  In  the  Second  Course  negative  and  fractional  ex- 
ponents will  be  defined ;  but  until  this  is  done  literal  ex- 
ponents are  to  be  understood  to  represent  positive  integers 
only. 

304.  Law  of  Exponents  in  Multiplication. 

I.  a'"  •  a'^  =  a'w+^ 

For  a^  =  «•  a  •••  to  m  factors, 

and  a''  =  «  •  a  •  •  •  to  r  factors. 

.-.  a"*  •  a**  =  (a  '  a  '  a  •••  to  m  factors) (a  -  a  •  a  "-  to  r  factors) 
=  a•a•a•a•••to??^^-r  factors 
z=  a^w+r^  by  the  definition  of  exponent. 
Similarly,  a"*  •  a''  •  aP  •••  =  a'"+''+^  •••. 
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ORAL   EXERCISES 
Multiply : 

1.  a^  .  al        4.  a  •  a^  7.  b^  •  b'^.           10.   2^ .  2^ 

2.  a^  .  (xl        5.  a^  •  al  8.  x  -  x\           11.   5  •  5^. 

3.  a*  •  a^.        6.  b^  -  b^  9.  x  -  x  -  x.       12.    (-  1)^ .  (- 1)^ 

13.  7  .  72 .  71  14.  (-a)  .  (-  a)2 .  (-a/. 

305.   Law  of  Exponents  in  Division. 

fwm 

11.  —  =  a""-',  if  m  >  r. 

a'' 

For  a"^  =  a  '  a  '  a  '•'  m  factors, 

and  a^  =  a  •  a  •  a  •••  r  factors. 

.    a^  __  g  '  g  •  •  -  m  factors 
a*"     a  •  a  •••  r  factors 

=  a-a-a---m--r  factors,  canceling  the  r  factors  from  both  terms, 
or  a"*~^,  by  definition  of  exponent. 


Divide : 


ORAL   EXERCISES 


^\ 

6^ 

10^ 

TnP 

1. 

a 

5. 

6^' 

9. 

10^ 

13. 

m^' 

2. 

o^ 

6. 

^ 

10. 

(- 

af 

14. 

mv^ 

a^* 

ar^* 

— 

a 

V 

3. 

a' 
a'' 

7. 

2^ 

2^' 

11. 

6' 
6«' 

15. 

t 

4. 

b' 

8. 

33 

12. 

(- 

ly 

16. 

7rf_ 

b'' 

3'' 

(- 

If 

r 

306.   Laws  of  Exponents  for  Powers. 

HI.    .  {a!^Y  —  a'"^ 

For  («"*)'*  =  «»"  •  a*"  •••  to  r  factors 

=  (a  •  a  •••  to  m  factors)  (a  •  «...  to  m  factors)  to  r  such  parentheses 
=  a  •  a  ■  a  '"  to  mr  factors 
=  .a"*^,  by  definition  of  exponent. 
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ORAL    EXERCISES 

Apply  this  law  to : 

1.  (2y.      4.  (ly.        7.  (x^y.        lo.  (by. 

2.  (sy       5.  (ii^)^       8.  (xy,        11.  K-xyy. 

3.  (2^)2.         6.  (ay.  9.  (x^y.  12.  [(-Byf. 

IV.  (aby=a"b". 

For  (aby=(ab)  •  (a6)  •••  to  w  factors 

=  (a  •  a  •••  to  ?i  factors) (6  •  &  •••  to  7i  factors) 
=  «**?>",  by  definition  of  exponent. 

Similarly,  (abc  ...)«  =  a'^b^'c'*  •••. 

ORAL    EXERCISES 

Apply  this  law  to : 

10.  (a'by, 

11.  {xyzy. 

12.  (i)^)^. 


1. 

(2. 

.3)2. 

4. 

(2.  -3)2. 

7.  ((^ay. 

2. 

(3 

.5)3. 

5. 

(3  .  -By. 

8.    (abcy. 

3. 

(5 

.4)3. 

6. 

(aby. 

9.    (a6)2^, 

V. 

r 

1 

fay 

Kb)    ~  b'  b' 
a  '  a  ' 
b'b- 

a" 

•  •  to  71  factors 

■  to  n  factors 

•  to  n  factors 

=  —  by  definition  of  exponent. 
6" 


ORAL 
Apply  this  law  to : 

EXERCISES 

■•  ©■• 

=■  (?)' 

9.  (-Y. 

-  (^y- 

^  (!)'■ 

••  (i^)" 

10.  f-Y. 

»■  ©'• 

'•  (^7- 

'■  (^y- 

"■  ©■■ 

♦■  (-/)'• 

»■  ©"■ 

-■  (--:y- 

16.  f  "^  )• 

\-!pJ 
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SUMMARY 
I.   Definitions. 

1.  A  radical  is  an  indicated  root  of  a  number.  Sec.  288. 

2.  A  radical  expression  is  an  expression  involving  one  or 
more  radicals.  Sec.  289. 

II.  Properties  and  Operations. 

1.  The  product  of  two  square  roots  is  the  square  root  of  the 
product  of  the  numbers.  Sec.  291. 

2.  Square  factors  may  be  taken  from  under  the  radical 
sign.  Sec.  292. 

3.  Any  factor  outside  the  radical  sign  may  be  placed  under 
the  radical  sign  provided  the  factor  is  squared.  Sec.  293. 

4.  Radical  expressions  whose  radical  parts  are  the  same  may 
be  added  or  subtracted  by  adding  or  subtracting  the  coefficients 
of  their  radical  parts.  Sec.  296. 

5.  The  quotient  of  two  square  roots  is  the  square  root  of  the 
quotient  of  the  numbers.  Sec.  299. 

6.  Multiplying  both  numerator  and  denominator  of  a  fraction 
by  a  factor  that  will  make  the  denominator  rational  is  called 
rationalizing  the  denominator.  Sec.  300. 

III.  Collected  Laws  of  Exponents. 

1.  a"'.a''  =  ar^''.  Sec.  304. 

2.  a"^  -r-  a"  =  a"^-^  (m  >  r).  Sec.  305. 

3.  (cry  =  a'"^  Sec.  306. 

4.  {ahy  =  al'h\  Sec,  306. 

5.  ^^Y  =  ^.  Sec.  306. 


h)       h- 

REVIEW 

WRITTEN    EXERCISES 


1.  Show  by  squaring  that  -\/ba  V3 x  =  Vl5 ax. 

2.  Add  V50,  7  V8,  3  V32. 

3.  Take  V80  from  Vi80. 

4.  Add  V2^,  V2^,  V32S. 

5.  Multiply  1  +  V2  by  1  +  Vi8. 


RADICALS 

AND 

EXPONENTS 

Eationalize  the  denominators : 

6. 

2 
V3 

7.     -^^. 
V7 

8. 

4 
1-V3 
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9. 


Multiply : 

10.    5^-5^     11.    a-a'-a^     12.    (^3)X-Sy.     13.    ic^-aj^-or^. 

Perform  the  indicated  operations : 

14.    (3  ay '(2  by.  15.-    (5  0^)2(5  2/)'.  16.    (aa;)3(a2/)'. 


CHAPTER  XVIII 

INVOLUTION  AND  EVOLUTION 

INVOLUTION 

307.  The  operation  of  raising  an  expression  to  a  given 
power  is  called  involution. 

An  important   case  of  involution  arises  when  the  given 
expression  is  a  binomial. 

308.  Preparatory. 
1.   We  have  already  found  that 

(a  +  6)2  =  a2  +  2  a6  +  b^ 

(a  +  5)3  =  a^  +  3  a'b  +  3  ah'  +  h\ 

The  method  of  multiplication  by  detached  coefficients  (p.  76)  enables 
us  to  write  out  readily  the  coefficients  of  (a  +  6)*.    For 
(a +  6)*  =  («  +  &)(« +  6)3. 
14-3  +  3-fl 
1  +  1 

13      3      1 
13      3      1 


14      6      4      1 

.-.  (a  +  6)4  =  a*  +  4a36  +  6  0252  ^  4  ^53  +  54. 

2.  From  this  find  similarly  (a  +  6)^. 

3.  From  (a +  6)^  find  similarly  (a  +  6)^. 

309.  The  result  of  multiplying  out  a  power  of  a  binomial  is 
called  a  binomial  expansion. 

310.  The  coefficients  of  the  successive  powers  of  a  binomial 
may  be  arranged  in  the  form  of  a  triangular  table ; 

274 
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Expansions  Coefficients 

(a  -{-by  =  l  1 

(a  +  hy  =  a  +  b  11 

(a  +  &)2  =  a2  +  2a6  +  &2  121 

(a  +  &)3  =  a3  +  3  a25  +  3  «ft2  ^  53  13    3    1 

(a  +  6)4  =  a*  +  4  a^b  +  6  a-'6'^  +  4  a&3  +  54  14    6    4     1 

I    .r  1 1    i  u     ^'' 
Supply  the  next  two  lines,  using  the  results  of  Exercises  2 

and  3,  Sec.  308. 

The  table  on  the  right  is  called  Pascal's  triangle,  and  the 

numbers  the  binomial  coefficients. 

Each  number  of  Pascal's  triangle  is  the  sum  of  the  number, 

directly  above  it  and  the  number  to  the  left  of  that. 

That  this  must  be  so  follows  from  the  process  of  multiplying  by  a  4-  6, 
and  is  readily  seen  when  the  method  of  detached  coefficients  is  used. 
The  table  enables  us  easily  to  write  expansions  of  successive  powers 
of  a  +  6. 

311.  Any  expression  that  can  be  put  into  the  form  of  a 
binomial  expansion  may  be  written  as  a  power  of  a  binomial  by 
inspection. 

For  example  : 

1.  16  a;4  -  32  x^y  +  24  xV  ^Sxy^  +  y^ 

=  (2  ic)4  -  4  .  8  ajs^/  +  6  .  4  a;2y2  _  4  .  2  a;?/3  4. 2/4 

=  (2xy-{-i'  (2  x)3(-  y)  +  6(2 xy(-  yY  +  4(2  a;)(-  y)^  +  (-  yY 

=  {2x-  yy. 

2.  rt3  +  3  (^25  4.  3  05^2  +  53  _  3  ^2c  _  6  abc  -  3  62c  +  3  ac2  +  3  bc^  -  c^ 
=  (a  +  by  +  3(a  +  6)2(-  c)+  3(a  +  6)(-  c)2+(-  cy 

=  {a-\-b-  cy. 

ORAL  EXERCISES 

Express  as  a  power  of  a  binomial : 

1.  -a^  +  3a^-3a  +  l. 

2.  a^2^3a«  +  3a*  +  l. 

3.  1-3  0^^4-3  i^-a;^'^. 

4.  aj^-3  a^y +3  xY-y^ 

5.  8a^-12a2^>  +  6a&2_&^ 

6.  cc^  —  4  x^y  +  6  a?^y^  —  4  o:?/^  +  y*. 
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7.  a?*  —  4  0^  +  6  0?^  —  4  a;  +  1. 

8.  (2xy-4.(2xy  +  6(2xy-4:(2x)+l. 

9.  16ic^  +  32a^-f  24a;2  +  8aj  +  l. 

10.  16x^-S2s^-^24:x'-Sx-\-l, 

11.  a'-5a'  +  10a^-10a'  +  5a-l. 

12.  a^  +  2  a&  +  &'  -  2  ac  -  2  6c  +  cl 

13.  (2  a)^  +4(2  a/  +  6(2  af  +  4(2  a)  +  1. 

14.  a^  +  5  x^y  +  10  ajs?/^  +  10  xY  +  5  a;/  +  ^/^ 

15.  (a  -  &)^  -  4  (a  -  6)^0  +  6  (a  -  6)V  -  4  (a  -  6)c^  +  c^ 

16.  x^  -  6  0^(2  y)  +  15  a?^(2  2/)'  -  20  a^{2  yf  +  15  a^(2  yf- 
^x{2yy-\-{2y)\ 

17.  State  in  order  the  coefficients  in  the  expansion  of  a 
binomial  of  the  fourth  degree.  Of  the  third  degree.  Of  the 
fifth  degree. 

312.    The  Binomial  Formula.     It  can  be  proved  that 

(a  +  by  =  a"  +  na^-'h  +  <'' '  ^>a-^6^  +  <''  -^^^"^  '  ^\^-^b' 

^(n-l)(r,-2)(n-3)       ,^4      _ 
^  2.3.4  «     ^  +-    . 

This  is  known  as  the  binomial  formula. 

The  factor  1  is  understood  in  each  denominator  ;  and  by- 
denoting  the  product  1  •  2  .  3  by  3  !  (read  "  three  factorial ''), 
and  generally  1 . 2  •  3  ...  A;  by  Zc  !,  the  above  formula  can  be 
written  : 

(a  +  hy  =  a-  +  na--^h  +  H^-^)^""^^^  +  n{n-\){n -2^  ^^_,y, 

2!  3! 

^  n(^-l)(n-2)(7i-3)^._,^, ^^_^ 
4! 

The  law  according  to  which  the  terms  are  written  is  as  follows :  the 
factorial  number  in  the  denominator  is  the  exponent  of  h  ;  the  exponent 
of  «  is  w  diminished  by  that  of  h\  the  numerator  of  the  coefficient  is  a  prod- 
uct of  factors  beginning  with  n,  decreasing  successively  by  1,  and  ending 
with  that  in  which  n  is  diminished  by  one  less  than  the  factorial  number 
in  the  denominator. 

The  symbol  |^  is  also  used  with  the  same  meaning  as  k  \ 
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WRITTEN   EXERCISES 

1.  Test  the  binomial  formula  just  given  for  n  =  3. 

^€t  should,  of  course,  reduce  to  the  known  expression  for   (a  +  6)3. 

She  formula  comes  to  an  end  because  the  factor  n  —  S  occurs  in  all  the 
l-ms  after  a  certain  one,  and  when  n  =  3,  this  factor  is  zero. 

2.  Test  similarly  for  7i  =  4,  5,  6,  2,  1. 
Expand : 

3.  (x-^yy.  7.    (x-iy.  11.  (ab-cdy. 

4.  (x-yy,  8.    (x-2yy.  12.  {t~uy, 

5.  (x-yy.  9.    (ab-i-iy.  13.  (3  a -{-by. 

6.  {x-\-yy.  10.    (bc—iy,  14.  (x-\-5y. 

15.  Write  the  next  two  terms  of  the  binomial  formula  as 
given  in  Sec.  312. 

16.  Observe  that  if  the  successive  terms  were  written  accord- 
ing to  the  same  law,  the  tenth  term  of  the  binomial  formula  would 

be,  ^(^-1)(^-^)  ••'  (^-^)a"-969.    Write  the  fifteenth  term. 

17.  By  reference  to  the  binomial  formula,  state  the  number 
of  the  last  term  written  in  the  following  expression  : 

8.' 


(x-^2yy  =  a^-\-Sx\2y)-{-^xX2yy-\- 


i  •  7  •  6  •  5  •  4  •  3  o/o  \f5  . 
x^(2yy-\- 


6! 

Write  the  first  three  terms  and  the  seventh  term  in  the  ex- 
pansion of  each  of  the  following  : 

18.  {x  +  yy'\  20.    {ab-yy\  22.    {2x--iy. 

19.  (l  +  5ajy^  21.    f^-hfY'.  23.    (4a;  +  3)2o. 

v^    3y 

24.  Eeduce    the    terms    written    in   Exercise   21    to   their 
simplest  form. 

25.  If  the  expansions  in  Exercises  18-23  were  written  out 
in  full,  how  many  terms  would  each  have  ? 
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26.  In  each  of  Exercises  18-23,  determine  whether  or  not 
there  is  a  middle  term  in  the  expansion.  If  there  is  a  middle 
term : 

(a)  Determine  its  number. 

(b)  Write  it  out,  without  simplifying. 

(c)  Simplify  the  result. 

EVOLUTION 

313.  The  process  of  extracting  an  indicated  root  is  called 
evolution.  The  most  important  case  of  evolution  is  the  ex- 
traction of  square  root. 

All  the  numbers  that  we  have  hitherto  considered,  whether  positive  or 
negative,  have  positive  squares ;  none  of  them  has  a  negative  square, 
consequently  the  square  root  of  a  negative  number  (as,  for  example, 
V— 5)  has  no  meaning  at  this  stage  of  our  work,  but  will  be  explained 
later  (Second  Course.     Sec.  137,  p.  90). 

314.  Preparatory. 

1.    [±(m  +  n)f  =  ?  Hence,  -Vm^ -{-2  mn-^n^  =  ? 


2.    [±(m-f  2n)]2  =  ?      Hence,  Vm^  +  4  mn -f  4  ti^  =  ? 


3.    [±(a-3)]2=?  Hence,  ■Va^-6a-\-9  =  ? 

315.  Square  Root  by  Inspection.     The  formula 

shows  that  when  one  of  the  terms  of  the  trinomial  is  twice  the 
product  of  the  square  roots  of  the  other  two,  the  trinomial  is 
the  square  of  the  sum  of  these  square  roots.  By  aid  of  this 
relation  the  square  roots  of  certain  trinomials  can  be  found 
readily  by  inspection. 

For  example  : 


V^a'^— 12  ab-\-9b^  =  ±  (2  a- Sb),  since  -  12  ab  is  twice  the  product 
of  the  square  roots  of  4  a^  and  9  62.  These  roots  must  be  taken  with  oppo- 
site signs  in  this  case  because  twice  their  product  is  to  be  negative. 
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ORAL   EXERCISES 

rind  the  square  root  of : 

1.  x'^-2x-\-l.  12.   a^-\-2-\-a-\ 

2.  a:2_|_4^^4  13.    x-{-2  +  x-\ 

3.  x^-2xy-\-y\  14.    x*"" -{-2x^"y'' +  y^K 

4.  40^  +  80^  +  4.  ^^    a'^-6a'4-^9by. 

5.  a^b'^  +  2ab  +  l.  ^^    a-^-2a-'^bi  +  bK 

6.  a^_4a64-46l  ^^    25a^-10a^+l. 

7.  4.m'-4.mn-\-n\  18.   25  a^-SO  a&  +  9  61 

8.  a^^^  +  2  a6c  +  cl  19,   4:9  cv'b^  -  U  a^b -\- a\ 

9.  a^4_4^_^4  2^^    16  o^y-f  40x^:2 +  25  2/^:22. 

10.  16a;«  +  8aj^  +  l.  21.   25  a^6V  +  10  a^&c^  +  c«. 

11.  4.a'b^-Aab  +  l,  22.   4^^_20pt^^  +  25i)l 

316.  Square  Roots  of  Arithmetical  Numbers.  The  square 
root  of  arithmetical  numbers  can  be  found  approximately  by 
inspection. 

EXAMPLES 

1.  Find  approximately  Vl9. 
19  lies  between  16  and  25. 

Therefore,  \/l9  lies  between  VlG  and  \/25,  or  between  4  and  5. 
That  is,  Vl9  is  4  plus  a  decimal. 

2.  Find  approximately  V643. 

643  lies  between  400  and  900. 

Therefore,  V643  lies  between  V400  and  V900,  or  between  20  and  30. 

That  is,  it  is  20  plus  a  number  less  than  10. 


3.    Find  approximately  V4678. 

4678  lies  between  3600  and  4900. 

Therefore,  \/4678  lies  between  \/3600  and  V4900,  or  between  60  and 
70. 

That  is,  it  "is  60  plus  a  number  less  than  10. 

The  numbers  to  be  added  in  any  case  will  not  change  the  first  figure 
of  the  root  found.     That  is,  by  inspection  we  can  find  exactly  the  first 
figure  of  the  square  root. 
19 
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ORAL   EXERCISES 
State  the  first  figure  of  the  square  root  of  each  number : 

1.  24.  5.   219.  9.   1247.  13.   8500. 

2.  51.  6.   317.  10.   1721.  14.   6274. 

3.  73.  7.   843.  11.   4693.  15.   9200. 

4.  96.  8.   999.  12.   4000.  16.   53,249. 

317.  Pointing  off  into  Periods.  Since  10^  =  100,  we  know 
that  the  square  root  of  any  number  greater  than  1  but  less  than 
100  is  less  than  10.     Its  integral  part  consists  of  one  figure. 

Since  100^  =  10,000,  we  know  that  the  square  root  of  any 
number  greater  than  100  but  less  than  10,000  is  greater  than 
10  but  less  than  100. 

That  is,  if  the  given  number  has  3  or  4  digits  in  its  integral 
part,  its  square  root  will  have  2  digits  in  its  integral  part.  If 
larger  numbers  are  given,  the  above  reasoning  can  be  repeated 
for  1000^,  etc.,  showing  that  in  all  cases  if  the  number  be 
pointed  off  into  periods  of  2  digits  each  (or  possibly  fewer  in 
the  left  period),  then  each  period  will  correspond  to  a  digit  of 

the  root. 

«• 

Thus  in  67'62'31,  there  are  three  periods,  therefore  there  are  three 
places  in  the  integral  part  of  the  root.  Since  67  lies  between  64  and  81, 
the  square  root  of  67  is  approximately  8,  and  that  of  676,231  is  approxi- 
mately 800. 

ORAL  EXERCISES 
By  the  method  above  state  an  approximate  square  root  of: 

1.  12'36.                      6.    l'25'OO.  11.  43'21'00. 

2.  30'95.                      7.  8'23'00.  12.  58'61'23. 

3.  4518.                     8.   8'39'99.  13.  58'94'55. 

4.  85'00.                      9.   67'50'00.  14.  99'93'33. 

5.  50'00.                    10.   75'00'00.  15.  83'46'25. 
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318.    When  the  first  digit  of  the  square  root  has  been  found 
by  inspection,  the  process  may  be  continued  thus ; 

EXAMPLE 


Find  V2209: 

1.  The  approximate  value,  as  above,  is  40. 

*  2.  Let  V2209  =  40  +  r,  where  r  is  less  than  10. 

3.  .-.  2209  =  (40  +  r)2  =  402  +  2  .  40  •  r  +  ^2. 

4.  .-.  2209  -  402  nr  2  .  40  •  r  +  r2,  or  609  =  80  r  +  r\ 

5.  Then  609  is  greater  than  80  r,  or  ^^-^  is  greater  than  r. 

6.  But  -%%9-  =  74.  decimal.* 

.  • .  7  +  decimal  is  greater  than  r,  and  it  is  possible  that  7  =  r. 
Trying,  we  find  that  80  •  7  +  72  =  609. 
That  is,  r  =  7. 

Therefore,  \/2209  =  40  +  7  =  47. 

WRITTEN  EXERCISES 
Use  the  above  process  to  find  the  square  roots  of : 

1.  625.                6.    441.  11.    1225.  16.  9801. 

2.  169.                7.   1024.  12.    3025.  17.  7225. 

3.  361.          ■     8.    8464.  13.    7744.  18.  9025. 

4.  256.               9.  4225.  14.   5625.  19.  6889. 
6.   6724.            10.   1521.  15.   2025.  20.  8281. 

319.  When  once  an  approximate  value,  a,  has  been  found  for 
the  root,  an  approximate  value  for  the  remainder,  r,  of  the  root 
can  be  found  by  means  of  the  formula :  (a  +  rf  =  a^  +  2ar  +  r^. 

1.  Let  n  denote  the  number  whose  square  root  is  sought,  a  denote  the 
approximate  root  at  any  stage,  and  r  the  remainder  of  the  root. 

2.  Then,  n  =  {a -^  r^  =  a^, -^r  ^  ar -\-  ¥^. 

3.  .-.  n-a2  =  2ar  +  r2. 

4.  Or,  n  —  ^2  is  greater  than  2  ar,  or,  ^  ~  ^  is  greater  than  r. 

2a 

6.   Hence, may  he  tried  as  an  approximate  value  of  r. 
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320.  What  precedes,  may  be  formulated  into  a  process  or 
working  rule,  thus : 

1.  Point  off  the  number  into  periods  of  ttvo  figures  eachy  be- 
giyming  at  units'^  place  (at  the  decimal  point). 

2.  By  inspection  find  the  largest  integer  whose  square  is  not 
greater  than  the  left  period.    (In  Example  A  it  is  9.) 

3.  Use  this  integer  as  the  first  digit  of  the  ^^'^q*o 
root.  Subtract  its  square  from  the  left  period.  (In  qaJoI 
Example  A  this  square  is  81.)  ^. 

4.  Bring  dow7i  the  next  period.  (In 'EiKSimiple  A  ^g  "^64 
this  makes  364.)  Ig2      364 

5.  Multiply  the  part  of  the  root  already  found 

by  2.   This  number  is  called  the  trial  divisor.     (18  in  Example  A.) 

6.  Divide    the   remainder    {omitting    the 

right  digit)  by  the  trial  divisor  and  use  the  *^    0    r    Q 

digit  found  as  the  next  digit  of  the  root. 
(In  Example  A,  36  -^  18  =  2.) 

7.  Annex  this  digit  to  the  trial  divisor. 
This  forms  the  complete  divisor.     (182  in  A.) 

8.  Multiply  the  complete  divisor  by  the 
digit  of  the  root  just  found  and  subtract. 

Note.  It  may  happen  that  the  product  to  be 
subtracted  is  larger  than  the  number  from  which  it 
is  to  be  subtracted.  This  indicates  that  the  trial 
divisor  produced  too  large  a  digit.  Try  the  next 
smaller  digit  for  the  figure  of  the  root  last  found.      Eoot 

9.  Repeat  the  steps  4  ^o  8  until  all  of  the  dumber  2'00. 
periods  have  been  brought  down.  ^ 

If  the  last  remainder  is  zero,  as  in  Example  B, 
the  process  is  ended,  the  given  number  is  a  perfect 
square,  and  its  root  has  been  found  exactly.  If  the 
last  remainder  is  not  zero,  as  in  C,  the  process 
may  be  continued  as  far  as  desired  by  supplying 
zeros. 

Test.     The  square  of    the  root,   if  complete,  604 

equals  the  given  number. 


>ber 

9'41'.87'61 

6 

9 
41 

60 

4187 

606 

3636 

612 

55161 

6129  65161 

(C) 

1  4.  1  4+ 

2 

100 

24 

96 

28 

400 

281 

281 

282 

11900 

2824 

11296 

EVOLUTION 


283 


321.  When  a  number  contains  a  decimal  the  decimal  point  of 
its  root  is  placed  between  the  figures  furnished  by  the  integral 
periods  and  those  furnished  by  the  decimal  periods  (as  in  C 
p.  282). 

WRITTEN   EXERCISES 
Find  the  square  roots  : 

1.  361.      3.    625.      5.   2025.      7.   177,241. 

2.  784.      4.   841.      '6.   1936.      8.    120,409. 

Find  the  square  roots  to  two  decimal  places : 

11.  2.25.  14.   19.36.  17.   2000. 

12.  7.84.  15.    90.25.  18.    0.03. 

13.  6.25.  16.    1.21.  19.    5. 

322.  To  find  the  square  roots  of  fractional  numbers,  either  first 
reduce  the  fraction  to  a  decimal  or  extract  the  square  root  of  both 
numerator  and  denominator. 


9. 

4.fiM,lU 

10. 

4,888,521 

20. 

3. 

21. 

111. 

22. 

0.00111. 

WRITTEN   EXERCISES 
Find  the  square  roots  : 
1. 


t\V 

3. 

III. 

5. 

3W5. 

7. 

622521 
724201' 

Mf 

4. 

36  1 
841* 

6. 

Iff. 

8. 

7695076 
7371225 

9.  The  area  of  an  equilateral  triangle  of  side  s  is  known 
to  be  is^VS.  Find  the  side  of  an  equilateral  triangle  whose 
area  is  9  V3  sq.  in. 

Suggestion  :     Solve  the  equation  \  s^  VS  =  9  V3  for  s. 

10.  The  altitude  of  an  equilateral  triangle  is 
|-sV3.  Find  the  side  of  an  equilateral  tri- 
angle whose  altitude  is  128  V3  ft. 

11.  Each  section,  as  ABC,  of  the  bridge  truss   shown  in 

the  picture  is  an  equilateral  tri- 
angle. Find  the  height,  /i,  of  the 
bridge. 

12.  If  the  side  of  an  equilateral 
triangle  is  10  ft.,  find  the  altitude 
within  .01  ft. 
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13.  It  is  known  that  if  the  sides  of  a  parallelepiped  are 
a,  b,  and  c,  the  diagonal,  d,  is  Va^  4-  ^^  +  cl  If  the  sides  of  a 
parallelepiped  are  20  yd.,  30  yd.,  and  50  yd.,  find  its  diagonal 
within  .001  yd. 

14.  It  is  known  that  the  volume  of  a  frustum  of  a  pyra- 
mid   of    altitude    h    and   of   bases   with   areas   bi   and   62  is 

-(&i  +  ^2+  V&A)-     ^ind  the  volume  (within  .01  cu.  ft.)  of  a 

frustum  whose  bases  are  20  sq.  ft.  and  90  sq.  ft.   and  whose 
altitude  is  15  ft. 


16.  Compute  Vs(s  — a)(s  — 6)(s  — c)  within  .01  in.,  when 
s  =  18.5  in.,  a  =  10  in.,  b  =  15  in.,  c  =  12  in. 

Solve  and  compute  the  values  of  the  roots  to  three  places : 

16.    9aj  +  ^-=21.  17.    80 oj- 16.1 0^2  =  21. 

x  —  1 

323.  Square  Roots  of  Polynomials.  The  square  root  of  every 
polynomial  that  is  a  square  may  be  extracted  according  to  the 
process  given  in  Sec.  320,  p.  282. 

EXAMPLE 

Extract  the  square  root  of  a^  —  2  ab  +  b^  —  2  ac  -{-  2  be  -\-  c^. 

Root  a  —  b  —  c. 

Power 


«2- 

-2ab 
-2ab 

—  2  ac 

-hb^ 

+  2  6c  +  c2 

-2ac 
-2ac 

+  2  6c  +  c2 
+  2  6c  4-  c2 

1.  As  far  as  possible,  arrange  the  terms  according  to  the  descending 
powers  of  some  letter,  as  a  in  this  case. 

2.  The  square  root  of  the  first  term  is  the  first  term  of  the  root.  (Cor- 
responds to  steps  2,  3,  Sec.  320.) 

3.  Divide  the  second  term  of  the  power  by  twice  the  first  term  of  the 
root,  2  a  in  this  case.  The  result  is  the  second  term  of  the  root.  (Steps  5, 6.) 

4.  Subtract  from  the  power  the  square  of  the  binomial  found. 
6.   If  there  is  a  remainder  (as  —  2  ac  +  2  6c  +  c^  in  this  case)  it  shows 

that  the  power  contains  the  square  of  a  trinomial  and  that  there  is  at 
least  another  term  in  the  root. 

This  term  (c)  is  found  by  dividing  the  remainder  by  twice  the  part  of 
the  root  found  [2  (a  —  6)  in  this  case],  for  the  same  reason  as  in  the 
square  root  of  numbers.     (Step  6.) 
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6.  The  square  of  the  entire  root  so  far  found  {a  —  h  —  c)2  must  now 
be  subtracted.  We  have  ah-eady  subtracted  the  square  of  the  first  part 
of  the  new  binomial  \_(a  —  b)^  in  this  case].  Therefore,  subtract  the  rest 
of  the  square  [-  2  («  -  6)  c  +  c2,  or  -  2  ac  -f  2  6c  +  c2]. 

Briefly,  the  trial  divisor,  2(a  -  &),  is  augmented  by  the  next  term, 
—  c,  resulting  in  2  (a  —  &)  -  c,  and  this  is  multiplied  by  —  c.  This  gives 
the  part  —  2  (a  —  6)  c  +  c^,  still  to  be  subtracted.  This  is  analogous  to 
what  is  done  in  extracting  the  square  roots  of  numbers.  (Steps  7,  8, 
Sec.  320.) 

If  there  is  a  new  remainder,  divide  it  by  twice  the  entire  part  found  and 
proceed  as  before. 

Test.     Square  the  root.     The  result  should  be  the  power. 

WRITTEN   EXERCISES 
Extract  the  square  root  of : 

2.  16x'y^  +  ^0xyh  +  25yh\        6.    l-\-4.x  +  10x'+12  x^-\-9x\ 

3.  4a;*+4ar'4-5aj2  +  2a;4-l.     6.    9a;*+12a^-^4-22ic2+12  a;  +  9. 

7.  9ci2  +  12a6-f 462  +  6ac  +  46c4-cl 

8.  l-6x-\-15x'-20x^-^15x*-6x^  +  x\ 

9.  x^-4.x^-\-6x'  +  2x^-llx'-^6x-^9, 

324.  The  process  of  the  preceding  section  may  be  used  to 
approximate  the  square  root  of  any  polynomial. 

Thus  the  square  root  of  1  —  x^  to  three  terms  is  found  as  follows : 

Eoot     1  _  ^  _  ^ 


Power  1  —  X^ 
12; 


^(-f)-f^ 


—  5c2  H —  ;  (1 )    has  now  been  subtracted. 

4      V        2/ 


K'-f)H)- 


64' 


/J.4        7^        ^8  /  /V.2        r4\2 

-^  +  ?  +  — ;   (1-----)     has   now  been 


subtracted. 


—  ^  —  ^ 
8      64 

Test.     The  square  of  the  root  found  plus  the  remainder  should  be  the 
given  expression. 
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WRITTEN    EXERCISES 
Find  the  square  root  of  each  expression  to  three  terms: 
1.1-  X.         3.  a^  +  b.  5.1-2  a.         7.  16  cr  +  12  ab 

2.  4  +  ic.         4.  x^  +  xy.  6.  16  +  ^^^«       S*  9m^  -\-  9  mn. 

SUMMARY 

1.  Raising  numbers  to  powers  is  called  involution,  and  ex- 
tracting roots  is  called  evolution.  Sees.  307  and  313. 

2.  A  binomial  expansion  is  the  result  of  multiplying  out  a 
power  of  a  binomial.  Sec.  309. 

3.  Any  expression  which  can  be  put  into  the  form  of  a 
binomial  expansion  can  be  expressed  as  a  power  of  a  binomial 
by  inspection.  Sec.  311. 

4.  T]\Q  binomial  formula  is: 

(a  4-  by  =  a"  +  na^-'b  +''^''  ~  ^^  ^n-2^2^>^(^  -  ^)  fa  -  '^) a-%^ 
_^n(n-l)(n-2)(n-3)^„_,^,^__        Sec.  312. 

5.  The  square  roots  of  trinomials  of  the  form  a^  -\-  2  ab  -\-  b^ 
can  be  found  by  inspection.  Sec.  315. 

6.  The  general  process  for  finding  square  roots  is  based 
upon  the  formula  (a  +  ry  =  a^  +  2  ar  +  ?•-.  Sec.  319. 

7.  To  extract  the  square  root  of  a  fraction,  first  reduce  the 
fraction  to  a  decimal,  or  extract  the  square  root  of  both  numer- 
ator and  denominator.  Sec.  322. 

REVIEW 

WRITTEN    EXERCISES 

Extract  the  square  root  of: 

1.    14,64L  2.    1.5625.  3.    a'  +  2a'x  +  x'. 

4.  9a^  +  12a'^-20a2-16a  +  16. 

5.  a-4-^^'  +  4c2-2a?>-f4ac-46G. 

6.  ?>i^  +  4  am^  +  6  a^m^  +  4  a^m  +  a^. 
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8.   aj6-6a;^  +  15aj*-20a;3_^15^^_g^^l^ 


Expand  by  the  binomial  formula : 
9.    (a  +  iy.  12.    (a^  +  5/. 

10.  (aoj  +  l/.  13.    (ax2-2  2/y. 

11.  {mx'-lf.        14.    (3a;2-^/. 


15. 

16. 

/I      1  • 

\2x'     Zy\ 
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SUPPLEMENTARY  WORK 

Cube  Root  of  Arithmetical  Numbers. 

Pointing  off  into  Periods.  Since  10^  =  1000,  we  know  that  the  cube 
root  of  any  number  greater  than  1  but  less  than  1000  is  less  than  10. 
Its  integral  part  consists  of  one  tigure. 

Since  100^  =  1,000,000,  we  know  that  the  cube  root  of  any  number 
greater  than  1000  but  less  than  1,000,000  is  greater  than  10  but  less 
than  100.  That  is,  if  the  given  number  has  from  4  to  6  digits  in  its  in- 
tegral part,  its  cube  root  will  have  2  digits  in  its  integral  part.  If  larger 
numbers  are  given,  the  above  reasoning  can  be  repeated  for  1000^,  etc., 
showing  that  in  all  cases  if  the  number  be  pointed  off  into  periods  of  3 
digits  each  (or  possibly  fewer  in  the  left  period),  then  each  period  will 
correspond  to  a  digit  of  the  root. 

The  cube  root  of  the  left  period  can  be  found  approximately 
by  inspection,  and  the  number  so  found,  with  a  zero  annexed 
for  each  other  period,  will  be  an  approximate  value  for  the 
root. 

EXAMPLE 

Find  ^/481890304. 

Pointing  off  as  above : 

481'890'304. 

By  trial  we  find  7^  =  343,  and  8^  =  512.  Hence  700  is  an  approximate 
value  for  the  root.  It  may  be  verified  that  700^  is  less  than  the  giyen 
number,  and  that  800^  is  more  than  the  given  number.  That  is,  the 
hundreds'  figure  of  the  root  is  7. 

WRITTEN   EXERCISES 

Find,  as  above,  the  first  figure  of : 


1-    -v/493039.  3.    V57066625.  5.    V1345572864. 

2.    A./2924207.  4.    ^254840104.  6.    -v/62287505344. 

When  once  an  approximate  value  a  has  been  found  for  the 
root,  an  approximate  value  for  the  remainder,  r,  of  the  root 
can  be  found  by  means  of  the  formula : 

(a  +  7')'  =  a^  -f  3  aV  +  3  ar^  +  r^. 
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For  example : 


In  \/238328  we  find  as  above  that  a  —  60. 

Then,  a^  +  3  a^r  -f  3  ar2  +  r^  =  238'328,  the  whole  cube, 

Subtracting   a^ —216  000, the  cube  of  the  part  found, 

3  aP-r  +  3  ar^  +  r^  =   22'328,  the  first  remainder. 

Since  something  must   be  added  to  3  aV  to  make  it  equal  to  22,328, 

3  aV  is  less  than  22'328, 

22 '328 

or  r  is  less  than 

3  d^ 

Consequently,  the  first  figure  of  this  quotient  will  either  be  the  first 

figure  of  T  or  greater  than  it.     In  this  instance  3  a^  is  10,800,  hence  the 

first  figure  of  the  quotient  is  2. 

Trying  2  as  r,  we  have  to  calculate  3  a^^.  +  3  ar'^  +  y^.    This  is  most 
conveniently  done  by  using  the  form  {Z  a?-  -{■  Z  ar  -^^  r^^r. 


We  have  already                      3  d^  ^  1080 
We  find :                                   3  ar  =     36 

Adding  :                  Z  a^ -\- ^  ar  +  r^  =  1116 
Then,                 r(3  a?^Zar-{-  r^)  =  2232 

The  calculation  should  be  arranged  thus 

0 
0 
4 
4 

8 

6     2 

a^  = 

238'328 
216  000 

Trial  divisor  :                          Sa^=:  10800 
3  ar  =r  3  .  2  .  60  =      360 

r2  =  22  =         4 

22328 

Complete  divisor :                             11164 

22328  or  2.11164 

If  the  root  consists  of  more  than  two  figures,  the  above  work  is  repeated, 
using  the  part  of  the  root  already  found  as  a. 

If  it  should  happen  that  the  product  of  r  and  the  complete  divisor  is 
larger  than  the  remainder  of  the  number,  try  the  next  smaller  digit  for  r. 

When  necessary,  periods  are  pointed  off  to  the  right  of  the  decimal 
point. 

WRITTEN    EXERCISES 

Find:   • 

1.  v^74088.  3.    ^2803221.  5.    ^55306341. 

2.  ^148877.  4.    -^^16387064.  6.    VU3055667. 
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Find  to  one  decimal  place : 
7.    a/ 637.  8.    a/3485.  9.    ^263488. 

Find  to  two  decimal  places : 
10.    -^5.  11.    -v/17.  12.    -v/269.  13.    \/I7m.         i 

Cube  Root  of  Polynomials 

The  cube  roots  of  polynomials  may  be  extracted  in  a  similar 

manner : 

EXAMPLE 

Extract  the  cube  root  of  27  aj^  -  27  x^y  -^9xy^-  f. 

Root  Sx  —  y 


a3  +  3  aV  4-  3  ar2  +  r3  =  Power      27  x^  -  27  xHj  +  9  5c?/2  _  y^ 

a  =  Zx  a^={^xy  =  27x3 

Trial  divisor  =  21  x'^    .'.r  =— y  —  27  x^y  +  9 xy2  _  ^/S 

Complete  divisor  =  [3(3  x)2  +  3(3  x)y  +  2/^]  -  27  x^y  +  9  xy^  -  ys 

Explanation. 

1.  Arrange  the  expression  in  the  order  of  the  powers  of  some  letter, 
as  X, 

2.  Take  the  cube  root  of  the  first  term  of  the  power  for  the  first  term 
of  the  root,  as  3  x. 

3.  Divide  the  second  term  of  the  power  by  3  times  the  square  of  the 
first  term  of  the  root.  The  result  is  the  second  term  of  the  root, 
as  —  ?/. 

4.  If  a  denote  the  approximate  value  of  the  root  already  found  (3  x  in 
the  above  instance),  and  r  the  value  to  be  used  as  the  next  term  {—  y  m 
the  above  instance),  form  the  complete  divisor  3  a^  +  3  ^^  + 1.2^  multiply 
it  by  r,  and  subtract. 

6.  If  there  is  a  further  remainder,  proceed  as  before,  using  the  entire 
part  of  the  root  already  found  as  a. 

WRITTEN    EXERCISES 
Extract  the  cube  root  of : 

1.  8a^-|-12a;2  +  6aj4-l.  4.   0? -Za?y -\-Sxy'^ -y\ 

2.  27-27  a;  +  9a;2_aj3.  5.    Sx^ -12  x^^^x" -1. 

3.  %  a^W -12  a'h'' -It  ^  ah -1,     6.   x'''  -  3  a^m -{- 3  x^rri'  -  m\ 
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ADDITIONAL  EXERCISES 

(a     x\}-^ 

1.  Find  the  middle  term  of  the  expansion  of    -  +  -  )   • 

\x     a] 

2.  Eaise  98  to  the  5th  power  by  the  binomial  theorem. 
Suggestion.     Use  100  -  2  for  98. 

3.  Solve  the  equation  (x  -f-  2)^  -  (^  -  2)^  ^  2\ 

Suggestion.  Expand  by  binomial  theorem,  indicating  the  powers  of 
2.  Perform  the  subtraction  and  in  the  result  put  x^  =  ?/,  obtaining  a 
cubic  equation  in  y  with  i/  as  a  factor.  Either  ?/  =  0,  or  the  quadratic 
factor  =  0.     Find  the  value  of  x  under  each  supposition. 

4.  Find,  in  its  simplest  form,  the  13th  term  of  (l  —  xy\ 
when 

^         {b-ay 
a 

5.  Find  in  its  simplest  form  the  middle  term  of  the  expan- 
sion of 

/2'h9~^     17-A\2o 

6.  Find  the  ratio  between  the  6th  term  in  the  expansion  of 
^    and  the  5th  term  in  the  expansion  of  (  ■ 


! 
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Polynomials,  27  ;  of  Equations, 
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177. 
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100  ;  Law  of  Exponents  in,  97  ; 
Law  of  Signs  in,  99 ;  of  Poly- 
nomials, 101 ;  of  Fractions,  141. 
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ing, 10,  12,  196,  199;  Proper- 
ties of,  11,  196;  of  One  Un- 
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114,  222;  Simultaneous,  117; 
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Three  Unknowns,  235  ;  of  More 
than  Three  Unknowns,  240. 

Evolution,  80,  278. 

Exponents,  17  ;  Laws  of,  269. 

Factoring,  77,  82,  85,  175;  Used 
in  Fractions,  184 ;  Used  in 
Equations,  185. 

Factors,  16 ;  Literal,  16 ;  Numer- 
ical, 16  ;  Prime,  17  ;  Repeated, 
63  ;  Common,  90  ;  Highest  Com- 
mon, 90,  191. 

Forms,  202,  251  ;  Linear,  202 ; 
Quadratic,  251. 

Formulas,  200,  222. 

Fractions,  123 ;  Numerator  and 
Denominator  of,  123  ;  Terms  of, 
123 ;  Lowest  Terms  of,  123 ; 
Signs  of,  124,  134;  Law  of 
Signs  in,  124 ;  Reduction  of, 
128  ;  Law  of  Exponents  in,  129  ; 
Common  Denominator  of,  131  ; 
Lowest  Common  Denominator 
of,  131 ;  in  Equations,  145,  228 ; 
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Complex,     157 ;     Simple,     158 ; 
Clearing  of,  197. 
Functions,     212 ;      of    Dependent 
Variable,  212 ;    of  Independent 
Variable,  212. 

Graphs,  36,  43,  168,  207,  232. 

Homogeneous  Expressions,  96. 

Involution,  63,  274. 

Method  of  Addition  and  Subtrac- 
tion, 117  ;  of  Substitution,  119. 

Monomials,  22,  24. 

Multiples,  90,  91  ;  Common,  91  ; 
Lowest  Common,  91,  194. 

Multiplication,  of  Monomials,  63, 
66 ;  Law  of  Exponents  in,  63 ; 
of  Relative  Numbers,  65  ;  Law 
of  Signs  in,  65  ;  of  Polynomials, 
68,  71;  of  Fractions,  137;  of 
Radicals,  267. 

Notation,  Literal,  1. 

Numbers,  Relative,  32,  33 ;  Posi- 
tive, 34  ;  Negative,  34  ;  Signed, 
35. 

Order  of  Operations,  19. 
Ordinates,  211. 

Parentheses,  20,  21,  70. 
Plotting,  173. 
Polynomials,  22,  26. 
Power,  17. 
Pro  Rata,  163. 
Product,  16. 
Proportion,  162. 

Quadrant,  210.  "'"'"" 

Quadratic  Equat(ons,  198,  ^50; 
Complete,      26%;      Incomplete, 
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Pure,      252  ;      Affected, 


252; 
252. 
Quotients,  Special,  109. 

Radical  Expressions,  264  ;  Prop- 
erties of,  264  ;  Addition  of,  266  ; 
Subtraction  of,  266 ;  Multipli- 
cation of,  267. 

Ratio,  160. 

Rationalizing,  Factors,  268 ;  the 
Denominator,  268. 

Reciprocal,  141. 

Roots  of  Equations,  10,  196. 

Signs,  2  ;  of  Operation,  2,  35 ;  of 
Deduction,  13 ;  of  Character, 
S5  ;  of  Inequality,  48 ;  of  Square 
Roots,  81  ;  of  Fractions,  124, 
134. 

Square  Root,  80  ;  of  Arithmetical 
Numbers,  279  ;  of  Polynomials, 
284. 

Substitution,  10. 

Subtraction,  of  Monomials,  53 ; 
of  Polynomials,  55;  of  Frac- 
tions, 133  ;  of  Radicals,  266. 

Terms,  Compound,  22 ;   Like,  40 ; 

Absolute,  198. 
Testing,      11,     46,     56,     69,     96, 

197. 
Transposing  Terms,  197. 
Trinomials,  22. 
Type  Products,  76. 

Unknown,  10,  196. 

Value,  3 ;  Absolute,  35 ;  Numeri- 
cal, 49.  i 

Values,  Tabulation  of,  5. 

Variables,  211 ;  Dependent,  212 ; 
Independent,  212. 

Variation,  167  ;  Direct,  168. 
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